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PREFACE 


There is no need to stress the importance of a knowledge of 
economics to practising engineers at the present day. Many 
of the decisions which have to be made concern costs quite as 
much as performances, and items such as interest and deprecia- 
tion have to be considered, as well as strength of materials or 
magnetism and electricity. In fact, to be fully qualified the 
engineer can no longer be content with a knowledge of the 
properties of matter — he must also know something of the 
reactions of his fellow creatures. But even when recognising 
this fact, engineers (like the economists themselves) have been 
prone to dwell almost exclusively on the economics of pro- 
duction, with the result that most of the books on this subject 
have dealt only with production problems — costing, price 
fixing, and works management economy — themes which are not 
touched upon in the present volume*- 

There would therefore appear to be a real need for a book 
dealing more particularly with what may ho called (‘onsumption 
economics, especially as it is in the consumption that the 
greatest waste occurs ; and clearly it is no use taking great 
trouble to save a fraction in the power house, only to squander 
it wastefully in the workshop or the home. The manufacturer 
per se is naturally concerned only with ofiicient production 
withdM any consideration for the efficient use of what has been 
produced, but the engineer has to use plant as well as make it, 
and it is in this sphere of economic utilisation that ho is apt to 
fall short. The physical characteristics (such as strength and 
output) of a proposed installation are understood fully and 
exactly, but when it comes to the econom,y of the performance 
ho is too often content with a categorical ‘‘ cheap or dear.” 
It must not be forgotten that cheapness, like cllicioncy, is a 
matter of degree, and any tendency, however good in itself, 
has an economic limit beyond which it should not bo pushed. 

One of the objects of the present book is, then, to attempt, 
in a few cases occurring to the user of electrical plant and energy, 
to answer the question what is cheapness ? in any real 
sense of that much-abused word. It is intended to enable 
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engineers and others to find what precisely is the total cost of 
some given electrical service and thus to compare alternatives. 
In this way it is hoped finally to pave the way towards a 
complete set of economic criteria for the design and choice of 
engineering plant. 

In brief, the aim of the book is to give to electrical engineers 
and students a plain account of such elementary economics as 
most nearly concerns them, together with its application to 
certain engineering problems. It is in three roughly equal 
parts, the first of which deals with general principles. This 
part makes no claim to originality, the definitions and explana- 
tions being those of the standard economists, and the formulae 
being such as can be found in most engineering pocket-books. 
At the same time, an attempt is made to re-state the classical 
treatment of productivity on lines at once more intelligible and 
more useful to engineers. 

The second part of the book deals with the general problem of 
economic choice, to which the name consumption economics ” 
can particularly be applied. It may be thought that to speak 
of consumption economics as a separate branch is a mistake, 
since every step in the process which makes natural resources 
minister to human wants consists of consuming one thing to 
produce another. But although every process involves both 
things, it can be looked at from either end — that of the producer 
who is paid for the service, and that of the consumer who pays. 
Moreover, the data is different in the two cases, since the former 
has a fixed equipment or capital and desires the maximum 
profit, whereas the latter has a fixed need or service and desires 
the minimum expense. The distinction is therefore a useful 
one, and processes regarded from the consumption end con- 
stitute a separate and little treated type of problem. 

Owing to the large number of possible variables, problems 
of this kind have usually been treated in strict isolation, and 
very little attempt has been made to link them up with other 
cases so as to build up a complete theory and practice of 
economic choice. The possibility of a general solution of sucli 
problems by means of the conception of ‘‘service-price” 
developed in Part II. is a first step in this direction. 

The third part of the book deals with some of the economic 
problems connected with electricity supply. Sometimes these 
are also cases of economic choice of plant, as in the chapters 
dealing with power factor, but for the most part they arc 
concerned with certain economic aspects of load factor, tariffs. 
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generation and distribution. The two-part diagram illustrated 
in the folding plates is an endeavour to express exact and 
complex economic data in a vivid and comprehensible manner ; 
and it is hoped that it will be useful both to the supply 
engineer and also to the non-technical consumer who wishes to 
understand exactly what makes up the cost of his supply. 
Similar remarks apply to Figs. 23 and 25 in the selection of 
phase improvement plant, and like almost all the figures here 
employed these are necessarily original since they illustrate 
matter not previously dealt with in an engineering text book. 

In most of the chapters the principles enunciated are 
capable of immediate application to electrical engineering 
problems, and a number of worked examples and illustrations 
arc given. These appear during or at the end of the chapter 
in question, and very great trouble has been taken to make 
the data employed thoroughly representative of present-day 
figures and practice. 

My thanks are due to Mr. F. Gill for a number of helpful 
suggestions in connection with the chapters on depreciation, to 
my wife for a very large amount of assistance, and to the 
following for permission to reproduce extracts from my 
original papers (in each case detailed reference is made in 
the text where the extract occurs) : — 

The Institution of Electrical Engineers ; World Power ; The 
Electrician ; The Electrical Review ; The Electrical Times. 

D. J. B. 

Tiik Polyteoiinic, 

Recent Street, W. I. 

January y 1928. 
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ELECTRICAL ENGINEERING 
ECONOMICS 


CHAPTER I 

CAPITAL, nSTTEREST, AND SINKING PENDS 

Capital. — ^Whon men work, whether individually or collec- 
tively, there is usually involved a certain reserve or margin of \ 
wealth, useful or necessary to the operation, and this '' head ” I 
of working is called capital. 

Thus when the results of the labour are not ol)tainable for a 
period of time, this wealth must include amongst other things 
sufficient spare subsistence to keep the labourer alive until the 
end of the period ; and such a reserve can be regarded as the 
basic and m5st elementary form of capital. With this might 
be group(‘(l the raw material, seed, stock, or other “trading 
asscTs,” the whole being then designaled lliiid or circulating 
capital. 

in tlie second ])]ace, most modern operations involve tlic 
use of tools and equipment of some sort, and this typo of 
ciipital (referred to hereafter as “ plant ” or “ structure ”) is 
the most general form, and the one chieily dealt with in 
cngincei’ing probk'ins. It can l)e regarded as being generated 
from the iirst kind when men, before engaging on any enter- 
prise, make the tools tlioy wish to use, whilst living in the 
meantime on their store of “ spare subsistence.” 

A third variety is the uon-matorial structure implied in sucli 
words as “business organisation,” “goodwill,” and the like. 

A largo undertaking, like a river, must develop smooth and 
Biiitablo channels for its How, and this may involve jiot only 
offices and agencies, hut ])ul)Ucity and advertising, a.ll of it a 
conversion of the original “ spare subsistence ” into an olabo- 
3’atc equipment fur the better producjtion of wcaltli. This is 
not only the least tangible, but also the legist obviously useful 
form of capital, since the wealth it ludps to jirodueo, although 
having an economic value in satisfying lunnan ch'sircs, may 
have no intrinsic worth if the desire is an artificial one created 
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by the advertisements. Capital which is sunk in assets of the 
two kinds just mentioned is frequently called fixed (as distinct 
from circulating) capital. 

It will be seen that the stock of goods which is called capital 
differs from other goods, not by what it consists of, but by the 
way in which it is used. A motor car can be used for business 
purposes or purely for idle pleasure, a diamond may be 
employed as a glass-cutter or as an ornament ; in the former 
case the goods would be classed as capital, and in the latter case 
not. From its definition as accumulated wealth used in pro- 
\ I ducing more the distinguishing’feature of capital is, therefore, 

: ; its productivity or power of economising labour. In wealth pro- 
duction there are Ti-ually jillcnuii ivo paihs open for the attain- 
ment of the desired end, and capital derives its intrinsic value 
from the fact that the longer or more elaborate path is usually 
the more efficient. Labour goes further when lubricated by 
capital, or — to vary the metaphor— capital is the tool which 
lengthens man’s arm and enables ^ him to encompass many 
things not otherwise within his reach. 

Thus although it is usually possible, in an undeveloped and 
thinly populated country, to produce wealth without capital, 
such a livelihood from the immediate fruits of the earth and 
boasts of the forest is usually more precarious and laboursome 
than husbandry and shepherding. The latter is therefore in the 
long run more productive per unit of labour, but it necessitates 
capital — stock and seed corn, enclosures and spare subsistence, 
even laws, governors and, ultimately, rates and taxes, since 
the governmental machine itself is to some extent a structure 
for the better production of wealth. 

Capital is therefore, if not as old as the hills, at least as old 
as the cultivated valleys,'^' a.nd must not be confused with 
capitalism — that is to say, the particular present-day system 
of ow3\ers]np and concentrated control of capital, which is of 
comparatively recent origin. Another thing which is recent 
in most industries, and which goes hand-in-hand with the 
present system of owncu’ship, is the use of very elaborate and 
expensive capital instruments, even for the manufacture of 

* It is clifPicult to say, ovon vory rouglily, bow old this is. Tboro socuns 
reason to boliovo that racially man has existed in very much his pi*OHout form 
for about a rnillion years, but it was only some Avo to ton thousand yfuirs a/j:() 
that the cultivation of corn, tho enclosing of herds and the use of simple 
vessels and iinploinonts first gave him leisure to bo more than an animal. 
Then it was that ra[)ital first omorgod, and then it was that civilisation can be 
said to have coininoncod. 
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small and simple objects. If any long-established industry 
connected with food or clothing is examined, e.r/., shoemaking, 
it will be found that simple tools sucli as hammer and last have 
been employed from the beginning, but it is a characteristic 
modern development to employ a whole series of elaborate 
machines in manufacturing a single shoe. Industries of more 
recent origin, duch as the electrical engineering one, have been 
highly capitalised from the first, since many of the processes 
involved ai’e necessarily intricate and do not lend themselves 
to small-scale hand operation. 

Land or Nature. — Since man cannot make something out of 
nothing, he can only create what are called utilities,” and the 
business of producing wealth or economic values consists in 
converting materials into more useful forms, or intensifying 
useful natural processes. The only essentials in wealth jun- ^ 
diiction are therefore labour and some degree of access to 
natural materials and resources; given a few acres of earth, 
lake or ocean to live oh, and to fish, hunt or dig in, man can 
live. The natxiral fertility of land being the chief and type 
of these resources, the word “ land ” is frequently used in 
economics to cover all the sources or raw materials of wealth 
production, whether in earth, air or water, iniiu^s, fountains, 
fisheries, etc. As will be seen l)clow, in engineering problems 
the word “ land ” tends to liavc otlicr meanings and a dilTerciit 
emphasis, and the word nature ” or '' natural resources ” is 
preferable. 

Whichever word is used, there arc certain features which 
distinguish this “ nature ” element from all others which take 
part in production. In the first place it is essential, and not 
merely helpful like capital or initiative. Secondly, it is 
definitely limit'ed in extent, area or what not, and so has no 
'' supiily price ” — that is to say, however much the demand 
for it (and therefore the price) goes up, no additional amount 
will he thereby called into existence. 

Although described as the “ free ” gift of nature, owing J, 
nothing to man’s labours, this element has a price (at least in [| 
well-populated countries) called '' economic rent ” ; but this n 
is a monopoly j)ricc due to its scarcity, instead of rol looting, 
like other prices, the cost of production. Thus if the po])ula- 
tion were by some means reduced to onc-tonth, rent charges 
might be enormously reduced although the labour costs of 
manufacturing an article were the same or more. Economic 



6 ELECTRICAL ENGINEERING ECONOMICS 

rent can therefore be considered to have arisen because the 
population has outgrown the number of available best plots 
of ground, etc. 

Unfortunately, useful as the above distinction is as a mental 
help in studying the subject, it is extremely diflficult in practice 
to say where to draw the line which divides the inextensible 
gifts of nature from the more flexible additions of man. 
Natural resources by themselves furnish but an indiffex^ent and 
precarious livelihood, and the gradual increase of population 
has not only intensified those natural differential advantages 
which issue in economic rent, but has also necessitated building 
thereon a vast artificial superstructure — the trappings by 
which nature is harnessed,” By an immense accumulation 
of past labours, skill and saving manldnd has reclaimed” 
the land and water, brought them together or Irept them apart, 
intensively cultivated them, erected buildings and bridges over 
them, enclosed, policed , linked up and generally increased their 
productivity. Thus it comes about that most portions of the 
earth’s surface which best lend themselves to the possibility of 
this sort of development have now been parcelled out and 
worked up into cities and vineyards, docks and empires, having 
enormously enhanced economic values, and (although the 
supply of suitable land values is relatively inelastic) this 
process is still going on. 

It will be seen that there is a continual tendency for nature 
to be parcelled out into private hands and to be “ worked up ” 
into capital,* and the dividing line is a faint one. Tlierc is, 
therefore, little to be gained hero in splitting up actual I'cnt 
charges into economic rent and interest rent, or in treating 
land as a thing apart. A more useful conception is to icgarcl 
all the productive agents except labour or energy as con- 
stituting a species of structure or working equipment (loosely 
called capital), and costing so much per annum in interest, 
rent, rates, etc. 

In engineering calculations only a small jiart of this equip- 
ment is the element “ nature,” whilst the remainder (including 
most of the productive attributes of land as we know it, in a 
civilised country and near centres of population) can be 
compxused under the definition of accumulated wealth used in 

* Fortunately this is not the whole story, for much of this tiuuls in turn lo 
become soeialised capital such as tlie roads, cities, knowledge ainl security 
which wo call “ civilisation,” and thus becoino ro-distributod (-o tJie gonoral 
public. See the concluding paragraph below and also compare the cpuisi- 
rents due to new inventions, etc. (p. 75). 
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producing more, and can therefore be strictly classified as 
capital. Moreover, in the calculations here involved, this 
classification will be useful in emphasising the general inter- 
changeability of different types of capital. Thus a new 
undertaking may be faced with the choice between a con- 
venient site in the centre of the load at a high rent and rate, 
and a less convenient but cheaper one requiring expenditure in 
other capital directions, such as mains, sidings, water supply, 
etc. Or the choice may lie between an extension on the 
street level at a high ground rent as an alternative to a tall, 
expensive building having a small floor space. 

Summing up, it may be stated that while labour acting upon i 
natural resources is the actual reagent in the production of 
wealth, capital and initiative act as catalytic agents in assisting |/ 
the reaction. But by no means all the accumulated facilities ‘ 
which assist production appear as capital or have to be paid 
for, since most of the past workers have bequeathed their 
savings free to the general store. No one in a civilised country 
works without tools or without immense help from his pre- 
decessors in accumulated knowledge, skill and traditions, as 
well as ill more material assets. Improvements which are 
general and widespread represent no exchange value or wealth 
ill the economic sense, and the problem of paying for caj)ital is 
merely that of paying for the differential advantages — tlio 
extra skill or machinery not yet become the cominoii property 
of all workers. 

In considering the cost of capital two points must be noted. 
Capital, particularly of the dimensions now employed, is rarely 
the property of one man or of the group of men working on the 
enterprise in question. It has therefore to be harrowed from [, > 
those who have more of it than they need for their own uso.'^ i i 
In the second place (except for some qualities of land), capital \ 
is rarely permanent, and so has co bo periodically renewed. 
These two points arc considered in turn in the remainder of 
this and in the next chapter. 

Rent and Interest, — Wlien goods (or money for the pur- 
chase of goods) arc lent by one person to another it is customary 

* In tlio discufision wliicli follows it will always bo asHuinod that tho borrow* 
irig ac!tunlly takes i)laeo. When a man employs his own property as (japital it 
iniist bo imagine<l that ho borrows it from himself, and the profits whieh ho 
extracts from his business should bo siilliciont to pay him a rate of iiitorosi. on 
the sum as high as he could get olsowhoro with tlio same security, xdus a salary 
for whatever managerial work ho xjorforma. 
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for the lender to make a charge for their use. When the goods 
^ . are in the form of land, buildings, or other fixed articles, the 
^ ' charge is called rent or hire, but in the case of money it is called 
\ : interest. It was seen above that the distinction is often 
misleading, and as money is much the most usual form for the 
loan to take, and as other sorts of property can be valued in 
money, it will be convenient to consider all loans as being in 
this form, and to consider all hire charges as being ty]3ified by 
interest on money. 

Interest, i.e., the price paid for the use of a loan, like the 
price of anything else, is chiefly the result of the interaction 
i of supply and demand, and it is therefore determined by the 
( relative eagerness of lenders and borrowers. With regard to 
the former, as lending implies some degree of doing without or 
postponing the satisfaction of personal desires, it is not surpris- 
ing that it is usually less popular than borrowing ; and that 
being so, it is inevitable for a charge- to be made, as otherwise 
there would be many more borrowers than lenders. The effort 
of will involved in refraining from the immediate enjoyment of 
a sum of money may not be great in the case of wealthy 
persons, but as their savings alone are not sufficient to supply 
the whole demand, interest has to be high enough to induce 
sufficient poorer people to save, and the price is governed by 
these marginal ’’ cases. 

With regard to the borrower, it may be said that loans are 
chiefly used either to tide over temporary difficulties or else as 
capital. In the Middle Ages the former use predominated, 
and it seemed unreasonable and even wicked to make a charge 
(particularly a time-rate charge) for the emergency use of 
“ barren ’’ metal. Nowadays, with a few exceptions such 
as war loans, the provision of capital is the chief object of 
borrowing. And as labour is more productive the greater the 
capital it works with, some sort of charge becomes reasonable 
and even necessary, if only to compensate those who are 
working with less. 

Even if capital were not the principal use of loans it would 
still exercise a determining influence on the price paid, since a 
man who borrows land or money even for immediate ])crsonal 
gratification has to pay the competitive price for it, govoriu^d 
by its alternative productivity. Thus the intoi-ost paid has 
^ very little to do with the object of the loan (except in so far as 
' it affects the security), being governed (on the demand side) by 
I the marginal ’’ procluctivity of fresh increments of capita!, 
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and (oil the supply side) by the quantity of capital available 
or the willingness of lenders to lend. 

In both the supply and the demand asiiects of borrowing 
which have been considered above, the effort required and the 
service rendered can each be considered as proportional both 
to the size of the loan (called the principal) and to the time for 
which it is outstanding. The price paid, or total interest (/), is 
therefore proportional to both of these elements. A further 
point to notice in connection with this price is that the lender 
is commonly considered to perform other functions beyond 
those of merely doing without/’ since he presumably exorcises 
some skill in the placing of his investment, frequently takes 
some risks, and occasionally performs managerial functions. 
Payment for these latter services is, of course, more speculative 
and liable to soar much higher or be absent altogether. It can 
be roughly grouped under the heading profits,” although the 
modern tendency is to separate the items out.* 

An actual interest payment may therefore include : — 

Payment for use of loan — “ pure interest.” ! i 
Payment for risk \ ^ ffg »» \' 

Payment for administrative sldll J ^ 

These latter items are absent from perfectly secure invest- 
ments, and when ]U'csent their effect is to raise tlio rate of 
interest \vithout altering its general character or method of 
payment. 

A final jioint is, that in speaking of the price of loans as 
dependent upon the eagerness of borrowers to borrow and the 
willingness of lenders to lend, it must not be forgotten that the 
operation takes time. However willing the lenders may be, 
or however high the rate of interest offered, there is a limit to 
the amount of money immediately available. All commocliticKS 
take time to produce, so that (as was seen with many articles 
during the war) a sudden demand which outstrips the normal 
rate of supply raises tlic price far beyond the cost of iiroduction. 
In the case of money loans, the “ commodity ” is an extremely 
fluid one, so that very large issues of new capital arc often 
immediately subscribed by tJic transference of credit from other 
sources ; but the total amount available is obviously limited, 

* Thus in a lare;e concom most or all of tlic rnanagomont is porfonnocl by a 
salarictl staff, whilst the clotormination of risks and oven tho placing of invosf.- 
inorits is often deputed to brokers and invostinont agoneics, i.e., in oac^li oasi^ 
tho work is done by disinterostod exports rather than by tho actual capital 
owners. 


10 ELECTRICAL ENGINEERING ECONOMICS 


and in the long run borrowing can only be met by saving — 
which takes time. Thus in times of money shortage the rate 
of interest may temporarily go far beyond the pei’manent 
'' cost of production.’’ 

In the case of capital sunk in physical assets not easily 
resaleable the mobility is less, and hence the time element is 
still more important. At a time when the average rate of 
interest is 5 per cent., the interest temporarily paid on particular 
items of capital may be 10 per cent, or zero, owing to particular 
utility or uselessness. After a time more capital flows in or 
fails to flow in — the shares are sold at a premium or a discount, 
and the rate paid to the newcomers tends again to the average. 
For this reason many economists sharply distinguish between 
what are called short periods and long periods. During short 
periods, special demands for capital result in special rates being 
paid, and in such cases this scarcity price partakes of much of 
the nature of economic rent, and is often called quasi-rent. 

Loan Obligations. — ^With the change in the uses to which 
loans are generally put has come a change in the general 
attitude to them. A loan, except between friends, is no longer 
a temporary obligation ” of one man to another, with or 
without interest over the intervening period, it is rather an 
arrangement between two people, one of whom, say, has £100 
and would rather have £5 a year, and the other who has £5 a 
year and would rather have the £100. So long as the two 
continue to be of the same mind as before there is no more 
obligation for the second to give up the £100 than there is for 
the first to give up his £5 a year ; that is to say, so long as the 
loan continues to be acknowledged and interest paid, there 
is no reason why it should not go on for ever. This gradual 
disappearance of the obligation to re-pay with the correspond- 
ing emergence of the vital importance of interest can be seen 
reflected in English law in the restrictions which are put upon the 
repayment of loans by companies. Thus the terms “ debtor ” 
and ‘‘ creditor” are losing any moral significance, and arc being 
merged into the terms undertaldng ” and “shareholder,” as 
representing two parties with reciprocal interests and responsi- 
bilities- 

Two things should be said about this — although morally the 
debtor and creditor are now considered to be on the same level, 
their responsibilities are not quite the same. Since the creditor 
is due to receive either interest or principal, he is at the mercy 
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of the debtor should the latter at any time default. Thus it is 
usual when the creditor passes the money which constitutes the 
loan over to the debtor, for the latter to pass over in exchange 
some tolcen of value or credit which will serve as a hostage in 
ease of default. The second point to notice is that when the 
loan is expended in goods of some sort, as, of course, it will be, 
these goods become consumed ; and although an improved 
wealth-producing machine (or capital) results, this will in time 
wear out or become obsolete. Thus, although there is no 
o1)ligation to repay a loan provided the interest is continued, 
there is an obligation to replace such goods as become con- 
sumed, i.c., to make good all dopi’cciation so as to keep the 
value of the credit ui3 to its original mark. 

Interest Formulse.'^' — It will be seen from the foregoing that 
most loans boar interest wliich is proportional both to the 
original size of the loan, called tlio piincipal (P) and to the 
period or length of life (i),t so that a rale of interest is both a 
time rate and a percentage (of principal) I'atc — so much per 
cent, per annum. In the formuJiU which follow, the rate of 
interest per annum will, however, bo taken i^er miU principal 
rather than per ceiU. principal, as this simplihos the expressions 
considerably. Thus witli interest at 5 per cent, per annum 
the rate a.ppeai‘ing in tlie foi'niuhe will be O-OH, and will 1)0 
denoted by i. 

It will b(^ el(‘ar from this pr()])ortionality, that interest is 
l)eing continuously gcnierated all the time that a loan is out- 
skiiiding ; but if the principal ciui be !■(‘ga^‘ded as remaining 
constant for ji y(‘ar, or if (wliat is the same thing) tlie interest 
can b(‘. reganh'd as lunug distributcMl to the hmder as it is 
generated, or (dse stored inertly for liim, tluvn tim interest 
(;hai‘g(^ for that y(‘a.r can Ix^ very siin|)ly (LXiu'essed as Pi, and 
th(‘. amount (principal [)lus inbu’cst) at tlio cud of the }xair, 
.1 " - P (1 I ' i), d'his is (jailed simphj intcjrest,” and making 
the same assumi)tions as to (u)nstaiicy, etc., the total interest 
for L years, 

...... ( 1 ) 

and the total amount at the end of L years, 

/l^.P(ld-iP) (2) 

Tlui luoro iiiiportanl; (MpintioiiH tir(‘ nuiuborod and ai'o siiiiuuai*iB(Hl in tlio 
Appaudix, p. iiai. 

t UnlaHs utharwiHO Biated it; will bo UBHiuncd tliai. P and A are in £, and L is 
in years. 
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It will be noted that the amounts at the end of successive 
years form a series in arithmetical progression, since the same 
quantity (Pi) is added on each year. 

In fact, it is not practicable to distribute the interest exactly 
as it is generated, nor is it usual to store it inertly in a strong 
box, but rather to re-in vest it as soon as possible, so that it 
also may earn interest. In such cases another method of 
computation, called compounding, must be employed, and the 
interest is then called compound interest. The extreme 
example of compound interest would be where the interest 
was continually added to the principal as it became gene- 
rated, the whole then earning interest from that instant 
onwards. As an example of this latter it might be supposed 
that the addition was made at the end of each day, so that the 

interest for the first day, namely, P X became added to 
the principal P, giving a new principal P ^1 for the 

second day. This would earn interest P ^1 -|- X and 
become in turn P ^1 + fhe third day’s principal; so 

that the amount at the end of the year would be P 
and after L years the amount would be P (^1 + 

The period of calculation (one day in the above case) is 
called the compounding interval, and in the extreme case, 
when this is made infinitely small, the amount after L years, 
A = Pe^-'\ where e is the number 2-71828, the base of Napcrian 
logarithms- This is sometimes called true compound 
interest,” or the law of organic growth,” and is met with in 
a large number of physical jihenomona in which the rate of 
accretion to (or diminution from) an object is proportional to 
the instantaneous size of the object. Another way of putting 
it is to say that the number e (which is the limiting value of 

/ 

\ ^nj ^ approaches infinity) has the property that the 

rate of change of the function is at all times equal to the 
value of the function. 

Needless to say, it is not practicable to make tlio interest up 
every few minutes, nor would it bo fair to calculate it in this 
extreme fashion, since it could not be profitably re-invested at 
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this rate ; it is therefore rare for the addition to be made more 
often than twice or four times a year. In the case of interest 
compounded annually and added to the principal at the end 
of each year (the whole earning interest henceforward), the 
amounts at the end of successiyo years will form a series in 
geometrical progression, since they are multiplied by the same 
quantity (1 i) each year : — 



rrindpal af, 
eomnioucoment. 

Intorost Kftrncd. 

Amount at Torrnination. 

First year 

p 

Pi 

P (1 + i) 

Second year . 

P{l + i) 

P (1 -1- i) i 

p (1 + i)(i + i) 

= p (1 + 

Third year 

P(l + i) = 

P{1 + i)^i 

p (1 + i)2(i _|_ i) 

= p (1 + ir 

Lth year 

— 

— 

P (1 -1- i)^ 


It will be seen that the amount at the end of L years, 

- P (1 I iy^ (3) 

and liencc tlie tetal intei’est earjicul, 

((1 ( 4 .) 

If tlic compounding is [x^rformcHl more often, than ojico a 
year the rc^sult will ])ilo uf) at a greater rate ; thus a rate of 
8 per cojit. p(U’ annum compounded quarterly for throe years 
is equivalent to twelve C()mf)oundingH of 2 ])er cent, each time 
and amounts to .l-2()<S, almost as mucli as if it wore 

8| ])er cent. c()m])()und(Hi annmdly, or \) per cent, simple 
interest. More g(merally if i! is the actual rate, compoimdod 

% times per a-nnum, the int(UH‘st pcu’iod will be years, and the 

j/ 

interest for tlie period .It is then jiossible to construct a 
table like the al)ove, but with lirst iubu’cst period,’’ second 

* Tho namo “ ooinpouud law ” and llu^ fun m din givoii abov(^ can bo 

aj)pliod to at:'* — ; icM of thin kind, even. Oiough liaving nolbing to do 

with a(‘,tu4il 5- . I (l('jmH.vjaliou iH HornudnicH uflBuinod to follow a 

compound intorewt law, and in thiH iliu HcnioH ib a docrouHing ono and tho 
plus sign ill tJiu fonmda^. bccomcH a uuiuis one. 
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interest period,” etc., instead of “ first year,” “ second year,” 
etc. At the end of L years there will have been nL interest 
periods, and the amount will therefore be 

( n'\nL 

1 + -.) (^) 

In order to avoid the duplication of formulae necessary to 
cover cases in which the interest period is less than a year it 
is convenient to know the effective rate of interest i which 
compounded annually will give the same result as the actual 
rate i' with more frequent compoundings. 

If P (1 + i)^ = P ^1 4- , then (1 + i) = ^1 + 0 , 



Thus if the actual rate is 8 per cent, compounded quarterly, the 
effective rate 

0 - 08\4 

= M -| ^ j — 1 = 1 * 02 ^ 1 = 0-08245, ^.e., 87 } per cent. 

Moreover, this substitution can be made in any of the other 
compound interest formulae, so that in the data for sinking 
funds, etc. which follow, it will always be assumed that i 
represents either the actual rate if compounded annually, or the 
effective rate due to an actual rate i' compounded more than 
once per year.* It will be seen from example 1 at the end of 
the chapter that the difference between simple and compound 
interest in affecting the growth of a sum is very great, but the 
difference between annual and more frequent compoundings 
is very slight, and rarely need trouble the engineering student. 

In conclusion, it should be noticed that it is the difference 
between the frequency of compounding and the frequency of 
distributing the interest to the lender that causes the difference 
between simple and compound intci'est. If the interest is paid 
over the moment it is generated, or with the same frequency 
that it is reckoned up, no difference would exist. It is for 
this reason that compotmd interest is not favoured by the law, 
since it is the duty of tlie creditor to demand his interest as 
soon as it becomes due. 

* A flirt! lor assumption in this and siiccooding formiilic is that tho com- 
pounding takes placo an oxact nuraboi* of times i)er year. This assumption 
can be taken to cover all the cases lilcely to bo met witli in praolico. 
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Present and Future Worth : Discounts, — The present worth 
of a future sum of money (or service valued in money) is merely 
the principal which will amount to that sum at the end of the 
specified time and with the specified rate and kind of interest. 
Thus if the present worth be denoted by P and the future 
amount by A the formulse given above will apply without 
alteration. The future worth of a present sum is, conversely, 
the amount (A) which that sum will reach, so that the sum, in 
this case, forms the principal (P) in the formulse (see summary 
on p. 5^91). 

It is sometimes necessary to compare alternatives on the 
basis of present or future worth, and in such cases all the items 
involved must be separately valued, their dates of expenditure 
or income determined, and then each sum must be pro- 
jected ” on to the present or future date fixed upon. Thus in 
finding the present cash value of patent rights, or of certain 
purchases or sales to be made at future dates, the method of 
present or future worths is an extremely useful one. (See 
examples 2, 3 and C.) 

True discount is the total interest, i.e., the difference between 
the present worth of an amount and the amount itself, and is 
denoted by I in formulae (1) and (4). The word '' discoxint ” 
is largel^^ employed in connection with bills of exchange, which 
are promises to pay a stated amount (called tlie face value) 
at the end of a stated period, during which time interest is to 
be reckoned at a certain rate. Thus the holder of a bill for 
£110 (face value) due in two years' time and at 5 per cent, 
simple interest who wishes to receive its I’cady money value 
will have to accept something less than the full face value. 
The true discount would be fiO, and if tliis were allowed the 
holder would receive £100, this being the true present worth 
which will amount to £110 under the stated conditions.'^' 

Annuities and Sinking Funds. — The cases so far considered 
have been for single sums of money, and it remains to consider 

* In practico tho bankora or brokers wlio dis<*oiint bills oliarRo nioro tbaii 
this for tboir services, and wbat is called “ bankers’ discoimt ” is the interest 
compntod on tho facx value of tho bill (i.o., £1 1 in the above case). Thus tlio 
bank gains and tho seller loses two years’ use of tho iid.orost-, since the latter 
pays in advance iiitorost which is reckoned on th<^ face (that is to say, future) 
value. Another way of putting it is to say that the true discount is tile i>resont 
worth of tlio bankers’ diBCOunt, f .e., of tho interest eoinputod on tho face value 
of a bill. 

Bankers’ discount is not of jxarticnrlar importance to engineers, but in order 
to avoid confusion between the two mcdliods of computation tho term “ total 
interest ” will generally bo employed instead of “ discount.” 
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cases involving a series of payments. The name “ annuity ” is 
given to any series of uniform periodic payments, usually of a 
constant amount each year, although the actual payment may 
be made quarterly, half-yearly, etc. The three most usual 
types are — ^perpetual annuities, continuing for ever ; annuities 
on a person’s life, which terminate at death ; and annuities 
for a fixed number of years (or to realise a fixed amount). 

Examples of the annuities which continue in perpetuity may 
be seen in the pensions occasionally granted by a grateful 
Government to a man and his heirs for ever ; and approximate 
examples can be seen in the ground rents of leasehold property 
running for a long period (e.j/., 999 years). Although involving 
an infinite series, they ai*e actually the easiest to calculate, 
since they are obtained by permanently investing such a sum 
that the interest each year equals the required annuity. There 
is here no question of compound interest, since the money is 
paid out (whether yearly or more often) as the interest 
materialises. Thus the present worth or investment which 

will yield a perpetual annuity of D per annum is When a 

bridge or other structure is made of such materials that it can 
be assumed to last for ever and to be permanently useful, it is 
possible to calculate from its first cost and by using this per- 
petual annuity formula what should be the annual charge made 
for it. (Of. example 4.) 

Examples of the second class of annuity can be found in 
most life insurance and endowment schemes. These do not 
come much within the scope of the present work, and, moreover, 
they can generally be considered as special cases of the third 
class (fixed period or fixed amount annuities), calculated on the 
average expectation of life. iThe third type of annuity is, 
therefore, the most important \nd the one chiefly met with in 
engineering problems, the sinking fund being a pax’ticular case 
of this type. 

When it is desired to provide out of annual income for some 
future event requiring a large single expenditure, it is usual 
to lay by an equal sum each year so that it may amount to the 
required quantity in the known period. Thus if land is being 
used whose lease runs out and requires repurchasing (or 
, machinery which requires replacing) in L years at a cost of £A , 
it will be usual to provide for this by equal annual deposits 
into a fund which is then called a ain king fund.v These 
deposits are so calculated that at the end oTtlie'^poriod they 
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amount to £A, which can then be withdrawn and applied to the 
necessary repurchase, or to extinguish or amortise the liability 
in question. 

If the deposits were merely stored in a strong box until the 

A 

required time the annual deposit figure would clearly be -j, but 

if, as is usually the case, they are profitably invested, the 
actual figure will be less than this, by an amount depending 
on the rate of interest, the length of time and the frequency of 



Time, in Years 

Fig, 1. — Total Paid into Sinking Fund. (To roalifle £100 in tho timo 
hIiowii : intorost compoimdod annually.) 

compounding. In Fig. 1 tho total deposits made in order to 
realise £100 (i.c,, tho annual deposits multiplied by the number 
of deposits) are plotted against time for a number of rates of 
interest and will show very clearly tho advantage to bo gained 
from a profitable investment of sinking funds. Even with 
interest at 4 per cent, and compounded only once a year, the 
total money deposited in a thirty-year fund is only a little over 
half the sum realised. 

Fund Formulae : Annual Deposits.— The most impor- 
tant calculation in connection with sinking funds is to find the 
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future worth of any given set of deposits — that is to say, the 
total amount to which they will build np at the end of the 
period. Usually the problem arises in the converse direction. 
A given amount A is required at the end of a period of L years 
what must be the annual deposit D to realise it, with a given 
method and rate of interest? In order to arrive at these 
results it will be well to tabulate a simple case, putting down 
the present and future worth of each payment made. It will 
be understood that the present worth refers to the worth at the 
commencement of the first year, and the future worth that at 
the end of the last (or year. 

; Deposit D made at the end of each year for L years. 

Interest rate i per annum (actual or effective) compounded 
annually. 



The items in the last column, reading from bottom to top, 
m a geometrical progression, each factor being obtained 
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4 










V 


from the previous factor by multiptying by the ratio (1 + «*)« 
The sum of any siicli series is given b.y 

Last term X Ratio — First term 
Ratio 1 


and hence the total amount of the sinldng fund 


A^B 


(1 + if 


1 


, or i) = 


Ai 


( 7 ) 


(1 + iy^ ^ 1 

If the interest is compounded more than once a year (say, at 
the rate of i' compounded n times per annum) then each 

deposit will amount to D ^1 + — ^ 


. n X time 


and the final formula 


will be 



A simpler method, however, is to use the previous formula, 
letting i represent the effective, annually compounded, rate 
found from equation (0). In any case the effect of more 
frequent compounding is slight, and can usually be neglected 
in sinking fund calculations (see example 7). 

In a similar way the items in the first column of the above 
table form a geometric progression, and the total present 
worth (P) of the series of payments is given by 


P :==D 


(1 + iy - 1 

(1 -l- iy^ 


(«) 


This formula occurs wherever a terminable concession of 
any kind, e,g.y the exercise of j^atent rights, the use of a 
monoiDoly, the lease of a mine, etc., is purchased for a lump 
sum in advance (see example 0). It is also necessary in 
cases where money is borrowed on promise of repayment in 
instalments spread over a period of years — a common practice 
in building society mortgages or hire purchase terms. 

The previous formula, No. (7), may be regarded as the 
fundamental equation of a sinldng fund, and is of the very 
greatest importance. It represents the annual end-of-year 
cost of providing for the renewal or redemption of any piece of 
apparatus liable to depreciation, and hence it occurs in the 
great majority of the problems to be dealt with (see example 7 
and numerous examples in later chapters). The symbol d will 


0 2 
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( 


be used to denote the deposit necessary to realise unity 

Appendix II., p. 293, the percentage 

values (lOOd) are tabulated for a number of rates of interest 
and lengths of life. Although in this chapter formulae have been 
developed in every case and used in the worked examples in 
the earlier part of the book, this is only for the sake of complete- 
ness and to show the student how the figures are derived. 
The engineer in practice will, of course, use tables such as the 
one referred to. 

If the deposits are made at the beginning of each year instead 
of at the end, they will each have a year longer to run, and will 
each amount to (1 + times what they would have become. 
The total amount of the series will therefore be increased in 
this ratio, or, conversely, the deposit will be correspondingly 
decreased if the amount is to be the same, giving the formula 

Ai 1 

^ ^ (1 + i)^ — 1 ^ 1 -h i ■ ■ ■ • 

By similar reasoning the present worth of each deposit will 
be higher in the same ratio, since each individual present 
worth has one year less in which to grow into the deposit D. 
This gives the formula 


D 


(1. Hh i)" 


i(l + i)^ 


( 10 ) 


It will be noticed that if the amount A is fixed instead of the 
deposit jD, the present worth will be exactly the same whether 
payments are made at the beginning or at the end of the year, 
since the smaller size of the deposits will then balance the 
shorter time each present worth has to run. This is obvious 
also from the fact that the present worth of the scries of 
deposits is also the present worth of the final amount A, so 
that P and A can be calculated from each other directly by 
the application of formula (3). 


Sinking Funds : Non- Annual Deposits. — The forniulic deve- 
loped above only cover cases in which the deposit is made 
either at the beginning or end of each year, and in which the 
interest is either compounded annually, or, with more frequent 
compounding, has been converted into its equivalent annually- 
compounded figure. It now remains to consider cases in which 
the deposits are made at other than yearly intervals, and in 
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what follows the intervals of time which elapse between 
successive deposits and those which elapse between successive 
compoundings of the interest will be referred to as the deposit 
interval and the interest period respectively. 

The first case to be considered, and one which admits of very 
easy solution, is that in which the deposit interval coincides 
with the interest period, as for example when both occur 
quarterly or half-yearly. In this case the formu](B developed 
above can be employed as they stand, provided that for L is 
substituted nL, ix., the number of interest periods instead of 

the number of years, and for i is substituted — , the interest 


per period instead of the yearly interest. Thus a ten-year 
sinking fund deposited quarterly and compounded quarterly 
at 8 per cent, per annum would be treated as if it were a forty- 
year fund at 2 per cent. i3er annum, and the necessary eiid-of- 


period deposit would be given by D = 


A X 0-02 

{h02y^ - r 


The 


proof of this follows directly from the work given above with 
the substitution here suggested, and a similar formula can be 
developed for deposits made at tlie beginning of each period.’^ 

Another si^ccial case, which however rai-oly arises, is that 
in which the deposit interval is less than the interest period, 
e.g., if deposits are made at the beginning or end of each month 
and the interest compounded quarterly. The meaning of this 
would be that each deposit earns simple interest until the end 
of the next compounding i)oriod, and compound interest 
thenceforward. f Special forimdic can be devel<)])cd to meet 
these cases, but as they do ]iot often arise it is generally 
preferable to group the payments in such a way that they can 
be handled by one of the simpler oxj)rcssions already mentioned. 
Thus with monthly deposits and quarterly compounding, it is 
possible to groux) each set of three i)aymcnts and JiiKl what 
quarterly amount they are equivalent to,^say, at the end of 
each interest period. This equivalent deposit can tlicn bo 
treated as in the case mentioned above (deposit interval = 
interest period). 

For all other cases — in which the deposit interval is some 


* Tho general formula are Nos. (11) and (12) below, witili h «= n. 
t If no intcrost is onrned b;* ll:-,* d until tho eomjjou tiding period, they 
can bo thought of as ono ( I-. n ar, tho end of oach interest period, but 

sxjlit up into portions for convonieneo in payment. 
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multiple of the interest period — the following formulae must 
be used : — 

Let V be the rate of interest, compounded n times per 
annum. 

Let h be the number of deposits made per annum (w must 
equal or be a multiple of £). 

Then — necessary encLof -interval deposit 



And 


necessary beginning-of -interval deposit 

0 + 9 '- ■■ 


D = A 


0 + 0-1 ""o+o 


■ ( 12 ) 


These formulae cover all cases in which the deposit interval 
is equal to or greater than the interest period, even if the 
interval is more than a year (k fractional), but in every case the 
periods must start or finish at the same point. The proof of 
these follows exactly the lines of the previous section. 


Hire Purchase. — ^There is an application of the above formulai 
which is becoming increasingly important to engineering sales- 
men. In dealing with articles of domestic application, such as 
cookers, vacuum cleaners and washers, particularly where thcKSo 
are of high initial price and have to compete with cheaper 
alternatives, it is important to be able to quote hire purchase 
terms as an alternative to payment in cash. The usual 
meaning of hire purchase is that the customer pays down only 
a fraction of the total cost, and he then receives tiic article and 
is allowed full use of it. The payment of the balance is made 
by means of a number of equal instalments spread over some 
pre-arranged period, at the end of which time he becomes tlu'. 
full legal owner of the article. It will ,be evident that the 
instalments must be large enough to amount to the original 
cash price plus such extra as may be needed to cover interest, 
etc. 

There are several advantages in this. Even if the percentage 
added for interest and collection expenses represents a high 



CAPITAL, INTEREST, AND SINKING FUNDS 23 


figure per annum, it will not amount to very much in the period 
of a few months or years that the money is outstanding, and 
the terms can therefore be made attractive to the prospective 
purchaser who is short of ready money. This also gives the 
vendor a chance to keep in touch after purchase and advise 
as to the correct methods of use, and it can often be combined 
with some sort of guarantee or maintenance throughout the 
paying period, which is very reassuring to non-technical users. 
It also enables the relatively high first cost of, say, electric 
cookers to be offset against the saving in running costs, both of 
these being spread over a period of time. 

Regarded generally, the practice of hire purchase (within 
reasonable limits) has the effect of setting in motion the wheels 
of industry at comparatively little risk of inflation or boom, 
with its resulting rise in prices. For although virtually it 
consists of the creation of credit or purchasing power, it at the 
same time stimulates production, and so results in more goods 
to be purchased. Regarded as a loan, the rate of interest per 
annum can be high without appearing oppressive, since the 
time is generally fairly short, and the full amount is not out- 
standing even for the whole of the time. Moreover, the lender 
(that is, the salesman, or the bank or insurance company ho 
employs) has adequate security, since he receives a deposit or 
initial payment before handing the goods over, which is usually 
not less than 10 per cent, of the cash price. He has also the 
right to confiscate the article if the customer gets in arrears 
with his instalments, although usually making some allowance 
for the payments already made. 

With regard to the calculation of hire purchase problems, the 
interest period can usually be assumed to coincide with, the 
rej^ayment interval, thus simplifying the formula} which have 
to be employed. As the whole time is relatively short, and the 
rate has to cover various additional expenses and possibly some 
risk, the basic period can conveniently be one month — thus a 
rate of 1 per cent, per month would represent, over a Icngtli of 
time, 12 per cent, per annum compounded twelve times each 
year. In such a case if P represents the sum originally out- 
standing, i.e,, cash price less initial doi)osit, then, applying 
equation (8), 

(1 + i)^ — 1 Pi (1 + 

^^onthly deposit D = 

where i is now the interest per month and L the number of 
months. 
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With the above-mentioned rate of interest (1 per cent, per 
month), if there is £100 to be paid back in twenty-four end-of- 

, , . 0*01 X {1*01)24 

monthly instalments, D = £100 ^ ^ = £4 14^. 2(L 

per month. As the purchase is usually spread over some 
simple even number of payment intervals, it is an easy matter 
to employ a table which shows at once the necessary figure 
to charge per £1 of purchase value. The formula will therefore 
rarely be employed, but, as in previous cases, it has been given 
so that the student may know the origin of the figures he 
employs, and may check or vary them at will. 
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Worked Examples 

General Note on Examples . — In all the examples involving 
sinking funds, etc., occurring in the earlier chapters, formulee 
are employed, and these are referred to by number, exactly as 
they occur in the text. In the later examples the table on 
p. 293 is used, as this will of course be the normal procedure in 
practice. 

^'^1. How long will it take a sum of money to double itself when 
accumulating at 4 per cent, interest ; (a) If simple interest ; (b) if 
interest is compounded annually ; (c) if interest is compounded 
quarterly ; (d) if true compound interest (infinitely short intervals) ? 


(a) Equation (2) A = P (1 + Li) and A = 2P 


/. Pi = 1 or P = ^ , i.e,^ 25 years. 

% *U4i: 


(b) Equation (3) A = P (1 + iy-' 
A 

P log 2 


1 ^ 

log p 


or L 


log(l+'i) log 1-04 

i'snC, 


17-(i7, i.e., 17 years 8 months. 


(c) Equation (5) .4 = P (l -|- 


log 


A 


or nL - 


log 2 


•01 


09-00. 


1 , i\ logl-C 

log ^1 +-) 

P = 1741, i.e., 17 years 5 months. 

Or, by finding the clicctivc rate — equation (6), 

■i = (l 1 == - 1 =: 0-040C, 

log 2 


and applying equation (3), L ■ 


log l-040() 


17*41 as above. 


(d) Page 12 : A = or ^ = 2, 


hence Li = log^ 2 « 0*093 
/, P = 17*33, i.e., 17 years 4 mouths. 
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'^ 2 . A quantity of wood is stored for resale in two equal batches of 
£500 worth each, the first batch after five years and the second after 
eight years. If interest is at 5 per cent, compounded annually, 
what is (a) the total present worth of the store ; (b) the total future 
worth at the end of the eighth year ? 

(a) From equation (3), 

P= -■ 7 ^ 7 . . • first batch = 77 ^^^ =391-76 
(1 + 1)^ (1-06)® 

second batch = ■ . = 338-42 

(1-05)® 

Total 730-18, Le., £730 4s. 

(b) A=P(l+i)^ . . . first batch = 500(1-06)* = 578-8 

second batch = 

T078”-8, 

j.e., £1,078 16s. 






-t 


3. A man is allotted shares to the total purchase price of £1,000 
on which he has to pay one-tenth down, and the remainder in two 
equal instalments in one and a half, and three years respectively. 
What is the total present worth or liability of the transaction 
reckoning interest at 6 per cent, compounded half-yearly ? 


Present worth of immediate payment == of £1,000 = £100 
„ „ £450 in years (from equation 5), 

A 450 450 


P = 




h 


i'\ nL 


1 + 


C^xaxii ( 1 . 03 )*- 


Present worth of £460 in 3 years 


460 


450 


(^ + f) 


00\2 X » (l-03)« 


,£411-8 


= £376-9 


Total £788-7, 

i.e., £788 14s. 
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^/4. A concrete structure presumed to last for ever is estimated to 
have a permanent usefulness valued at £500 per annum. .-If the 
rates and upkeep amount to £200 per annum, what is the maximum 
which can economically be paid for the structure in the first place, 
with money at 6 per cent, per annum ? 


Net annual sum available to pay for structure = £300. 
This is a perpetual annuity (p. 16), whose present worth 


D £300 
i ” 0*06 


£5,000. 


5. What will be the amount of a sinking fund, accumulating at 
5 per cent, interest annually compounded, made by depositing £50 
(a) at the end and (b) at tlie beginning of each year for twenty 
years 1 What will be the difierence if the deposits are made in 
instalments of £25 at the end or beginning of each half year, and if 
the interest is compounded quarterly ? 


First Part 


(a) From equation (7) — 


£50 


(i-05)2'> - 1 
0-05 


£1,053 


(b) From equation (9) — 

A = D (Vt.*)';- X (1 .|. £1,053 X 1-05 = £1,73G 

% 


Second Part 

(a) From equation (11) — 



£ 25 ( 1 - 0125)«»-1 
( 1-0125) i - 1 


== £ 1,001 


(b) From equation (12) — 


A = D 




= £1,001 X (1-0125)2 = £1,734 
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6, A patent expiring in seven years’ tim| is estimated to be worth 
£2,000 a year. What is the present cash value of the patent if 
interest is reckoned at 6 per cent, compounded annually, assuming 
that the gain resulting from the use of the patent accrues at the end 
of each year ? 


Equation (8) 
P = D 


(1 + i )^ - 1 
i (1 + i)^ 


= £ 2,000 


(imy - 1 

0-06 X (1-06)’ 


= £11,160. 


7. A machine costs £1,000, and has a useful life of twenty years, 
after which its value is assumed to be zero. If interest is at 5 per 
cent, compounded annually, how much must be put aside at the 
end of each year in order to replace the machine when its life 
terminates ? What difference would it make if interest were 
compounded four times per annum ? 


Equation (7) 


Ai 


(1 + 1 ' 
Equation (6) 

Equivalent rate ^ ^ 


1,000 X 0»Q5 
(1-05)“ 


20 


== 30*2, i,e,, £30 4^. 


1 + 




nj 


{1-0125)^ - 1 0-051 


Hence B 


1,000 X 0-051 
( 1 - 051)20 1 


29-98, £29 195. U, 


8. An electric washing machine is priced at £40 cash, or alterna- 
tively it can be bought for a'^ deposit of 10 per cent, and thirty 
end-of-month instalments. If interest and other expenses arc 
covered by a figure of 1 per cent, per month, what must be the 
amount of the monthly instalment, and by how much will the total 
paid exceed the cash price ? 


Value of initial loan = £40 — • 10% == £36. 

Pi (1 + 

From Equation (8) B = — F ^ interest 

per month = 0-01, and L is now the number of months. 

36 X 0-01 (1-01)20 0*30 X 1-348 , 

= '- (1.01)io - 1 = — 05i8— - 

Total paid over the whole period will be 30 X £1 Is, lid, + £4 — 
£45 175. 6i., ^.e., £5 175. M, more than the cash price if paid at the 
commencement. 
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CHAPTER II 

TOTAL DEPRECIATION 

'^Divisions of Subject. — The subject of depreciation can con- 
veniently be considered under four heads : — 

' Physical and Economic Aspect, — This con- 
cerns what depreciation is, what it depends, 
upon, and hence what is the total provision 
which must, economically, be made to meet it. 

Financial Aspect, — ^Discussing what forms 
this provision may take. 

Accounting Aspect. — Concerning the method 
of allotting this total liability amongst the 
years concerned. 

Legal Aspect, — Income tax and valuations. 

The first two aspects concern only the total depreciation 
which takes place and have nothing to do with the distribution 
of the depreciation over the years of life : they arc dealt with 
in the present chapter. The other two concern the course of 
depreciation during the life, and arc dealt with in the following 
chapter. 

\gauses. — At the beginning of the book capital was defined 
as the working equipment or store of wealth used in producing 
more wealth. Some items of this store, such as freehold land, 
assets held as security, etc., can bo regarded as permanent — 
that is to say, they are not altered either in quality or extent 
by use or the passage of time, and, although market fluctuations 
affect their value, such changes do not enter into technical 

depreciation.’* The other items of the capital store, usually 
comprising much the greater part, are characterisocl by a 
steady persistent diminution in value, and arc termed by 
accountants wasting assets.” 

The causes AJ^ich bring about this loss in value are very 
various, one of the chief in the case of tangible assets such as. . 
plant, machinery, buildings, etc., being the wear and tear dual ' 
to their use. With this should be groujDed the diminution 

20 ^ 

35SO 


Concerning 
Total K 

Depreciation. 


Annual or j 
Interim 

Depreciation, [ 
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a natural resource, sucli as a mine whoso total yield is limited, 
or an estate which is being gradually sold in lots. The charac- 
teristic of the loss in value in all these cases is that it is roughly 
proportional to the amount of use — Lc., to the output of the 
eq[uipment. In engineering there are many types of plant 
and equipment which have to be renewed with a frequency 
\ . depending chiefly upon the amount of their use, e.g,, machine 
tools, locomotives and rails, batteries, lamps, etc. 

The second group of causes is that due to natural disintegra- 
tion and decay, with which might be put the rislc of accident, 
r "theft, earthquake, etc., in fact, all those natural processes or 
contingencies which may happen to goods stored where moth 
and rust corrupt and thieves break through and steal. The 
principal examples in mechanical and electrical engineering 
■ are the corrosion and ageing of metals, and the deterioration 
of insulators ; and it will be noticed that the common feature in 
. this group is that they are all roughly proportional to time. It 
will be seen, of course, that this division is a simplification of 
the actual facts, since practically no items are a function of 
time alone or of use alone. The deterioration of an insulator, 
though mainly a matter of time, depends also upon tempera- 
ture and therefore use, whilst items normally proportional to 
use are also affected to some extent by timej] 


jObsolescence and Inadequacy. — A third group of causes of 
d^reciation is that due to changes in manufacturing processes 
or public habits, tastes, etc., or in the circumstances of the user, 
which may put the equipment out of date ’’ before either of 
the other causes has made it worn out. This group is less easy 
to estimate than either of the others, since although partly 
proportional to time, it is also dependent upon the pi’ogress of 
invention and engineering knowledge and technique. Any 
new undertaking involving the borrowing of money and its 
conversion into manufacturing equipment is dependent for its 
profitableness upon a nice calculation as to the relative suit- 
ability of various machines and the probable public demand for 
the product. Even though these are all correct at the time of 
I i investment they may be upset by a new development or dis- 
I i covery, and it may then be worth while to scrap machinery 
‘ ' that is still in worldng order. 


^ It will be seen that this type of depreciation is distinguished 
' /ivorn. those previously considered by the fact that it is a change 
P not in the asset itself but in its environment, which destroys its 
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economic suitability. It just as certainly results in the asset 
becoming left behind/’ but it is due not to the asset itself 
getting worse but to the alternatives getting better. It 
is sometimes called functional depreciation ” to distinguish 
it from the two types of physical depreciation already con- 
sidered, and it in turn can be divided into two groups, obso- 
lescence and inadequacy. Thus a small factory owner starting 
with a 10 h.p. gas engine may before the end of its life find it 
obsolete, and more economically replaceable by a 10 h.p. 
electric motor. On the other hand, starting with a 10 h.p. 
unit he may find it necessary to expand, and advisable to 
purchase a 20 h.p. size. In this latter case the smaller machine 
is not obsolete so far as exteimal judgments go, but it is inade- 
quate and can with economy be superseded. But it is doubtful 
whether the division into two groups is really necessary, since 
both require the same treatment and economically amount to 
practically the same thing. Moreover, both represent a species 
of out-of-dateness, i.e., an asset once suitable is now (through 
no fault of its own) uneconomic as compared witli the available 
alternatives. In what follows the word “ obsolescence ” * 
will therefore be used in a broad sense to cover both these 
groups of non-physical depreciation. 

Some authorities hold that changes of this sort, which arc 
entirely external and involve no alteration in the assets them- 
selves, cannot strictly be regarded as depreciation. Tliis is in 
itself a somewhat academic objection, Init there is also a case 
on practical grounds for excluding obsolescence risks from the 
de])reciation provision, which may bo summarised briefly as 
follows : — 

Suppose that the life of a machine, apart from external 
impjrovements, is twenty-five years, and that the depreciation 
reserve is based upon this estimate. If the progress of invention 
is such as to make the machine obsolete after twenty years, 
although still in working order, ])resumal)ly the replacement 
will not bo made unless it pays to do so ; and in this case the 
value of the other five years of life can l)o debited, to the earlier 
years of the now machine, i.e., paid for by the saving which it 
effects. 

In the author’s opinion this is a mistaken argument, as 

* Tlio phrase “functional cloxn'odation ” r>nri*!r-v.lnrly unfortu- 

nato. An ongincering asset is nothing unless it lu-ici ic.r.!-. .■■■o « l!;i; p.hy -ii-.M! lifo 
and physical doiDrociation can refer only to thi-. '.J.'l.c re.'uiiai'i: y o-i oIjhoIo- 
sconco is that tho asset, though still capable of functioning, is no longer ocono- 
ndc in that form and placo, and is thoreforo suporsoded, 
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presumably the improvements, if general, will in the long run 
benefit the consumer, i.e., they will lower prices and so take 
away the possibility of recouping the cost through the higher 
efficiency. To put it in another way, the original undertaking 
should be in a position to earn the same profits on its capital 
after twenty years as a new concern starting at the later time 
and purchasing the more up-to-date plant. Hence the original 
enterprise should protect itself against probable developments 
by estimating its plant life as twenty years — only if it is proof 
against the average expectation of future inventions can it be * 
said to be justified in embarking upon manufacture. 

Moreover, the distinction between the changes in the asset 
itself which are included in ordinary depreciation, and the 
external changes which produce obsolescence, is not really a 
helpful one, and it is better to regard the tendency to become 
out-of-date as just as much an attribute of the asset as the 
tendency towards decay in other respects. Certain materials 
are liable to wear, rust or deteriorate, and certain classes of 
plant are liable to become superseded ; and it is as much the 
business of a new undertaking to provide against the one as 
against the other. The vital thing about an asset is its useful- 
ness, which depends upon factors both intrinsic and extrinsic. 

To sum up, it may be said that from the purety practical 
point of view — ^that of providing against all usual depreciation 
risks, there seems no reason for excluding obsolescence, pro- 
viding it arises as a normal consequence of the use or existence 
of the asset, or is a reasonably anticipated risk of the enter- 
j prise. In a rapidly moving industry such as electrical engi- 
I ; neering, some degree of obsolescence is to be expected and must 
! be allowed for. Another and very practical objection to 
I excluding this item from the depreciation allowance is a purely 
financial one, namely, the difficulty of finding the necessary 
capital to pay for the earlier replacements. When the plant 
life has been estimated as twenty-five years and provision made 
accordingly, if it is then found to be economically sound to 
replace at twenty years (the extra profits more than paying 
for the loss of five years’ life), it still may not be possible to 
I do so, since the depreciation fund will not have matured to the 
necessary value, and fresh capital may not be easily obtainable. 

Another suggestion which has been made is that there should 
be two separate and distinct funds, one a renewals fund to 
provide for replacement at the end of the “ physical ” life, 
and the other an improvements fund to provide for the shortage 
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in the event of its owner deciding to replace it earlier, i,e,y at 
the end of its economic life.* One objection to this is that 
it is difficult enough to get most engineers to establish one 
satisfactory fund for each item of his plant, and to get him to 
establish two such funds (even if in practice it merely moans 
more book-keeping) is asking too much. But even on purely 
theoretical grounds it is doubtful whether there is a case for 
two sejjarate funds. 

The theory on which this suggestion is based is that the 
physical life is something definite and inherent in the item 
itself, whereas the economic life is an external concept which 
it is in the power of the owner to change. But on examination, 
even the physical life f is seen to be no such definite finite 
period, but is almost as much in the owner’s power to dofcor- 
inine as the other. Oliver Wendell Holmes wrote of a won- 
derful ' one-hoss shay ’ ” : — J 

That was built in such a logical way 
It ran a hundred years to a day.” 

At the end of which time it went absolutely to pieces : — 

All at onco, and nothing first — 

Just as bubbles do when they burst.” 

No doubt this is the aim of all design, but it is an aim seldom 
realised. Some typos of ])lant certainly have o. major ])orti()n 
which, when it goes, does so completely — thus it may l)0 said 
that the life of a steam locomotive is that of its boiler, and the 
life of a battery is that of its plates, but even boro tlio esaso is 
not quite simple, since a battery may bo rcncwal)le by r(q)lacing 
half the plates. With most other plant the case is ovcw loss 
simple, as there are many dideront parts, some small and 
renewed under maintenance, some largo and ra.r(fiy nc(Kliiig 
renewal, but when renewed giving the plant a fnvsh lease of 
life. 

In fact there arc man}^ typos of engineering ]fia,nt wbieJi om 
1)0 patched up so as to go on functioning aJmost indefiiniioly. 
There is then no definite physical life, and the (h'nision a,s to 

* Soo F. Gill and W. W. Cook, “ Primuplos Tiivolvod in ( ’oniputing iho 
Doprooiation of Plant,” Journal LILE., vol. 55, Fobniaiy, 101,7. 

'[■ The word itHolf is inwlcuidinij; in tluB <i()nno(0<i()ii. Otxanic. havo a 

dofinifce life, and the mornont thafc fl(;)ark in ox'UikO) tho in that 

particular form is ended. Macliinory, iiuleH« it blowa ux> or c!ollax)HeB alto- 
gether, has usually no such dohnito otid to its oxistoncjo. 

i ” The Deacon’s Masterpiece,” in “ The Autocrat of the ]3roakfast Table,” 
by Oliver Wendell Holmes. 
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when to scrap (on whatever grounds) is entirely an economic 
one and within the owner’s power to determine. This is 
particularly so with electrical apparatus^ since the actual passage 
of current or flux produces little or no permanent deterioration 
or distortion. To take an extreme case, a wireless receiving 
set built of metal, mica and ebonite (apart from fittings) might 
easily continue to function for fifty or a hundred years. Yet 
there is nothing whose real depreciation in value is certain and so 
rapid, and no one would suggest a fund dated for fifty years or 
more, by which time the whole of wireless technique and 
practice may be revolutionised. To say that such a set has a 
physical life of a hundred years and an economic life of five or ten 
years is to introduce unnecessary confusion. For an engineer 
the life of particular plant can only mean one thing, namely, 
its useful life in that form taking into consideration all prob- 
able factors ; and to provide against this, one single fund should 
and usually must suffice. 

In conclusion, it is necessary to distinguish between the 
non-physical depreciation or obsolescence referred to above, 
and the depreciation or otherwise of non-phj^sical assets. In 
discussing the various causes affecting depreciation, the assets 
chiefly visualised have been the tangible physical objects such 
as machinery, ships, mines, etc. But as will be seen from later 
sections, there are many other kinds of asset making up the 
capital store, and some of these, such as goodwill, are also 
essentially temporary and can be regarded as subject to per- 
sistent diminution in very similar ways to those outlined 
above. This is more particularly true in the case of firms 
dealing with luxuries and novelties, in which a new under- 
taking often sinks considerable sums in advertising and estal)- 
lishing trading connections. Unless maintained this good- 
will is liable to perish, and thus one finds a certain make of 
boot polish which was a household word in Dickens’ time dis- 
i appearing entirely. In the case of engineers dealing with 
I necessities or public services, the reverse process may occur — 
instead of capital being spent in making a ‘^splash,” whoso 
(effect will gradually peter out, the goodwill is built up ])y 
services and so increases with time. It will bo noted that in 
some contracts (tramway terms, p. CO) all consideration of 
these non-pliysical assets is exxDressly excluded. This is because 
the goodwill consists in this case not so much of public cstima-- 
tion as of monopolistic rights, which being granted for a definite 
•^''riod have come to an end at the time of purchase. 
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Definition and Characteristics. — Having reviewed the main 
causes which bring about what is known as depreciation, it 
will now be possible to state more precisely the particular mean- 
ing which the word bears here. In ordinary language, deprecia- 
tion may refer to any reduction in value, but in its technical 
sense and as used in this book it refers only to ‘‘ expired 
capital outlay ” or the fall in value of wasting assets arising 
out of their use or tenure.’’ It therefore relates only to the 
first cost, the time and action of the enterprise, and to any 
normal and anticipated external changes. If the original , 
capital outlay is denoted by G and the final salvage value by 
F, then the total depreciation is C7 — F. (The quantity O — F ■ 
is sometimes spoken of as the original or total ‘‘ wearing 
value ” of the asset.) ^ 

Several important points follow from this definition of total 
depreciation, one of which is that depreciation has nothing to 
do with marlcet fluctuations after the asset is purchased (except 
in so far as these affect salvage values). The change in value 
covered by the definition can only be in one direction, namely, 
a loss, and the common expression by which shares or property 
is said to appreciate or depreciate with changes in the market 
is the general and not the technical use of the word. Since 
depreciation covers only the eating away ” of capital assets 
as the express result of the ])urposes for which they are held, 
it follows that any aibitrary lliictuations due to outside changes 
must be regarded as profit ” or loss,” whereas depreciation 
is a necessary working expense which must be met before any 
profit can be said to exist. 

Another thing whicli follows from the aljovo definition of 
depreciation is that it has nothing directly to do with the cost 
of replacing the asset, although the depreciation provision will 
normally be used for tliat purpose. If the plant originally 
installed cost £1,000 at the commencement of its life and is 
worth £100 at the end, then the requirements of strict depre- 
ciation have been fully satisfied if £900 arc forthcoming at the 
end of the period ; and if it is then desired to J'cplacc it by 
plant costing £1,500, the extra should bo financed by the 
additional profits which the bettor plant should earn. On the 
other hand, if the extra cost is likely to be noeessitatod for 
identical plant owing to general market changes during the life 
of the first plant, it is legitimate and only right to increase tlio 

* Soc osi)ocially “ Dopreoiatioii and Waijiting Awsots,” by P. D. Loako. 

i) li 
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strict depreciation provision a rese rve fund (financed by the 
extra profits which a market rise should produce) to meet this 
anticipated extra cost. 

Summing up, it will be seen that the question of whether 
depreciation provision should be varied to suit probable cost of 
replacement cannot be settled by any hard and fast rule, but 
must be a matter of individual judgment. If the rise in prices 
is general, such as that due to a war, and takes place not too 
late in the life of the original plant, an increase in the provision 
seems reasonable, since the plant has virtually become more 
valuable and profit-earning. But if not, it means charging 
present customers for fxiture burdens. 

It will be noticed that this is another aspect of the question 
already discussed under obsolescence — ^namely, whether the 
depreciation provision should concern itself with changes 
external to the asset itself. It is a question to be settled on 
practical rather than theoretical grounds, and depends largely 
on whether or not the change is general or normal to the 
enterprise under the particular circumstances ruling. Thus 
when installing plant utilising new processes or technique, it is 
to l)e anticipated that la-ter inventions will still further improve 
things, making necessary either a shortened economic life (earlier 

scrapping or a larger outlay on replacement. This loss in 
value of the asset in the form of accelerated or accentuated 
obsolescence may be said to arise out of, or be conditioned by, 
the nature and processes of the enterprise itself, and therefore 
can legitimately be considered as coming strictly within the 
definition of depreciation. 

A final point which follows from the above definition is that 
it is only total depreciation which can be said to have any 
precise meaning and determinable value. The normal pro- 
cesses of an enterprise imply the purchase of wasting assets for 
the express and sole purpose of their gradual destruction in the 
inaldng of profits. The assets are regarded as out of the market 
because permanently locked up in that process until tlui 
termination of their useful life, and the question of wliat tlu\y 
are worth or would fetch in the meantime does not enter, since 
such a sale is no part of the normal activities of the 
enterprise. 

Unfortunately it is not iDossible to defer all consideration of 
the financial position of ,an enterprise until its wasting assets 
have been completely exhausted ; and it is therefore necessary 
to allocate in some manner the total capital which will expire, 
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amongst the years of useful life which the plant is expected 
to have. This point is discussed in the next chapter, but it 
is important to notice liere that any such apportionment of 
total depreciation is necessarily arbitrary and artificial. It is 
impossible to say how much has gone in any one year, since 
there is usually no rigid and immediate connection whatever 
between loss of value and passage of time. Plant may be, and 
often is, every bit as useful and (apparently) as valuable any 
one year as it was the previous year — all that can ))e said is 
that it is one year nearer to its end. 

X Life and Salvage Value. — ^When depreciation has proceeded 
to such a point that the machine or equipment in question is 
no longer economically serviceable in its original capacity, it 
mayX)e said to have served its useful or economic life (i). It 
has been seen that this may be duo to its being worn out, 
dangerous, or obsolete, but in any case the owner is presumed 
to be well informed and without prejudice, so that he removes 
it as soon as it becomes uneconomical as compared witli the 
available alternatives, ^i^^ts value immediately before removal 
is called its salvage or remainder value (F), and would be 
estimated in the ordinary way by what a purchaser would pay 
for it as it stood . ) 

It will be noticed that this is lower (by the amount of the 
removal costs) than the value after I’cmoval, or tlie value of the 
constituent parts if unusable as a whole, (it is well to Iceo]) ' 
the term ” for those latter values, altliongh too 

often the words scrap,” '' salvage,” '' residual ” and re- 
mainder ” arc used withotit distinction.) It follows from this 
that the salvage value may be zero or even negative — repre- 
senting a liability rather tlian an asset — as in the case of a 
chimney or other tall structure which, costs more to remove 
than its parts arc wortli, yet which has to bo removed owing to . 
being a danger to the ])u).)lic. 

It will be seen from the above that, using the symbols already 
defined, the total depreciation in a life of L ycar^ can bo 
expressed as G — F, and the correct depreciation provision is 
that which amounts to this sum at the end of L years. Pro- 
vided this sum is available at the end of the life, and provided 
the interest on the original capital has been maintained through- 
out these L years, then the enterprise is solvent and has cleared 
off all its liabilities in connection with the asset in question. 
For adding the value of the salvage F the total sum 0 is then 
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in hand, and can be used either to pay ofi the original loan, 
leaving no outstanding debt, or else to purchase a new asset of 
the same sort as before. 

In the second case a new period of L years is initiated, the 
original debt remains but is balanced by a fresh asset, and the 
annual cost is the interest on this debt plus the contributions 
to the new depreciation fund which must be instituted for the 
new asset. In calculating the cost of the service rendered by 
any asset, it therefore does not matter whether it is assumed 
that the asset is employed for its one life-time and the under- 
taldng wound up, or whether it is assumed that the service is 
continued indefinitely, provided that in the latter case a new 
asset replaces the old one every L years. 

In the above discussion the life of the asset has been spoken 
of as though it were a fixed determinable quantity, whereas in 
fact the life of each particular asset, like the life of a human 
being, is an individual affair determined by the particular 
circumstances. Moreover, as the provision for meeting depre- 
ciation has to be initiated at the commencement of the life, it 
follows that all depreciation funds on account of tangible 
assets are based upon an estimate, namely, the anticipated 
useful life of the asset in question. Depreciation funds on 
account of terminable concessions such as ground leases, 
patent rights, licences, etc., are simpler in this respect, since in 
such cases the exact life period is known from the beginning. 

It was seen in discussing causes of depreciation that whilst 
many of these are roughly proportional to time, some are 
dependent upon the use which the equipment gets. Thus the 
steel rails of a tramway undertaking may have to be renewed 
every eight years with heavy traffic, or may last twice as long 
if the traffic is light, and in a similar way the life of a mine or 
other natural store of exhaustible material will depend upon 
the amount extracted each year. In spite of these items, time 
is so much the most convenient basis for economic calculations 
that it is almost invariably used in estimating depreciation ; 
but of course the time must be assessed having in view tlio 
probable amount of wear, and may have to bo adjusted as the 
imdcrtaldng proceeds. On p. 294 are tabled the estimated lives 
of various plant by different authorities, and although those 

* Tlio chief exceptions are tliose in which tl:-' . ■ are so small that 

no interest is charged, and hence there need bo ■ ■ ■ . ^ . 'rno-rato chargos. 
Thus, in the case of lamps (Chapter X.), life is reckoned inhiii'ning hours, and 
this is really a service unit rather than a time unit. 
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may have to be modified to suit individual differences of wear 
and climate, it is surprising how little such differences emerge 
in comparison with the steady inevitable decline due to general 
causes. 

s^nother point which is often surprising to the user is that 
there is no essential connection between the performance of 
a machine and either its life or its salvage value. Even the 
most perfectly operating machine will sooner or later have to 
be superseded, and though its efficiency and working order 
may be as good as on the day it was installed, it will then be 
worth little or nothing owing to the difficulty of finding a 
purchaser whom it will exactly suit. With electrical machines 1 
in particular, owing to the wide diversity of possible variations , 
(size, type, voltage, frequency, etc.), the poor salvage value of v 
plant apparently almost “ as good as new ’’ is an item which j 
must be reckoned with.t^ 

The fundamental fact which emerges from the physical and 
economic aspect of a business, employing wasting assets, is that 
an adequate part of the total capital expiry must be assumed 
to have taken place each year of the useful life of the asset ; 
and this must be made good or paid for as an essential manu- 
facturing or overhead expense before any review of the 
financial position becomes possible. This necessity applies to 
every variety of wasting asset purchased for capital sums, not 
only plant and machinery (on their estimated lives), but 
leases, patents and othei' concessions (on their known periods), 
and even goodwill, which is in constant danger of depreciation 
from rival firms. 

Thus if a man owns a business in which £5,000 is invested in 
tangible assets, and which he has worked up until it brings in 
£2,000 a year, and if ho then sells it to a company for £15,000, 
the latter will be paying £10,000 for the goodwill. But the 
goodwill, unless maintained by extensive advertising, will 
probably not last longer than ten to thirty years, or at the 
outside fifty years ; and quite apart from the provision 
made for the tangible equipment, it also should be written 
off within a reasonable period, unless it is being fully and 
continuously maintained. Exactly the same would apply 
if the plant had been purchased for £5,000 and the goodwill 
had been built up later by means of a £10,000 advertising 
campaign. 

* IS.fj,, a monopoly of elect ricity supj^ly for a definite i)oriocl, if xHircliosed 
for a lump sum. 
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Depreciation Provision : Sinking Fund Method. — The parti- 
cular financial arrangement which is made to meet dei)reciation 
is not a matter of great moment to the engineer, since all such 
arrangements (provided they are adequate) must amount to the 
same thing, economically, in the end. The primary requisite 
in any such arrangement is that it shall realise the required 
sum (G — V) at the end of the estimated life of L years. The 
next point of importance is that it shall distribute its burden 
as equitably as possible between the several years of the plant's 
useful life — ^preferably to correspond either to its annual 
earning capacity, or else to the estimated amount of its annual 
wear or capital expirj^ (The latter is chiefly a matter of 
accounting ; see on p. 63.) 

There are cases in which no profits are expected to arise 
during the earlier years. A good example is in connection with 
the electricity supply or telephone service in an undeveloped 
area, for which plant is installed to meet anticipated future 
needs, and in excess of present requirements. The same case 
also arises in a rubber or other estate requiring development. 
Conversely there are eases in which the service rendered by the 
plant will materially lessen with time, this being a frequent 
occurrence in connection with apparatus such as storage 
batteries, road vehicles and other traction equipment, in which 
decreasing performance or increasing interruptions arc features 
of the latter part of the life. Under special circumstances such 
as these it may be convenient to have a depreciation provision 
which is unequalty loaded and which interposes a heavier 
burden on either the later or the earlier years. In the vast 
majority of cases, however, the advantages obtainable from the 
use of an equipment will be found to be tolerably equal for each 
year of its useful life, and hence it is generally convenient for 
depreciation provision to take the form of equal annual ])ay" 
ments. 

From what has been said it will be clear that a sinking fund 
built up during the useful period by equal annual paynu'nts 
suitably invested forms a very convenient type of depreciation 
provision. The life of such a fund shoukl coincide with tlie 
anticipated useful life of the equipment, and substituting tliis 
figure for L in any of the formuhe on pp. 19 to 22, an<l putting 
the amount required {0 V) equal to A, it is a simple matter 
to calculate the deposit necessary for any particular rate of 
interest and deposit interval. This method of provision has 
some degree of official sanction in connection with financial 
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proposals for electricity stations, and it is also extensively 
employed by municipal authorities as a method of extinguishing 
their loans, such extinction (in the case of the trading branches) 
being to a large extent in the nature of a depreciation i^ro vision. 
Even when this method is not actually employed, the sinking 
fund forms the best basis for calculation in estimating true 
costs. (See examples 1, 3 and 4.) 

Some explanation is necessary as to the actual mechanism 
of a sinldng fund. In tlie calculations in the later part of this 
book the expense of depreciation is alwaj^s computed on a sink- 
ing fund basis, i.c., it is assumed that for each and every 
machine or portion of a machine whose choice is a matter of 
individual selection, a sinking fund is initiated at the com- 
mencement of its life such as to yield {G — V) £ at the end. 
Whilst this assumption is necessary for economic calculations, 
it will be obvious that the process is not carried out literally 
for each separate item. All that is necessary for sound 
finance and accounting is for the depreciation account to 
be credited each year with the appropriate deposits for 
every item of plant according to its cost and estimated life. 
From the same account would be taken, as required, the 
sums necessary for replacement of the plant for whoso 
depreciation the fund exists. The oxxtstanding balance each 
year bctwoexi the incomings and oxxtgoings of this account 
(which would not necessarily be large in the case of a diverse 
and long-standing cnteri:)rise) would then be invested as 
profitably as possible, cojisistcnt with safety and ease of with- 
drawal. 

In the case of small or privxitely owned items the assump- 
tions made as to the initiation of an individual sinking fund 
will seem even fui‘thcr fi’om the facts of the case, and mxxy 
appear to make many of the calculations which follow some- 
what academic. Thus the pxxrcliascr of a motor car will 
probably not cstablislx a sinking fxind to extinguish its cost, nor 
will he necessarily borrow the money for its purchase. Bxit 
in using the money to bxiy a car it means that ho cannot use 
it elsewhere (where it could certainly oxxrn interest), and, in fact, 
he very possibly withdraws it for the purpose from some easily 
accessible, interest-bearing deposit. And if he repays this 
withdrawal out of income during the five years of use, those 

* The r>traso “ oacli year ” is used to indicate any convenient period- — in 
largo enterprises it is the usual accounting i)ractico to make credits to the 
reserve every month. 
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repayments will accumulate interest and be equivalent, econo- 
mically, to a sinking fund. 

The important point in all cases is that the assumptions 
made shall represent not necessarily the actual financial 
procedure, but the essential economics of the case. It is then 
possible to calculate what a given service is really costing each 
year, and thus to compare it with the available alternatives. 
Only if the engineer can calculate exactly what any particular 
machine will cost per annum can he base his decisions and 
make his choice on sound lines, and only so can he be said to be 
a complete engineer. 

Composite Life. — ^In the case of an enterprise employing a 
few large assets, the parts of which do not require separate 
renewal (e.g., a coal mine), it is no doubt preferable to have one 
fund maintained entirety separate from all other finance and 
kept intact until the end of the period. When one such fund 
\ has to serve for several items of plant having different lengths 
I of fife, it is necessary to find the '' composite ” or “ equated ’’ 
I life of the group of items, i.e., that life which when applied 
: ,to the total cost would give the correct total provision. Strictly, 
’ there is no such thing as a composite life for depreciation 
purposes, since it varies slightly with the type of provision 
made. It is, however, possible to make a sort of average of the 
lives of the different assets, based on their relative costs and 
frequency of renewal, which would be exactly right if deprecia- 
tion were computed on the basis of laying by annual deposits 
without interest (the “ straight line ” or “ strong box ” basis), 
and which will be approximately correct for the sinking fund 
basis. 

The composite life can be found as follows : — ^Multiply the 
wearing value {C V) of each asset by its relative frequency 
of renewal to give the “ cost product,’’ and then multiply this 
product by the life so as to give a second quantity which might 
be called the “ life-cost ” (or simply life ”) product. The 
sum of all the life products divided by the sum of all the cost 
products will then give the composite lifcM This method is 
illustrated in the first six columns of the table below in finding 
the composite life of two assets, A having a life of twenty years 
and wearing value £2,000, and B having a life of ten years and 
a wearing value of £1,000. 

In order to illustrate the correctness of this method of 
estimation the last two columns show the annual deposits 



TOTAL DEPRECIATION 


43 


which would be necessary on the straight line and on the 
sinldng fund basis respectively; if a separate fund were estab- 
lished for each asset. These add up to £200 and £140 
respectively, whilst the single deposits for an asset of £3,000 
having the composite life of fifteen years would be £200 and 
£139 respectively. Whilst it is always legitimate to calculate 
the necessary deposit on the basis of a single asset having the 
composite life, the objection to having only a single fund 
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A 

2,000 

1 

2,000 

20 

40,000 

100 

60-5 

B 

1,000 

2 

2,000 

10 

20,000 

100 

79-6 



Totals 

4,000 


60,000 

£200 

£140 


Composite life = 


60,0 00 

'4;obo~ 


15 years. 


locked up {i.e., invested externally) for this period is that the 
time when the actual replacements are required may not 
coincide with the maturing of the fund. It is tlierefore 
preferable to have a running doprcciation account in the manner 
described in the previous section. If the correct credit is 
made to this each year for every item of plant reckoned 
separately, there will be no need to calculate the composite life, 
and there will alwa3"s be enough in the fund to renew each item 
as it falls due. 

J Depreciation Provision : Loan Reduction Method. — ^Whon 
the original loan or some definite portion of it was incurred in\ 
order to purchase some particular macliinc or equipment, it i 
seems a very logical procedure to j)ay olf that loan in stages i 
as the machine or equipment wears out or otherwise loses I 
value. The undertaking is then left at the end of the economic 
life, not with the original loan balanced by a sinking fund of 
approximately the same amount, but with no loan at all. (See 
example 2.) 
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It will be seen that the differences between the two methods 
are more financial than economic » The method outlined above 
involves making arrangements for periodic repayment of 
portions of the loan, and in order to avoid discrimination 
between the different shareholders it is not unusual for the 
repayment to be made by drawing lots."^ Such a repayment 
may sometimes embarrass the shareholders themselves, but it 
has some good financial effects, e.g., in steadying the market 
for that particular share and preventing violent fluctuations in 
price. Also, against the inconvenience of having to pay off 
some shareholders every year, must be put the corresponding 
inconvenience, with a sinking fund, of having to re-invest some 
money each year. 

The loan repayment method avoids the difficulties which 
occur with sinldng funds in connection with the security and 
interest upon the sums which are being put by. Security and 
interest are inter-related, and in general terms it may be said 
that it is difficult to find investments for a sinking fund which, 
whilst enabling regular amounts to be taken xip each year, will 
combine absolute security with a rate of interest as high as 
that paid on the original loan. Thus a concern may have to 
raise its initial loan at a comparatively high rate owing to 
novelty or supposed insecurity, and may have to accept a 
much lower rate on its sinking fund investment. This difficulty 
is not so serious in the case of a large long-standing enterprise 
employing plant of various lengths of life, as here it has been 
seen the capital items tend to cancel out, i.e., the investments 
which are necessary can be made “ in the business,” in the 
purchase of fresh plant requirements. For such an enterprise 
the sinking fund method would appear to be preferable, the 
loan reduction system being only suitable when the assets 
approximate to one length of life. 

There is a legal restriction which should also be mentioned 
when discussing the pros and cons of the loan reduction 
method. In practice this method is virtually restricted to tlie 
repayment of debentures, since the existing English law docs 
not recognise the right of any joint stock company to reduce 
its share capital without going through various formalities 
each time the repayment is proposed and then obtaining the 
sanction of the court. Debentures are the fixed interest bearing 

* A not uncommon annonncGment in a prospectus is that certain shares 
are to be paid off at par by equal annual drawings of such and such an amount. 
Another plan is to purchaso shares in the open market (especially if and when 
the price is low) and then extinguish them. 



TOTAL DEPRECIATION 


45 


shares which are presumed to cover all the tangible and 
realisable assets of a company, and whilst it is primarily these 
assets whose depreciation has to be provided for, this legal 
restriction interposes considerable limits to any great extension 
of this method of provision. 

. Summing up, it may be said that the loan reduction method, 
when it can be adopted, has distinct advantages over the sinldng 
fund, since it is equivalent to a rate of interest equal to that 
on the original load, combined with absolute security. It 
is, however, generally less convenient and frequently impraC' 
ticable. 

^ Loan Reduction : Instalment or ‘‘ Straight Line ” System. — 

With regard to the rate at which repayment is made in the loan 
reduction method of depreciation provision, there are two plans 
which can be adopted. The more usual one is for the loan 
itself to be paid off in equal amounts or instalments, interest 
being at the same time paid on the value of the loan still out- 
standing, This has the disadvantage that it interposes a 
heavier burden during the earlier yea.rs, as at this time the 
undertaking has to subscribe not only the constant repayment 
sum, but also the interest on almost the full amount of the loan. 
It has the advantage of simplicity and case of explanation to 
shareholders, since a fixed amount of scrip will have to be 
cancelled each year. It also makes for satisfactory accounting, 
since, if depreciation is assumed to follow a straight lino law 
during the intervening years, the amount of loan outstanding 
will at all times be equal to the assumed value of the plant. 

In order to compare economically the sinking fund and loan 
reduction methods, it will l)c necessary to take into account the 
total yearly capital expenses of the asset, namely, the cost of 
hiring (or interest) as well as the cost of replacing (or deprecia- 
tion). For simplicity it will he assumed that the salvage value 
is zero, so that the amount A in the formula) on p, D can bo 
equated to the fi.rst cost (7. (Unless the salvage value is cither 
zero or some definite proportion of the first cost, it is impossible 
to group the interest and sinking fund payments together as a 
function of (7.) It will also bo assumed that payments arc 
made at the md of the year in each case. 

The yearly capital expenses under the sinking fund method 
then consist o£ an interest charge Gi plus a dei)reciation charge 
, Gi 

D, where D = Under the “ straight line loan 
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reduction method the capital expenses will consist of a fixed 

0 

instalment of loan repayment M, where Jf = plus the 
interest on the remaining loan. The latter will be Ci the first 


year, (C — M)i = Ci^l the second year, ^ 

Ci 

the third, and at the end of the last or year. (The last 

mentioned is, of course, the interest for one year on the final 
G\ 

outstanding instalment j Thus whilst the total (end -of -year) 
charge in the case of the sinldng fund is a constant figure, 
(7i 1^1 -f 1 J’ reduction by instal- 

G G 

ments method is ^ (1 + iL) in the first year, ^ (I + iL — i) 

. Ci 

in the second, and decreases by equal annual amounts of y 

G 

(“ straight line ” law) to ^ (1 + i) year. 


The above formulse assume that the sinldng funds bear 
interest at the same rate as that paid on the original loan, and 
on this assumption Eig. 2 has been drawn to illustrate the 
comparison between these two methods of depreciation pro- 
vision. In the upper portion of the figure is shown the total 
yearly cost or capital charge in the two cases, for plant having a 
first cost of £1,000, salvage value zero, and a life of twenty years, 
interest being at 5 per cent, throughout. With the sinldng fund 
method (curve S) the charge is the same each year, namely, 
£80 5s, f whereas with the loan reduction method (curve R) it 
falls uniformly from £100 at the end of the first year to £52 lO.s. 
at the end of the last. The total money actually paid is of 
course slightly less by this latter method, since greater amounts 
are paid in the earlier years (hence the two lines do not cross 
at the centre). But the total present worth of the capital 
charges is the same in the two cases. 

Below the curves R and S, will be seen plotted the accumu- 
lated reserve which results in the two cases, i.e., the total 
amount of loan repaid (R/) or the total sinking fund acciimula- 
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tion (S'). It will be noted that the sinking fund builds up at a 
greater rate during the later years, so that, whilst it is always 
less than the “ straight line ” value, it amounts to the necessary 
£1,000 at the end of the period. 

The term “ straight line ” loan reduction has been employed to 




I 
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ik 



!Fig, 2, — Comparison of Mothoda for Doprociation Provision. 

[The dots roprosont actual x^iymonts or amounts.] 

describe the principle of this method of depreciation pi’ovision, 
but it need not necessarily involve the actual repayment of 
loan, any more than the sinldug fund method necessarily 
involves a,ny considerable sunlren fund. As already ex- 
plained, with a large undertaking employing many assets of 
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varying dates and lives, the depreciation reserve may bo 
merely a current account constantly receiving and paying out, 
so that what is here called loan reduction chiefly consists of the 

writing down ” of the plant’s value, i.e., the crediting to this 
fund of the appropriate amount. The essential diherenco 
between the loan reduction by equal instalments or “ straight 
line ” method and the sinking fund method, is that the former 
writes off an equal amount each year, but (owing to interest) 
loads the undertaldng more heavily in the earlier years, whereas 
the latter writes off smaller amounts in the earlier years, but 
loads the undertaldng equally each year. 

A very common practice is to credit the depreciation reserve 
with equal amounts each month or year, but to neglect all 
interests on these deposits. As in fact interest is always 
earned wherever the money is, this means that the interest 
appropriate to these deposits is really credited to the general 
revenue. This is therefore an example of the “ straight lino ” 
loan reduction method described above, and results in a heavicu' 
burden during the earlier years of the life of the asset, wibh a 
correspondingly better showing later on. But by not crediting 
the interest where it is due, this fact is obscured, and many 
engineers who employ the ‘‘straight line” method imagine, 
because equal annual instalments are made, that the ca])ital 
charge for interest and depreciation is the same each year. 

Loan Reduction : Annuity System. — Both the advantages of 
the equal instalment method (in giving a “ straight lino ” loan 
reduction) and the disadvantages (in heavier burdens dui*ing 
early years) can be avoided by paying back smaller amounts 
during the earlier years, and gradually increasing the amoujit 
to balance the decreasing interest on the outstanding loa-n."^ 
This is sometimes called the annuity metliod of loan rcdiudion 
to distinguish it from the equal instalment method, the word 
“ annuity ” (as indicating a series of equal annual payments) 
referring in this case to the sum of the contributions to xxq)ay- 
ment plus interest. Even without tho proof given below, it 
should be fairly evident that (assuming constant interest raters 
throughout) this is identical economically with the sinking 
fund method — they are merely alternative financial schemes for 
arriving at exactly the same point. 

In order to obtain an arithmetical statement of the annuity 

* An approximation to this which proaorves tho siinjilichty of tho inBtalnunit 
system is to pay off the original loan in equal inHfcalmonts, comnioaciiig tiftor 
the undertaking has been in operation for several years. 
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loan reduction method (for end-of-year payments) it will 
be necessary to start at the far end, and call the amount of 
loan outstanding at the beginning of the last year Fx, and that 
two years from the end etc. The total capital charge is 
made up of repayment and interest in such proportions as to 
amount to a constant total d each year ; — 

Combined Loan Repayiment and Interest. 

(First cost C, salvage value zero, composite deposit d at end of 
each year for L years.) 



Composite deposit 
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The amount outstanding at tlic beginning of the first year 
Fx of course, the amount of the original loan or first cost (7, 
and in the above table it is seen that this equals 


d (I d (I 

I -I- i + (1 + (1 + i)3 • • • + (1 iy. 


This particular aritlimetical series has already boon referred 
to (p. 10), and its sura 


Vr. = C = d 


(1 + iY‘ - 
*(i + iy^ 


1 Ci{\-Viy‘ 

— j whence a — 


(1 -1- iy 


Now with the sinking fund method, the total annual pay- 
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ment = Gi -f D,and.D == — T. so that the total be- 
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, which is the same 
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as d above. Hence the two amount to the same thing from the 
£ s. d. point of view, and the sinldng fund curves in Fig. 2 
above represent also the loan reduction by annuity method.-^ 

\ Comparison of Methods. — It has been pointed out already 
that the depreciation provision is frequently more a question 
of accounting than of the actual depositing of money. The 
necessary amount each year for each item of plant is credited 
to the depreciation fund or reserve, but it is not necessarily 
invested in a separate fund or used to pay oft loans, being 
frequently employed in the business in place of fresh borrowing, y 
or for the purchase of replace plant as and when this becomes 
necessary. Hence in the questions at the end of the chapter 
involving sinking funds, it is usually assumed that such funds 
earn interest at the rate paid on the original loan, although if 
these funds have to be separately invested each year, they will ^ 
usually receive less than this. 

It has been seen that there are two main assumptions which 
can be made for determining the magnitude of these annual 
sums. The first is that the sums earn interest in a separate 
fund and are sufficient to amount to the required wearing value 
at the end of the anticipated life. The capital charges for 
interest and depreciation are then the same each year, and 
this rule applies to the sinldng fund and also to the loan reduc- 
tion by annuity methods. The second assumption is that the 
loan is paid off by equal annual instalments, and this gives a 
total capital charge which is heaviest at first and diminishes 
uniformly as the life proceeds. 

A third assumption which can be made and which is often 
convenient for accounting, even when not carried out ii\ fact, 
is that a fraction of the original loan is repaid or written oil- 
each year, the amount being a fixed percentage of the value 
at that 2 ')arii€vlar year. This means that the actual quantity 
written off gets less each year, and as the interest on the out- 
standing loan also gets steadily less, this constitutes a method 
of loading the earlier years even more heavily than by tiu) (^qua l 
instalments method. Either of these two latter methods may 
be useful when dealing with plant subject to excessive deprecia- 
tion in the earlier years, as in the examples aUxMxdy given of 
storage batteries and road vehicles. They arc also useful 
where market valuations have to bo considered, in view of the 
possibility of the plant changing hands before the end of its 
economic life. 
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These two latter methods may be called the equal instalment 
or straight line ’’ plan, and the reducing balance or com- 
pound interest ” plan respeetiveh^, and are useful as assump- 
tions in estimating the interim depreciation for accounting, 
income tax or other purposes, even when they are }iot employed 
as an actual depreciation provision. In this capacity they are 
treated in the chapter which follows. The last-mentioned 
method introduces difficulties if it is used to calculate the total 
capital costs, since both the interest and the depreciation 
deposits progressively diminish. 

‘^Repairs and Renewals. — Some undertakings make no definite 
depreciation provision, but claim instead that all necessary 
repairs and renewals arc liiado good out of income as and when 
they occur. The fallacy of this plan is that it is extremely 
difficult to '' even out ’’ the replacements so that they represent 
a fairly uniform burden each financial year. Moreover, there 
is a great danger of the more long-standing items being ovor- 
iooked, thus giving a deceptive appearance of prosperity during 
the intermediate years, and necessitating new capital when the 
items finally become obsolete. 

This plan is tliorcforc not to he recommended except when 
only short-lived items are l)oiiig dealt with (c.f/,, lamp renewals 
would always l.)o treated in this way), and it is chiefly to bo 
found among the smaller coneeriis or wlien a number of under- 
takings arc under one jnauag^mieiit, as with iniinicipal enter- 
prises. ^Thus a tramway system may find that its ti'aek requires 
renewing every ten years, its rolling stock eveiy fifteen, and 
so on, so that by taking the routes in turn, an average yearly 
expenditure can bemiuh', and the whole system maintained at 
a constant kwel of value arid efficiency. 

In, the case of munieijial enterprises the whok^ position is 
enormously c()mj)!ieat('{l by tlic fact that cvc'ii with those 
likely to liavo a pernuinent earm’ng capacity, endeavour is 
made to repay tlio whole of tlu^ original loa-n within a relatively 
short period, so that the enterprise may become a.n into, rest- 
free public property at the (‘arliest ])ossibl<^ moment, ihaiiclable 
though such an aiubitiou juay bo, it is natural that unless the 
undertaking is exceptionally prosperous there will not bo much 
margin for (le])rcciation provision in addition to repayment. 
The consequence is that, whilst the debt is extinguished within 
the time required, it will usually bo found that in the meantime 
depreciation has proceeded so far as to necessitate a fresh loan. 
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Such a method over-reaches itself, and it would appear a | 

sounder plan to sanction longer period loans coupled with an 
insistence on a separate and adequate depreciation pro- 
vision. By this means the finances of each separate under- 
taking would really represent its correct position and profitable- 
ness, and when at the end of fifty years or so the original 
loan was finally extinguished, the public would Imow that they 
owned a concern in as good a state of efficiency as it was at 
first, or with a sinldng fund sufficient to take advantage of any 
fresh inventions or developments then obtainable. 

Even when there is a genuine wish to provide fully against 
depreciation, it is not always easy to decide what items should 
be covered by the provision — thus, while the revenue account 
is each year charged with maintenance under the two heads of 

repairs ’’ and depreciation deposit,” the former is intended 
to be an immediate expenditure on small items, whilst the 
latter is presumed to be invested so as to be avilable for com- 
plete replacement at some distant period. In practice, how- 
ever, there are many partial replacements which are more than 
repairs and which, i£ paid for out of hand, will unduly load the 
year in which they occur, whilst at the same time extending the 
life period of the complete plant beyond the original estimate.* 

It is clearly impossible to draw a rigid line, and to some 
extent it will be a question of policy, some firms preferring to 
keep every portion of the plant fully up to the mark and as 
far as possible up-to-date, whilst others rely more on a short- 
dated depreciation provision with a view to complete replace- 
ment. As a rule, all items which recur every few years or 
oftener, and which are not large enough to embarrass the year’s 
accounts unduly, can convenient^ be regarded as current 
repairs and paid for out of hand ; whereas additions, better- 
ments, and renewals of all major items of the plant whose 
choice is a matter of individual selection, should be paid for out 
of the capital account (depreciation reserve), a new fund 
being then instituted for the new part. It therefore depends 
in part upon the magnitude as well as the frequency of the 
renewal ; thus in a storage battery, new acid or alkali, even 
though required only once or twice in a lifetime, would usually 

* The author has a fountain pen, which has had at various times two now 
caps, a new nib,^ and a new feed. If at any time the barrel breaks and is 
replaced, there will bo none of the original pon left, yet it would bo difficult to 
say at what point the pen’s life ceased. Certainly at this rate it need never bo 
scrapped, and there aro many old engineering equipments which are almost 
in a like case. 
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be regarded as maintenance, whereas new plates would be 
virtually a new battery and would be purchased out of the 
depreciation fund established for the purpose. 

Naturally the repairs and renewals policy must be taken 
into consideration when estimating the total useful life and 
salvage value of each item, since a generous policy of replace- 
ments out of revenue may keep the plant in such a condition 
that the depreciation fund practically only has to provide 
against obsolescence. In any case, however, the estimates 
should assume that the plant is maintained in worhing order out 
of revenue. 

A final note should bo made regarding structures having an 
indefinitely long life, such as concrete buildings in a country 
not subject to earthquakes. It is very usual to establish no 
depreciation reserve for such an asset, but it must not be for- 
gotten that even a structure which lasts for ever may not be 
eternally useful, since the needs and the technique of future 
generations are difficult to forecast. The structure known as 
the Government Building ” in the Wembley Exhibition of 
1924-25 had every appearance of l^eing likely to last for ever, 
but its useful life for the purpose for which it was erected was 
two years. A sounder jfian would therefore appear to be to 
make some provision for every asset, only excej^ting freehold land , 
which is not lilccly to dciorcciatc unless the population declines. 


Capital Charges : Economy o£ Replacement. — Before leaving 
the subject of total depreciation and proceeding to tiie account- 
ing and legal problems connected with interim deju’cciation, it 
will bo well to summarise briefly the economic position so far 
as this has been talccn. With the data given above and in the 
previous chapter, it is now possible to state what exactly is the 
cost of possessing a particular capital asset. For convenience 
in payment, this cost is spread over the useful life of the asset, 
and this is convenient also for calculation purposes, in which 
the annual cost is the usual basis. Unfortunately actual lives 
vary, and the payment is therefore spread over the probable 
useful life, estimated beforehand. The total cost of the asset 
can therefore be expressed as L cnd-of-ycar payments, each 


totalling Ci units for hire,* plus (0 — 7) 


i 


for 


* It will be noted that there is hero no question of compound interest, since 

V. that the accounts arc made up and the interest is j^aid over 

or more often) whenever it becomes due. 
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replacement ; and using the word charge ’’ to indicate any 
annual payment, the above can be referred to as the total 
capital charge. 

In order to visualise the problem it will be well to assume an 
actual case — say the one graphed on p. 47, in which the asset 
is a machine of first cost — £1,000, salvage value zero, and 
estimated life twenty years. Assume also that the payments 
are equally spread over the twenty years {e,g., by sinking fund 
or loan repayment annuity method) and are made at the end 
of each year, with interest at 5 per cent, throughout. The 
capital charge for such an asset is then £80 5«. and has to be 
paid each year for twenty years. It will be noted that the fact 
of an estimated life of twenty years means not that the asset 
will necessarily last this length of time and then collapse, but 
simply that the proprietors of the enterprise have decided to 
pay for it by twenty equal annual instalments. Whatever 
time the asset actually lasts, the payments will last the twenty 
years and can then cease. If the asset is scrapped after 
eighteen years, there will be two more contributions to pay (or 
one composite amount), the outstanding balance owing at 
that moment being £148 (Fig. 2). If used for longer than 
twenty years there will be no capital charges for any of the 
additional years — ^for if interest is still being paid on the 
original loan on account of first cost, there will be a sinking 
fund or other investment of equal value on which interest is 
being received. 

If at the end of its life the machine breaks down completely 
or is otherwise put out of commission, it will necessarily have 
to be replaced ; and if this happens before the twent 3 ^-ycar 
period the annual accounts will have to be debited, as ex- 
plained at the beginning of the next chapter. ^If, on the other 
hand, the machine outlasts its allotted span and continues to 
function but with decreasing effectiveness, the question arises 
as to what is the annual cost of replacing it by a new machine, 
and what must be the latter’s superiority in order to justify 
its installation at any particular moment. ^Thc original 
machine, whether fully paid off or not, does not enter into the 
problem, as in any case the arrangements for pajung it off 
have been made and must be proceeded with — the only ques- 
tion is, what is the cost of installing a new machine now, 
instead of, say, in five years’ time, assuming that the old one 
can continue to function so long. 

For simplicity assume that the new machine also costs 
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£1,000 and lasts twenty years ; then its cost will be £80 5^. per 
annum and will last for twenty annual contributions. More- 
over, the actual life, whatever it turns out to be, will start from 
its date of installation, whether that takes place now or in 
five years’ time. So that every extra year that the old machine 
can hold out (whether it has passed its allotted span or not), 
it is saving £80 5^. per annum, or 8*02 per cent, of the first cost. 

Hence the principle may be enunciated that the saving in not 
replacing one machine by a second is the interest and deprecia- 
tion on the second machine’s caintal cost, and this saving takes 
place each year that the replacement is delayed. '^In other 
words, the capital charge for replacing one machine by a second, 
whenever it is done, is the interest and depreciation on the 
second machine. Eor this to be economical, the loss on the 
first machine during the year it is rei)laccd and all subsequent 
years, must exceed the annual loss on the second machine 
(avei’aged over the whole of its anticipated life) by sufficient to 
pay for the above-mentioned capital charge. 

The last point requires some further elucidation. It iiiight 
be found that after a certain number of years, machine (1) was 
costing over £80 5s. a year in inefficiency and repairs wliicli 
machine (2) would save, but it docs not follow that the replace- 
ment should then be made. For machine two may in its turn 
show a diminishing eiliciency, so that the immediate advantage 
of i*e[)laccmcnt may bo ])artly the inherent advantage oE the 
earlier years, which will in any case bo rcaj)ed whenever the 
change is made. For the change to bo made earlier rather than 
later it is necessary for the annual saving by the second 
inachino averaged over the 'whole of its estimated useful life to 
exceed the annual interest and depreciation on its capital cost. 
(See example 5.) 

In considering such a replacement there are, theretoro, two 
})oiuts requiring attention. Firstly, it is necessary to calculates 
when tlie change should econoinically be made, and, secondly, 
i[ the decision is to change before the completion of tlie 
depreciation fund on the first machine, tins fund must bi^ 
made up or maintained until coini3lctGd, in addition to the now 
fund instituted for the second machine. Those two points are 
quite unconnected, and must be considered index)cudoutly. 
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Worked Examples 

L What is the annual expense or capital charge of owning a 
machine whose first cost is £400, salvage value £20, and life eighteen 
years, if money is worth 6 per cent, compounded annually ? What 
difference will it make if money is compounded four times per 
annum ? 


Interest charge = Ci = £400 X 0-06 = £24 Os. 

Depreciation charge [End-of-year deposit, equation (7).] — 

{C - V)i 380 X 0-06 


D 


(1 + - 1 ( 1 - 06)18 1 


12-3, i.e., £12 Os. 


Total ... £36 65. 


If money is compounded four times a year, the equivalent interest 
in the sinking fund formula becomes (equation 6) 

t = (1 4- 1)^ _ 1 = (1.015)1 - 1 = 0-0638, i.e., G-38 per cent., 

and this can be used in equation 7 as above. 

Or using equation (11), 


D=:(G ^V) 



380 


(1-015)4 - 1 

(1-015)4xi8_i 


== 11 - 86 , 


i.e.j £11 175., instead of £12 Os. 


It will be noted that the change in compounding affects only the 
* depreciation deposit. This is because it is presumed that the 
profits of the concern accrue regularly throughout the year, so that 
the payments of interest on first cost can be made quarterly just as 
easily as annually. Another point to notice is that the salvage value 
also affects only the depreciation deposit, since whatever the salvage 
may be worth, it occurs only at the end of the life, and interest has to 
be paid throughout on the full amount of the initial loan. 


2. A company is floated with £40,000 4|- per cent, debenture stock 
which is to be paid off in forty years by equal amounts at the end of 
each year. Calculate the total capital charge entailed by the 
debentures during the first, the twentieth and the fortieth year 
respectively, and compare with what it would have been had the 
debentures been redeemed instead by a forty-year sinking fund at 
the same rate of interest, annually compounded. 
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£ 40,000 
' 40 


= £ 1 , 000 . 


Annual instalment of loan repayment 

Interest charge 1st year — 

= £40,000 X 0-045 = £1,800. 

Interest charge 20th year — 

= £40,000 X 0-046 (l - ^) = £1.800 (l - ^) = £^45. 
Interest charge 40tli year — 

/ QQ\ 

£45. 


= (i - i) 


Hence total charge 1st year = £2,800. 
„ „ „ 20th „ =£1,945. 

,, ,, ,, 40th ,, = £1,045. 


D = 


: 373*73,4.(2., £373 16^. 


By sinking fund. Annual end-of-year deposit for forty-year f und- 
Ai 40,000 X 0-045 _ 1,800 

(1 _{- _ 1 ““ (1.045)^0-1 '’”4-816' 

Annual interest payment (constant throughout) = £40,000 X 
0-045 = £1,800. 

Hence total capital charge by sinking fund method = £2173 156\ 
every year. 

3. A machine costs £600, and is estimated to last fifteen years. 
An alternative machine costs £1,000, and is estimated to last twenty 
years, and to save £30 a year in maintenance as conqiared with the 
former machine. Find which will prove the cheaper installation, 
taking interest at 5 per cent, and assuming machines have no salvage 
value. 


First Machine — Interest : 
Depreciation deposit 
Extra maintenance . 


600 X 0-05 
600 X 0-05 
(1-05)^® - l" 


t por anmun. 

= 30 


30 

A -079' 


= 27-8 
30 


Total . 87-8 


i.c., £87 lOs. per annum. 

Second Machine — Interest — 1,000 X 0-05 — 50 


Depreciation deposit 


50 

(l-05)“» - 1 


= 30-24 


Total . . 80-24 

i.e., £80 55. per annum, 

which is less than the first machine hy £7 11s. per annum. 
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4. Two machines costing £1,000 and £1,300 respectively are each 
capable of performing a given task, but the former costs per 
worldng hour more in labour. If each machine lasts twenty years 
and has a salvage value of 5 per cent, of its first cost, find how many 
hours per week must be worked for the two alternatives to balance 1 
Take interest at 6 per cent, on the original loan and at 4 per cent, 
compounded quarterly on the sinking fund, and assume all other 
items to be the same in the two cases. 


Extra interest on dearer machine — 

£ per flnnum. 

= 300 X O-OG = 18 
Extra wearing value of dearer machine — 

(0-95 X 1,300) - (0-95 X 1,000) = £285 
To realise this in twenty years requires — 

( 1 - 01 )^ - 1 


285 


( 1 - 01)80 - 1 


9-5 


Total 27-5 
i.e., £27 105. iDcr annum. 

This represents 27-5 x 80 threepences, i.e., 2,200 hours, which is 
44 hours per week for 50 weeks per annum. 

5. During 1910 an equipment costs £100 in upkeep and losses, and 
this increases by £10 a year in subsequent years. A new equipment 
to do the same work would cost £1,000 and last twenty-five years, 
with a final salvage value of £50, and the yearly cost of its upkeep 
and losses (averaged over its whole life) would be only £50. When 
will it pay to instal it, assuming that capital is worth 6 per cent, 
annually compounded ? 

£ por niimiiu. 

Interest charge on new equipment = 1,000 X O-OG = GO 

Depreciation charge on new equipment 

- d."*" - =») (LOOP - 1 = 

Ux^kcep = 50 


Total . . . 127-3 

».e., £127 Cs. x'or annum. 

Old equipment costs — during 1910, £100 

„ 1911, £110 

„ 1912, £120 

„ 1913, £130 

Hence it will pay to replace it at the end of 1912. 
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6. A motor car (A) costs £225, its annual tax is £12, and its 
running cost is 2d. per mile. A second car (J5) costs £110, has a tax 
of £20, and its running cost is 2\d, a mile. 

It is estimated that after five years’ use car A will bo worth one- 
third of its purchase lorice, and car B will be worth one-fifth of its 
purchase price. Assuming that the intending owner wishes to 
retain the car for five years, and that in all other respects the two 
are identical, find for what annual mileage the two will cost the 
same. 

[Take interest at 0 per cent, on first cost, and neglect interest on 
depreciation deposits.] 


Car A— 

Annual Interest 

,, Depreciation, neglecting in- [ 2/3 X 225 
terest on deposits 


£ per anniiin, 

225 X 0-06 = 13-5 


Tax 


{i.e.C' straight line ” basis.) 


Total . 


30‘0 

: 12-0 
55-5 


Car B— 

Annual Interest 


Depreciation 
Tax . 


110 X 0‘0G 6-G 


4/5 X 110 
' 5 


17-() 

- 20 


Toiixl . . 44-2 


Annual difierences in overhead costs . . . 11-3 

i.e., £11 (l9. per annum. 

To cover this at tlio rate of j/L per niilo dilTcrencc will re([uire 
11*3 X 240 X 4 -- 1 jOSnflniles per annum. 
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AKNUAL BEPBECIATIOH 

Interim Valuation: Accounting Problems. — The previous 
chapter dealt entirely with total depreciation, and it has been 
seen how this may be provided against by various schemes of 
contributions during the life of the asset, realising the total 
expired outlay 0 — F at the end of this life. It now remains 
to consider annual or interim depreciation, i.e,, the question of 
how much of the total value ultimately expiring can be con- 
sidered to have expired during any one year. It must again 
be pointed out that this question is not one which the engineer- 
ing economist should normally have to face, since the only 
provision which it is necessary for him to make is (by definition) 
that which is necessary to realise the total value expiring in the 
whole life through the normal processes of the enterprise. The 
two chief reasons for which interim valuations are necessary 
are, firstly, when a business is sold during the life of an asset, 
and, secondly, for the annual accounting. 

As regards the former, if the value of the assets at the time 
of sale, as estimated by what the buyer will pay, is less than the 
first cost minus the sum then accumulated in the depreciation 
reserve, this does not prove that the latter was inadequate for 
the purpose for which it was instituted, but merely that it was 
inadequate for the unanticipated purpose of an interim sale. 
The difference must then be written off as so much capital loss 
resulting from the forced sale of assets before the normal end 
of life. On the other hand, if the interim sale was anticipated 
from the first, as in the case of many terminable monopolist 
concessions, such as electricity supply, then the depreciation 
provision was inadequate, as in such a case it should have boon 
the duty of such an enterprise to ascertain at the commence- 
ment the method by which the plant would be valued, and 
to make its depreciation provision at all times square with 
this. 

As regards accounting, it will be realised that amongst the 
various accounts kept by any undertaking, the income, and 
expenditure is summarised in a profit ancl loss or revenue 
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account, and the financial position at the end of each year is 
summarised in a balance slieet. In the former are shown all 
receipts for sale of the product, and against these are shown 
the expenses, including the contribution to the depreciation 
fund. The balance sheet is debited with (Le., it shows a 
liability on account of) the amount of the original loan, and 
credited with the value of the various assets purchased by it. 
At the commencement these two will be identical, but as the 
value of the assets slowly expires, this sheet will also have to be 
credited with the value of the sinking fund or other investment 
which has been made to cover depreciation. 

In the table below is given a simplified outline (showing only 
the items referring to tangible assets) of the affairs of an under- 
taking presumed to commence at the beginning of 1900 by the 
puj'chase of plant costing £10,000 and having an estimated life 
of twenty years and salvage value zero. The revenue account 
and balance sheet are shown for the first and for the tenth year 
of working, and it will be found from the data previously given 
that an annual cnd-of-ycar sinking fund deposit of £302 will 
amount with interest at 5 per cent, to £3,800 at the end of ten 
years, and £10,000 at the end of twenty years. In the case 
given, the depreciation is assumed, for simplicity, to follow the 
sinking fund law (see j). 65), but whatever formula is adopted, 
the value of tlie assets must bo written down ” by this 
amount each year if the books arc to re])rcsont the true 
(‘ondition of the plant and the correct financial position of the 
undertaking. 

Whilst on the question of accounting, some mention should 
bo made of what happens wlien mistakes have occurj*cd in 
estimating tlio total depreciation, through inaccurate forecasts 
of either the life or the salvage value. If, when it l)ecomes 
necessary or advisable to rcyfiacc yfiant, it is found that the 
amount of the accumulated fund lias not or has more than 
wiped out the expired value {C V), the dilTorenco should l>o 
debited or credited to the rovemio account for that year. If 
ilun’c is a serious deficit this can ho met b}/- a lump sum from the 
(ia.])ital account, provided arrangement is made to extinguish this 
sum by a series of revenue payments spread ovov the next few 
years. ^ (These payments will, of course, bo additional to the 
sinlcing fund initiated for the now plant.) In no case should 

* A siinplo plan is inoroly to contiimo ilio original doprociation cloposita 
until tho full amount lias liooii oxtiugiiiHliod, altliough usually it will bo xu'o- 
fi'rabl(' to wipe o\it Uio loss siraiglit away. 
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Estimated oa sinking fund** basis. 
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replacement of plant by items of equal value result in a 
permanent increase in the outstanding loan. 

The above remarks refer only to failures in wiping out past 
capital expiry and not to additional expenditure in larger and 
better plant for the future. As already explained, the latter 
constitxitcs a definite expansion which may legitimately be 
financed by additional borrowing (coupled with the institution 
of a larger sinking fund), since the loan will be balanced by 
increasecl assets. 

Annual Depreciation Formulae. — The formuhn given below 
^concern the shape which tlie depreciation curve follows in its 
fall from its known value 0 at the beginning, to its known 
value V at the end of the useful life of L years, and this question 
is one on which dificrent authorities are very strongly divided. 
If the dcpi’eciation at any intervening point is defined as the 
loss in value ” up to the time in question, such a definition 
docs little more than emphasise the different meanings which 
may attach to the word '' value.” For example, a perfectly 
new motor car or cycle taken from stock and run for 200 miles 
will have suffered in that short time a very big depreciation of 
exchange value, since it can no longer be sold as new, but as 
second-hand. On the other hand, to a person who knows its 
exact history, that if has l)oen properly oiled, etc. (that is to 
say, to its owiK'r), it is a new machine which has been “run 
in ’’ to good working ordtM’, and is actually more valuable than 
it was at first. Even if value is interpreted strictly in its 
economic sense of exchange value {i.e,, selling price), there still 
remains the (lifficulty in many cases of the absence of an 3 ^ defi- 
nite second-hand market. 

'’There arc three assumptions which can bo made in this 
connection, each of which will result in a fairly simple method 
of estimating annual depreciation (see Fig. 3 below). More- 
over, whilst the first of these, tlio “ straight lino ” formula,, 
indicates an equal fall in value each year, the second one (the 
“ riKlucing balance ” furmvila) shows a greater fall in the 
('arlier years, tlius corres] loading rougldy with iirobablo 
excliango value or selling price, whilst tlio third, or “ sinking 
fund ” formula, falls less rapidly at first, and may often bo 
considered as representing, in the earlier years, the nsofulneas 
to the owner. 

The ‘‘ straight lino ” formula, as its name implies, assumes 
that the depreciation each j^^ear is the same amount — an agreed- 


V 
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upon proportion of the first cost — so that the value falls in a 
straight line from its figure of G at the beginning of its economic 
life to the figure of V at the end. The amount of the deprecia- 

G-V 

tion in any one year is then — j — , and the rate of depreciation 
100 

is — per cent, per annum, the rate in this case being expressed 


per cent, of the wearing value G — F. 

The reducing balance, or compound interest formula as it is 
sometimes called, differs from the above in assuming that each 
year the value falls by a constant percentage of the value at 
the beginning of that year. Thus if this rate were 10 per cent., 
a structure which cost £100 would be valued at £90 at the end 
of the first year, £81 at the end of the second, £72 I 85 . at the 
end of the third, and so on. More generally, if p is the rate 
per cent, and G the first cost, the value after L years is 


G 


0- 


z 

looy 


Y 


which is equal to V when L is the economic life. 

(■ 


From this it follows that = 100 ( 1 


J, which is a 


bigger rate than that required under the straight line ” law for 
the same length of life, since it applies to a steadily decreasing 
principal. 

The method of growth or diminution in a quantity in which 
the rate of change is at all times proportional to the value of the 
quantity itself is frequently called the law of organic growth 
or the compound interest law. Hence the second name for 
this method of estimating depreciation, the word “ interest 
referring here to the type of law followed and having nothing 
to do with actual interest on capital. In fact, the sinking fund 
formula is the only one into which the question of interest, as 
such, enters. 

The compound interest formulae already given can, how- 
ever, be used (p. 13). Equation (3) becomes F = G (1 — iy^ 
since the rate i is negative, and represents the rate on unity 
and not the rate per cent, indicated by p in the formulae 
above. There is, therefore, no need to remember the specialised 
formulfc just given, and in the questions at the end of the 
chapter the ordinar}^ compound interest formulae will be used 
with a negative sign for the rate. 

It will be clear that if the value did actually dwindle in this 
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way by a definite proportion of its remaining worth, it would 
onl}" sink to zero in an infinite number of years, the calculation 
for L being indeterminate unless V has some finite value. 
Except for the case in which the plant comes to a sudden end 
and refuses to function after a certain time, this will be a nearer 
approximation to the facts at this time than is implied in the 
assumptions of the “ straight line formula. Eor with the latter, 
if the plant is not replaced at the end of its economic life its value 
very quickly becomes zero and then negative, whereas actually 
so long a,s the plant is usable it must still have some value, 
oven though it would be more economical to remove it. To 
use again the illustration of a motor car or cycle, after many 
years’ service the owner may find that its frequent breakdowns 
make it not worth its running costs, so that it is more eco- 
nomical to sell it to a scrap merchant or to some experimenting 
youngster. But if he is sentimental enough to go on using it, 
its value at the end of some additional years can hardly be less 
than nothing, anrl, in fact, it vill probably show a steadily 
dwindling utility during all the later years of its life rather than 
the uniform fall and abrupt termination suggested by the 
‘‘ straiglit lino ” law. (See examples 1 and 2.) 

The third assumption which can bo made is that the value 
of the ])Iant is at all times equal to the first cost minus the 
amount of tlui sinking fund aceumulaiod for the purpose of 
r(q)lacs'ng it at the end of its economic life, d’his ])arf-icu1ar 
method of provision has already been fully considered, and if 
some other method is aetiially employed, a sinking fund of the 
right amount must be imagined for the })urpose of this calcula- 
tion. Ah a. sinking fund accumulated by equal annual deposits 
gctiera-tes interest })r()portioual to the amount in the fund, it 
grows at a stciadily inerea-sing rate, so that a variation based 
on this falls less rar)i,dly at first and more quickly later. 

It luiH been seen that such an assumption may represent the 
'' use value ” in the early life of a manhints such as a motor car 
or of plant liable to break up or develop a rapidly decreasing 
cllie.icncy towards the end of its life. In other cases botli 
utility and exchange value arc more likely to bo represented 
by one of tlio other formnlic. The groat advantage of the 
sinking fund assumption is that wlion depreciation is being 
provided for by equal annual deposits {e.g,, by sinking fund or 

annuity ” loan rej)aymcnt methods) it enal)los a satisfactory 
balance sheet to be drawn up, not once per lifetime of the plant, 
but annually, since the sinking fund assets (or other equivalent 
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investments) will at all times balance the depreciation liabilities. 
It will be clear from the table on p. 62 that had annual depre- 
ciation been assessed on the straight line ” formula there would 
have been an adverse balance shown during all the earlier 
years, unless depreciation provision was made at a heavier rate 
during these years by means of equal instalments of loan 
repayment or some equivalent method. From the accounting 
point of view, therefore, the assumptions made each year as to 
interim depreciation should correspond to the actual provision 



Fia, 3. — ^Alternative Doj^reeiation Formuloe. [Actual points are 
indicated by dots.] 

established to meet total depreciation, as discussed in tlio last 
chaj)ter. 

In Fig. 3 these alternative formulae for estimating interim 
depreciation are plotted for an asset costing £100 and having a 
salvage value of £10 at the end of a twenty-year life. In order 
to exaggerate the curvature of the line representing the sinldng 
fund formula, this latter has been calculated for a high rate of 
interest, namely, 8 per cent, (annually compounded), but it 
will be understood that this curve will vary from the straight 
line to its present position as the interest varies from zero to 
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8 per cent. In the case of the '' reducing balance ” or com- 
pound interest ” formula, the percentage wliich it is necessary 
to deduct each year in order to reach £10 after twenty years is 


given by 


20/ 10 
^ 100 


= 10*0 per cent., 


so 


that the amount 


deducted is £10 ISs, the first year, £9 149. the second, and 
so on. 

Tlic behaviour of the curves if continued beyond the twenty- 
year point is indicated by dotted lines, and it will bo seen that 
the value rapid falls to zero except on the “ reducing balance ’’ 
assumption. 


Sale of Undertakings. — In estimating interim depreciation 
for accounting purposes it is comi^arativoly immaterial which 
formula is adopted, but when a business is changing hands the 
matter becomes of very great importance. As an example of 
the magnitude of the issues which may bo at stake, the case 
may bo cited of the National Telephone Company whoso 
licence expired on December 31st, 19 U, the agreement being 
that the business should be transferred to the GSovcrnnicnt on 
this date at a price fixed by the then value of the physical 
assets (4e., excluding any goodwill: sec “Tramway T(3nns”). 
Apart from disputes as to the length ot life, etc., attributable to 
each class of ])laiit, the (jompany claimed for (le])reeiatioii to bo 
computed on a sinking fund basis, wliilst II. M. Postmaster- 
General contended tliat dopn^oiation sliould bo m(\asured by 
the ratio which the expired life bore to the whole life, 
on a ^'straight line*-” basis. Allowing for a half-yearly fund a,t 
5 per cent, interest, the dilterenco between the two nu^tbocls 
for th<3 plant in cpiestion amounted to nearly a million and a 
half jKHiiuls. {(Jj\ example 3.) 

Although in the above! instance the company lost their case, 
and the straight lino ” law has since be(Mi followed unchallenged 
in tramway cases, tliere is much tliat ca,n bo said for the sinking 
fund assumption for l)usiucHSos sold freely as going c()n(3crns, 
the sale not laving anticipated when the business was instituted. 
This is particjularly clear in tlio case where there is only one 
asset, or whore all the assets have about the same dale of 
commencement and expiry. Dor tlu^n, if a straight 1 ino ’’ law is 
assumed, it is easy to see that th(3 seller will he at a. disadvantage 
owing to there having h(jcn more capital locked up in his part 
of the tenancy than in the buyer’s. Thus if a mine were pur- 
chased on an estimated capacity of 1,000,000 tons for a j)rico 
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of £200,000 (i.c., 45. a ton), and if the mine changed hands when 
half the capacity had been won, the price on a '' straight lino 
basis would be £100,000. But this would be unfair to the 
sellers, who have had to pay interest on the £200,000 througliont 
their period, whilst the buyers obtain the same advantage at 
only half the cost as regards interest on purchase price. 

One objection to the sinking fund method of estimating 
interim depreciation is that its computation depends upon the 
rate of interest assumed, and this forms another possible source 
of dispute in the event of a sale. But there is no cpiestion that 
the sinking fund is an economically sound method (and tlu^ 
only equitable one as between the different years) of providing 
for total depreciation, and such provision must necessarily vary 
with the rate of interest, since it is a method of preparing by 
payments starting now for a future eventuality. If therefore 
it is sound for total depreciation and provides for all ne(*.(\ssary 
replacements, it should bo acceptable for interim vahuitions, 
i.c., if it satisfies the engineer and the economist, the accountant 
and business man should fall into line. 

The chief exception to this would appear to 1)C that abx^ady 
mentioned, where the sale is anticipated beforoliand, and 
method of computation is already determined. ''.I’lius il; a 
company is granted the monopoly of electricity supjffy ov ti'ans- 
port for a period of, say, fifteen years, the concoru tlieii to 
purchased for the value of its pliysical assets, and if tlio com- 
pany puts down plant whoso life is thirty years, the metliod o[ 
valuation should be ascertained at the comnu^neement. .If this 
is to be the “ straight lino method, the coinpa.ny will know it 
can receive only half the purchase i^rice for the ))lant a.t the (uul 
of fifteen years, and must establish a fiuid according] y. Hut it 
must not bo forgotten tliat in all cases in wliicjli a stra,iglib 
line ” (or still more a reducing balane(i) fornuila. is em|)loy<Hl, tin* 
early customers arc in cl’fcct overcharged and/or tlu^ early sha-r(‘- 
h olders un dcr-rewar ded . 

Special Formulae.— When an undertaking is changing hands 
as a going concern, not only are the assets much mon^ nunus'ous 
and varied since they incliule all the ibvms under tlu^ heading 
of goodwill, but also the valuation hecomes much mon' (liiliinlk 
In such cases it is important to realise that many things havu^ 
happened since the undertaking was first sol; on f()ot/bi^si<U^s 
wear and tear and such-liko obvious physical dopu'scualion. 
The original equipment may have included itm\n now mm to 
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have been unnecessary, yet which it would have been too risky 
hot to provide, public demand may have altered, and other 
factors may have come in which change the remaining earning 
power, and should therefore be allowed for in any depreciation 
estimate, 

Whilsit one or other of the three formuloe given above is 
usually followed for the items to which it is applicable, there 
are a number of more complex formulas which may be employed 
in particular instances. Such cases lie somewhat outside the 
scope of the present work,* since they concern not so much 
the engineer as the business promoter and financier, but it may 
be said that the principle upon which they are based is usually 
that of reflecting the probable future earnings of the under- 
taking. The endeavour should then be to give the purchaser 
the prospect of as good a return on his money as would be given 
by other investments of a similar nature and at the same time. 
It is not always easy to translate tliis principle into quantitative 
terms, but the chief guide in all such cases must be the avei:age 
public estimate of the position and prospects of the undertaking, 
as shown by the price at which its shares were quoted before 
the transfer was mooted. 

Tramway Terms. — When a community of i^cople, in the 
shape of their central or local government, concede bo a private 
company the right of undertaking any vital service which is 
monopolistic in character, c.r/., gas and clecti’icity supj^ly and 
tramways— the concession is usually hedged about by various 
restrictions designed to prevent the exploitation which is only 
too often the result of monopoly. In some cases these limita- 
tions chiefly concern the price to he charged, but in other 
cases, particularly when the service is one of vital importance 
to a large section of the community, the restrictions are in the 
direction of preventing the growth in private hands of a vested 
interest in what is felt should be a public concern. For this 
reason the concession is usually limited in time, at the cud of 
which the community has the right to purchase the undertaking 
at the then value of the physical assets, exclusive of any allow- 
ance for past or future profits, or any compensation for com- 
pulsory sale — in a word, excluding '' goodwill.” 

The above clause is embodied in the Tramways Act of 1870, 
and the terms of purchase are commonly known as ‘‘ tramway 

* Tho student should rofor to such works as “ Kiiginooring Keouoniies,” 
by J. C. L. h'ish (MoGraw Idill Book Co.). 
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terms.” It will be noticed that nothing is specified as to the 
mode of computing the “ then value,” but the usual method 
appears to be from the first cost less depreciation on a “ straight 
line ” basis up to the date of purchase. This still leaves to be 
settled the question of what is to be regarded as the normal life 
of each asset, and (in the case of composite items) when this 
life should commence, particularly if there have been large 
partial renewals charged to maintenance which might be con- 
strued as capital expenditure. 

Wasting Assets : Income Tax Distinction, — ^Assets which 
experience the persistent loss in value defined as depreciation 
are frequently divided into two classes, (a) and (6), as defined 
below. This division has no great importance from the point 
of view of engineering calculations, since most of the assets 
there considered fall into class (a), and furthermore, there is no 
difierence between the two as regards the provision which has 
to be made. The chief difference lies in the question of whether 
this provision can or cannot be deducted (for tax purposes) 
from the income received. 

(a) Inherently wasting assets — defined as capital invested in 
the purchase of temporary sources of profit. These include plant, 
destructible buildings, ships and natural raw materials (minerals, 
etc.). It will be noted that the wasting is here a requisite in 
the processes of the concern. An income is only obtained at 
the cost of a definite loss in value in the plant, etc., and this 
cost must therefore be deducted before any income can be 
enjoyed. 

(b) The assets in which the wasting is not inherent are defined 
as capital invested in the purchase of tem.porary interest in a 
permanent source of profit. These assets are generally not of 
the tangible portable variety, and are not repi'esentcd by a 
definite corpus or fund which wastes in the process of earning 
income or profits. They are rather anticipations of future 
returns, and can be regarded as the purchase of rights to the 
enjoyment of advantage in later years. 

A man who borrows money to purchase the lease of a build- 
ing is in just as much need to lay by money each year, in order 
to repay the loan by the expiration of the lease, as the pur- 
chaser of a machine must lay by money against the date of its 
replacement. But the former asset, being a permanent source 
of profit (to whosoever has the use of it at the moment) is taxed 
each year as income, and the user of a lease must bear this 
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liability in mind when purchasing.'^ In the case of a machine, 
however, the profit only arises at the cost of the machine’s 
wear ; and a deduction from gross income to replace this wear 
is, in general, allowed before taxing the income arising from 
the use of such assets. 

Unfortunately, whilst the above principle is recognised by 
the Exchequer, the application is often obscure, the amount 
and methods of making the allowances vary in different places, 
and the allowances themselves are often felt to be inadequate 
on one or other of the following grounds : — 

Many items properly in class (a), e.g., buildings (other than 
farm), minerals, etc., are excluded from any allowance. 

The allowances are sometimes on the basis of a fixed percen- 
tage of the first cost (straight line law), but more usually on a 
percentage of the previous year’s value (compound interest 
law) ; hence, unless the percentage which is allowed off the 
reducing balance is an ample one, the allowance becomes very 
small after a few years. 

The allowances have in the past generally been only to cover 
wear and tear, and not full depreciation. In the Munitions of 
War Act, 1915, and Einance Act, 191G, however, the existence 
of exceptional depreciation or obsolescence ” of buildings 
and machinery is recognised, and in some cases a larger deduc- 
tion can be claimed for items such as electrical machinery 
liable to be superseded, 

* It will 1)0 notod Uiat where an awHot in olaws {h) inoliulca alno Roino 
inhorently waRiin^ oloinont loasoliold jiropoii-y roqnirinpj iipkoop), tho 

Mxclicaiuor rcoognisc^s the double nature of tho aRRctt and tlua'c is a statutory 
allowanoo for repairs. 
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Worked Examples 

1. The first cost of certain plant was £1,725. If depreciation is 
assumed to follow the I'educing balance or compound interest law, 
10 per cent, being written off each year from the value at the 
beginning of that year, what will be the valuation after ten years, 
and how soon (approximately) will it be worth one-tenth of its 
first cost ? 

A = P{l-~- = £1,725 X (1 - 0-1)10 ^ £1^725 x (0-9)io = 

£601 ds. 

Also if 172-5 = 1,725 X (0-9)^ L = = 21-9, 

i,e.^ 22 years approximately. 

2. The first cost of a motor car was £342, and four years later it 
was valued at £140. By how much per cent, per annum had its 
value diminished, assuming that the decrease followed a compound 
interest law ? 


A==P(1~ iy,_ox 140 = 342 (1 - iy 
Vi40 

.M - V ^-0-80 i-0-20, 

i.e.j 20 per cent. j)er annum. 

3. Plant having a first cost of £2,000 has an estimated salvage 
value of £200 at the end of a useful life of twenty years. What 
would be the valuation half-way through its life (a) if depreciation 
is estimated on a straight line basis ; (b) if deineciation is estimated 
on a reducing balance basis ; (c) if depreciation is estimated on a 
sinking fund basis at 6 per cent, compounded annually. 


Total depreciation, or wearing value = £1,800 in 20 years. 

(a) Valuation after 10 years = £2,000 — £1,800 X = £1,100. 


(b) Depreciation rate i 


V ^ 


a/m 


I -V I 


2,000 


0-109, 


* i,e., 10-9 per cent. 

Hence valuation after 10 years = £2,000 (1 — 0-109)^® — £632. 

(c) Sinking fund deposit for 20-year fund = = 48-93. 

( 1 * 00 )“'^ — 1 






.4 
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(1 + i )^^— 1 

In L years this would amount to (from equation 7) A = D ^ ^ 


Hence in 10 years this would amount to 48*93 
So that the valuation after 10 years = £2,000 


( 1 * 06)10 - 1 


= 645. 


0*06 
£645 = £1,355. 


4. April, 1925.)— A method of providing for the 

rapid depreciation of a machine during its early years is to deduct 
a constant percentage from its value for the preceding year, and put 
this to the depreciation fund. Apply this method to a machine 
costing originally £1,000, estimated life fifteen years, and scrap 
value at the end of that period £200, and obtain the constant 
percentage written off. (Interest included.) Obtain also the 
amount in the depreciation fund at the end of ten years. 

Presumably this means that each year a percentage is written off 
the loan and the interest payable on it, so that the depreciation 
deposits are regarded as not bearing interest. What is termed the 
depreciation “ fund ’’ is not an actual fund of money, but a paper 
credit whose value at any time is merely the numerical sum of the 

amounts paid into it. _ 

l/A i«/ 200 

A = P (1 — i)i^ or ^ = 1 — Y p “ 1 ““ 'v l76db^ 0*1017, 

i.a., approximately 10*2 per cent. 

Valuation at end of tenth year = £1,000 (1 — 0*10 17)i^ — £342. 

Hence credit in depreciation reserve at end of ton years 
== £1,000 - £342 = £658. 


CHAPTER IV 


PRODUCTIVITY 

Agents oi Production. — ^It was seen in the beginning of 
Chapter I. that wealth production or the creation of economic 
utilities is the result of labour acting upon natural resources, 
and assisted by past accumulations in the form of capital, 
knowledge and initiative. Diagrammatical^, it can be put 
as follows : — 


Essential LATiOUIl 


NATURAL llIilSOtJRCES 
(often called land) 


Helpful CAPITAL 


HUMAN 31HSOUBCEPULN15SS 
(offon called (aitcrpriso or initia- 
tive) 




NET 


PIIODUCT 



Warning must again be made against taking the above dis- 
tinctions too rigidly, and some of the difficulties of demarcation 
have already been touched upon (p. 6). Thus the distin- 
guishing mark of natural resources is the fact that they are 
strictly limited in quantity or extent, so that the supply cannot 
respond to a change in the price or demand. But in a short 
period the same thing is true of the other agents, since they all 
take time to come into being, and even a big rise in the price 
offered will not at once greatly increase the supply. Thus in 
England, after the Great Plague, the supply of labour in pro- 
portion to the other means of production was so small that 
Hie most stringent laws could not prevent a considerable 
rise of wages, and for many years there was a spell of 
comparative prosperity for the unpropertied classes. Again, 
during the late war both capital and also many commodi- 
ties showed similar temporary shortages and excessive rises in 
price. 

Particularly is this the case with the last of the items men- 
tioned above (human resourcefulness), which is in many respects 
similar in character to the item of natural resources. In each 
case there is an element of uniqueness, the price paid is a 
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scarcity price (due to the insufiicient distribution of the best 
lands and the best brains), and it will be found that the toll 
levied by individual ingenuity in such forms as, for example, 
patent royalties, partakes of much of the character of economio 
rent. Such payments are therefore called by Professor Mar- 
shall quasi-rents,’’ but it must not be forgotten that this 
is essentially a short-period characteristic, and over a long 
period they are clearly distinguishable from true economic 
rents — the price paid for the inextensible gifts of unconscious 
nature. In the long run the quantity even of human initiative 
can be increased, so that the supply of all these agents, except 
that of nature, responds ultimately to the demand, and the 
price tends to become merely the supj)ly price necessary to 
produce it. 

For the purpose of a quantitative study of productivity, the 
above distinctions are not of great importance, since it is 
impossible to consider the effect of three or four variables at 
once. Drastic simplification is therefore necessary in order to 
keep the problem within two dimensions, and the usual plan 
is to merge all the agents concerned into two groups, one of 
which can bo supposed fixed and primary, whilst the other is 
varied. Thus in agriculture the land and other fixed capital 
may constitute one group, whilst the labour, etc., constitutes 
the other, and it is then possible to speak of the productivity 
or fertility of a given plot of land for varying applications of 
labour. In other cases one can s])eak of the ])rodiictivity of 
labour under varying conditions, or even of the ‘‘ productivity ” ^ 
of a machine or a business. 

Thus productivity is related to one or another agent or group 
of agents and regarded as its attribute, but it must never bo . 
forgotten that this division is quite artificial and has no sanction \ 
other than that of coiivciiicnco. A highly complex process, 
such as any modern act of production, is the composite result 
of many factors, material and psychological ; and althoiigli in 
theory certain agents may bo considered as essential and others 
merely helpful, production in fact generally involves them all. 
Even in the relatively simple case of agiiculture the harvest is 
a joint product of a number of factors — land, seed, labour, 
time, sun, etc. — each yielding nothing without the others. \ 

* Anothor term of tho Hiuno kind iH “ rout- of ability.” Tbiw is particularly 
a])j)liod to tbo toll lovkul by human ingoninty, wlicroas tlio U'l’in “ qnuRi- 
remt ” is more generally URod for the net ineoino from ajiplianeeR of production 
alruatly made. 
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Increasing and Diminishing Returns. — ^Having noted the 
several agents which may enter into any act of prodnctionj the 
next step is to study the effect upon the produce of varying the 
proportions of these agents. For this purpose the agents are 
divided into two groups as suggested above, and the classical 
treatment of this subject by writers in economics can best be 
illustrated by reference to agriculture, in which the land is 
regarded as the primary agent, and endowed with the quality 
of fertility or productivity. 

James Mill was one of the first to attempt a quantitative state- 
ment of this fertility, and his method may be briefl 3 ^ sum- 
marised as follows : — consider a fixed plot of land and find what 
amount of produce could be obtained from it b}^ various degrees 
of cultivation. Imagine the cultivation as made up of a number 
of small equal “ doses ’’ of labour, plus seed, etc., in suitable 
proportions.* Then if cultivation to the extent of, say, 40 of 
these doses resulted in a harvest of a certain size, whereas if 
41 had been applied the harvest would have been slightly 
greater, that extra can be regarded as the return ” to the 
forty-first dose, and can be plotted as representing the fertility 
at this point. 

Mathematically if at any point the degree of cultivation 
or work jDut into the plot of land is represented by IF, the 
amount of produce or output by P, and each small dose and 
I its return by S IF and SP respectively, then the fertility at that 


§P 


l}oint is represented by g or 


dP 

dW 


when the unit dose is made 


infinitely small. In words, degree of fertilit 3 ^ is defined as 
“ the amount of produce which unit area yields from the 
expenditure of the last small portion of work ’’ (Jevons). In 
v \ more general terms productivity is thus exhibited as the rate 
I ; of change of output with input, and the curve representing this 
i quantity is usually plotted to a base of input to a fixed area. 

In Fig. 4 the area of the black column represents the difference 
j between the harvest obtained from 40 and that obtained 
' from 41 doses of input, i.e., it represents the return (SP) to the 
41st close, and the height of the column (area divided by 


* Tho portiouH of ciiUivation aro, of course, all applied BirnulianoouBly or 
as the occasion requires — the splitting up into doses is xiurely imaginary. 
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The general features of such curves are expressed in what are 
called the laws of increasing, diminishing, or non -proportional 
returns, the latter name being due to Gide/^ That is to say, 
the curve of productivitj’' generally shows a tendency to rise 
at first and fall later, but the proportions depend entirely upon 
the particular case, and in agriculture it is the diminishing 
returns which are chiefly in evidence. Thus if the area be . 
fairly large and the unit dose very small (c.f/., one man’s labour), \ 
it might be found that two men could produce more than 
twice as much, whilst a third man added more than the second 
(portion AB). But if the labour application is further 
increased, a point of maximum return per additional man is 



Doses oF Work, etc applied, or Input (W) t o Structure, 

Fia. 4. — Fertility Curve. 

very soon reached: "'saturation” sets in, and higher degrees 
of cultivation show steadily diminishing returns (portion BI)), 
Industry, on the other hand, is generally said to illiisti’ato . 
the law of increasing returns, since additional applications of . 
capital and labour, in general, show an increasing rate of | 
return ; but as this can hardly continue indefinitely, a point j 
of maximum return can bo considered to exist hero also, 
although not reached nearly so soon. Strictly it is hardly 
possible to enunciate a law about anything so vague as 
" industry,” since it is not clear to what the closes of labour, 
etc., are applied. Moreover, there has frer{ucntly been a 
confusion in the past between the law of returns (usually 
diminishing) which occurs when one agent, such as land, is kept 

* “ Tlio law of maximum returns ” would bo fi somowliat moro dormito title. 
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constant and the other varied, and the law of economy of 
large-scale production (usually increasing) which occurs when 
all the agents are increased simultaneously. 

Another confusion has been created by the fact that some 
writers on economics prefer to define productivity from its effi- 
ciency ratio, output divided by input (I) , rather than from its 

rate-of-change value The present writer has applied the 

term fertility ’’ only to the latter definition, which has been used 
throughout this chapter, and which has a number of advantages, 
discussed below. The chief advantage of the efficiency defini- 
tion is that it paves the way to a definition of econom}^ (See 
next chapter.) 

It will be seen that there are many difficulties in the waj” of 
the enumeration of a rigid law of returns, and many authorities 
prefer to treat the subject descriptively rather than quantita- 
tively. Perhaps the utmost that can be said is that throughout 
all production the curve seems to follow the same general shape, 
differently emphasised in different cases ; and, in Professor 
Marshall's words, While the part which nature plays in 
production shows a tendency to diminishing return, the part 
which man plays shows a tendency to increasing return.” 

Useful Conclusions ; Economic Rent. — Several interesting 
points can be illustrated by means of the above method of 
defining fertility. Originally expressed only in qua nU lies of 
input and output, it has been applied by later economists to 
show values^ in which case both the input and output can bo 
in the same unit (e.p., in pounds’ worth of labour and harvest), 
and the ordinates of the curv’e are then pure numbers. If 
cultivation is carried on so intensively that tlio point D is 
reached (ordinate MD unity), the return per additional 
pound expended only equals £1, and cultivation carried beyond 
this point will show a loss on any additional expenditure 
(though not on the whole enterprise). 

An increment of labour put in at the point D is therefore 
called the marginal dose, and the return MD, which onlj^ just 
repays the input, is called the marginal return."^ Land which is 
cultivated up to this margin is yielding the utmost that can 

A vory good example of this “ marginal dose ” occurs in connoctioii with 
the economics of power factor improvement ; see p. 257. 
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profitably be extracted from it, and for a farmer who has a 
fixed plot to till this represents the limit to which he can 
economically go. In a similar way the return to any particular 
dose, say the 41st pound {i.e., the column NO), can be split up 
into two portions, one of which NE pays the cost of the dose, 
whilst the remainder EG is a surplus available for rent and 
profits. 

It will further be noticed that, whatever the degree of cultiva- 
tion considered, the area of the curve up to this point represents 
the total output obtained from the enterprise. For since the 
area of each column represents the extra output due to the 
dose just applied, the total area up to any point must rej)resent 
the sum of all these returns, i.c., the total output. This total 
can be considered as made up of two portions — the rectangle 
FDMO representing the amount necessary to pay expenses, 
and the area FAGD representing surplus. 

The diagram is also useful in illustrating what is called the 
“ law of rent.’’ Taldng the world over, there will be some 
plot of land so inaccessible and so infertile that the curve 
never rises above the line FD, That is to say, even when culti- 
vated in the best possible proportions, the value of the yield 
only just equals the cost of the labour, etc., expended (sans 
rent). The poorest of such plots which is actually being tilled 
at any instant is said to be on the margin of cultivation ; and 
any better plot will give a yield which (priced at figures which 
just keep the marginal enterprises solvent) gives a surplus for 
rent and profits.'*' 

The area above the line F/), in all land which is better than 
the marginal, is called ‘‘ economic rent.” Whatever the system 
of land ownership, this will exist (even though not apparent) 
whenever tliere are ditlcrences in the quality or accessibility 
of the land. Economic rent can therefore be said to su1)siBt in 
or arise out of qualities in the land itself, and is a measure of 
the diilerential advantage of the more productive plots over 
the poorest land cultivated. If the land is owned by the actual 
cultivator he will reap this advantage himself, but if it is hired, 
the landlord will naturally endeavour to extract as much as 
possible of the surplus in the form of an actual rent. 8uch a 

* Tims rent/ is of ton said to bo no coinponont of ilio prioo of wlieat, iho labtor 
being siicb as just to nitiko iirolitablo tho cultivation of tho ront-freo inargiris. 
'’.riiis, howovor, rofors rather to tho olTtHtfc of particular rents on tho partie.ular 
wheat grown on that land — naturally tho total rent of wheat lands has to bo 
j)aid for out of tho total prico paid for wheat. It is tho dc^U'mttion of tho rent 
that does not affect tho wheat prico, 
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rent might then be regarded as the equipoise necessary to make , 
the same quantity of labour give the same net product under 
differing conditions. 

Law of Large-Scale Enterprise. — ^If land were a perfectly 
uniform, and what is called later homogeneous, structure, it is 
evident that with a certain product resulting from the labour 
of one man on one acre, just double would result from two men 
working on two acres. But when a large farm is considered as 
a whole this direct proportionality does not quite apply, and it 
still less applies to more complex structures, such as machines 
or businesses, where two duplicates if rolled into one would not 
usually require double the input in order to give double the 
output of one. 

The only question which has so far been considered, and the 
only one which can arise in connection with a homogeneous 
structure, is that of the most suitable proportions of the agents 
when one group is varied and the other kept constant ; and 
the law of maximum returns can properly only be said to refer 
to this. With non-homogeneous structures there is another 
question, namely, as to the most suitable overall size of an 
undertaldng when all the agents are varied simultaneously. 
The latter is distinct but closely related to the former, and 
appears to follow similar laws, which may be called the law of 
increasing, diminishing, or maximum economy of large-scale 
enterprise. Thus with any given ratio of W to 8 a propor- 
tionate increase in hoth of them may produce a more or less 
than proportionate increase in P. 

Whatever the type of undertaking, unless it is strictly 
homogeneous, increasing economy is usual until a very big 
size is reached, i.e., the point of maximum economy (of large- 
scale enterprise) will be late in arriving. But the general shape 
of the curve is similar to that of the two productivity curves 
already considered, and it is not surprising that they have often 
been all three coupled together without distinction. 

The question of the most suitable size of an undertalcing 
when all the agents are varied simultaneously can hardly be 
said to be the concern of the engineer as such, but rather that 
of the financier or entrepreneur, since the desideratum is then 
the most profitable enterprise rather than the most economical 
service. It will therefore not be considered in detail in this 
book, which will be chiefly concerned with problems in which 
the output or service required is fixed and known beforehand. 
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Engineering Examples. — ^There are many examples in 
engineering practice of what might he called inci^easing and 
diminishing returns. Thus in studying the eJIect of illumina- 
tion upon the output of a factory, if the lighting is very dim 
a small expenditure in this direction will yield very big returns, 
but as the illumination is still further increased there will 
come a time when its return only just covers its cost, and this 
might be called the marginal dose. Beyond this it would be 
uneconomical to increase the illumination, since any slight 
increase in output which resulted would not pay for the cost 
of the extra light. In a similar way, when obtaining flux from 
an electro-magnet, there may be said to be first increasing and 
then decreasing returns to the ampere-turns applied, since the 
permeability first rises to a maximum and then falls again. 
(The actual curve used to illustrate productivity (Fig. 4) is a 
portion of the graph plotting rate of change of flux with 
magnetising ampere-turns for a piece of wrought iron.) 

Another example, in which the agents concerned can easily 
be divided into two groups comparable with land and labour, 
is that of a motor supplied with electrical power and giving a 
mechanical output. If at first the power put in is very small, 
it will do little more than supply the constant losses, so that 
an increase in the input will here yield greatly increased returns 
of useful output. But if the process is continued a looint of 
diminishing returns is ultimately reached, owing to some of 
the losses being proportional to the square of the input. 

Many other examples might be given, but in most cases 
they simply resolve themselves into the conimonscnse of 
correct proportionality — the most efficient result is obtained 
when the best balance is reached between the different agents 
contributing towards that result. The difficulty in those 
cases is not to recognise the principle, but to express it in 
quantitative terms and apply it usefully. As was seen above, 
there is far from being any rigid law of nature which can bo 
called increasing and diminishing returns : at most, it is no 
more than a general tendency discernible in a number of 
parallel cases. 

Any wholesale generalisation about the laws of pro- 
duction in industry or manufacture is therefore likely to yield 
little useful result, and will not be attempted hero. Endeavour 
will rather be made to isolate a single structure or portion of 
a structure and to examine the economy of the performance 
of its particular service. It can then be treated, just as Mill 

13 . 15 * Q 
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treated his portion of land, with successive doses ” of labour 
or energy ; but in this case the efficiency conception of pro- 
ductivity, i.e.y the ratio of output to input, will be found more 
useful than the rate-of-change conception, since the former 
can be developed into a criterion of economy. Before pro- 
ceeding to this consideration, it will be necessary to establish 
a suitable dividing line between the structure and the elements 
operating it. 
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CHAPTER V 

ENGINEBlilKG APPLICATIONS : BASIS AND METHOD 

Division o£ Agents in Engineering Problems. — It will be 
recalled that the starting point of the foregoing study of pro- 
ductivity was to divide the agents of production in any case 
into two groups. One of these is regarded as fixed and primary 
— part of the data of the problem — to which is applied varying 
proportions of the second group. The latter therefore con-!' 
stitutes the '‘independent variable’’ of the problem, whilst ; 
the product which results is the " dependent variable.” 

In the case of agriculture the main agents of production arc 
land and labour. With the former can be grouped all the fixed 
aids to production (rivers, buildings, etc.), whetlier natural 
or artificial ; with the labour is grouped the seed , the hand- 
oi)erated tools and all other items which need to vary with the 
amount of the labour application. It is then possible to study 
the fertility of the land group for varying applications of 
the labour group, but it must not be forgotten that tliis 
division into two is really arbitrary and for coiiveni(‘neo only ; 
strictly the liarvest is the corporate product of all the holj)t'iil 
agents. 

In engineering problems the same sort of simplification can 
often be performed with advantage; when a macliino or equip- 
ment of any kind or even a business can be operated by varying 
degrees of labour to produce varying amounts of product this 
procedure can be followed, and it is then possible to study the 
“ productivity ” of the machine or equipment. It is even i 
possible to do the same thing with plant, such as an electric \ 
motor, in which no liuman labour as such is employed, but in ^ 
which the electrical energy consumed can he considered as 
taking its place. 

Hence in engineering problem having a range of possible 
solutions, such, as finding the most economical way of obtaining 
a given service or operating a given machine, the usual method 
will be to divide the agents concerned into two groups ; namely, I 
the instrument, appliance or equipment by means of which | 
the operation is carried out (or facilitated), and the worlc or’ 

83 a 2 
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energy 'which actnally does it. In some cases the terms 
capital” and “ labour” will describe the two groups, but a 
u more useful conception is to think of the former as a fixed 
I’, structure or vessel (S), into which is poured varying quantities 
of the worMng component (11^).* 

; j With this distinction in mind it will be possible to draw a 
; rough dividing line between the expenses under 8 and those 
i under W, i.e., between those involved in providing, maintaining 
. and replacing the structure, and those involved in operating it. 
Since the distinction is primarily one of use rather than kind, 
the division will usually be made between the expenses which 
go on from year to year whether the service is performed or 
not, and those which are destructively consumed in the opera- 
tion itself and cease when the service is suspended. The table 
given below will serve to emphasise this distinction, and the 
examples given will show where the line might be drawn in 
particular instances. {Cf. also the table on p. 102.) 

These examples will also illustrate the point previously 
emphasised that it is difficult to draw a hard and fast line, since 
The division is largely an arbitrary one. Just as biologists 
distinguish between structure and function, and divide medical 
science into anatomy and physiology for convenience in study, 
so the expenses of a service can be split up into those which 
; are periodic and relate to the structure, and those which are 
I dependent upon function or output. Actually nature knows 
I! no such rigid lines, and many of the expenses merge and are 
^ difficult to allocate. Thus depreciation usually depends partly 
on time and partly on wear (i.e., output), and cannot strictly be 
put into either group. But when obsolescence is also included, 

1 the time element becomes the more important ; and experience 
\ i will usualty enable the life of any plant to be roughly estimated 
/ * in years. The depreciation provision then becomes a simple 
j [ annual item, which is a great convenience, as it can be grouped 
I [with the interest, under 8. In some cases an item will have 
to be split up between the two groups, as in the expenses of a 
power station. Here a considerable part of the labour, etc., 

It will he noted that in a large number of cases the elements composing 
the second group are of the nature and in the units of work, consisting as they 
do of human labour, coal, mechanical work and electrical energy. In physics, 
work and energy are synonymous terms, whether measured in foot'-pounds, 
horse-power hours or kilowatt hours, whilst the heating or chemical energy 
represented by the calorie or a ton of coal are of the same kind and can bo 
expressed in the same units. In the vaguer terms of industry the unit of 
labour or work, such as the man-power-week, is also of tho same nature, and 
in purely physical manifestations it can he similarly expressed. 
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will come under the 8 group, being a function of the plant 
and practically independent of output. 


Division op Agents in the Peupobmance op an 
Engineebing Sebvice 


Symbol 


W 

Dividing lino is drawn 
between items whoso 
exi:)ensos is primarily 
proportional to - - - 

Time 

Output. ' 

Expenses aro thoroforo - 

jStanding or ovorlicad 
charges 

Working or running 
charges. 

And are required to - - 

l^rovido, renew and main- 
tain tho structure 

Operate the struc- 
ture. 

The agents themselves are 
usually in the nature of 

Capital, structure or plant 

Labour, work or 
energy. 

lilxamplos in tho case of 
the following services : 



Transmission of electrical 
energy 

Cable (interest and depre- 
ciation) 

Electrical energy. 

Mechanical power from 
electric motor 

Motor and eejuipmont 

(interest and dcxjrceiation) 

K le c t ric al (u ic rgy . 

Illumination by elcndrical 
moans 

Damps (dcprtM'.iaiion) 

Electrical cMuu’gy. 

Electrical energy from 
power station 

(Steam and generat ing plant 
(interest and de[)reciation, 
staff, etc.) 

Coal, oil, etc. 


The Balance : Physical and Economic Limits : Regulation. 
— Having established a dividing line between the two groups 
of agents entering into any process, the next step is to lind 
what balance between the two groups gives the most satis- 
factory result. If the 8 group can bo regarded as (ix(xl and 
constant, the problem becomes — what quantity of the IF group 
will give the best result ? and this is a problem which can bo 
settled in either of two ways — physical and economic. More- 
over, the two solutions arc entirely independent, since they 
relate to quite diffei'ent criteria, so that every likely case 
needs to be considered on both sets of grounds. 

Continuing the metaphor suggested above, the structure 
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or vessel 8 may have an actual capacity wMoli is a more or 
less definite physical limit beyond which it will give way 
{ie., burn out or break down). On the other hand, it may be 
adjudged uneconomical to fill it beyond a certain point, 
because greater leakage takes place (decreased efficiency), 
although the maximum capacity has not been reached. It will 
be noticed that the first mentioned or physical limit is a more 
or less compulsory '' dead stop,’’ whereas the second is only a 
position or area of maximum economy round about whicli it is 
advisable to work. 

In the case of agriculture there is a certain degree of cultiva- 
tion which, applied to anj^ given plot of land, will give the best 
return to the labour put in. If the input is made to include 
also the cost of the land itself, this becomes an economic 
solution to the problem. But if this input density were 
greatly exceeded there might come a point at which the 
(physical) limit of space was reached and overcrowding 
occurred. 

In the realm of electrical engineering, owing to the compact- 
ness of most of the apparatus employed, the physical limit is 
usually reached first, since the question of heat dissipation then 
becomes paramount. There are, however, a number of cases 
in which the losses increase with the density of loading to such 
an extent that the economic minimum is reached before the 
physical limit, and one of the main objects of this book is to 
lay down the principles and methods of solution for such cases. 

It seems remarkable that engineering, whose aim is to 
satisfy certain human requirements with the least expenditure 
of human energy, should make so little apparent use of eco- 
nomics ; but this is due to the early occurrence of physical limits 
(such as the heat capacity mentioned above, physical strength 
and the like) and to the fact that in many cases the losses or 
maintenance expenses are not an important item of the cost 
or cannot be materially reduced by an increase in the capital 
outlay. Thus it comes about that engineering is regarded as 
primarily an application of physics, and the only economic 
tenet underlying most engineering design and selection is the 
conviction that lowest costs will be reached by using the 
minimum equipment necessary to satisfy physical requirements. 

In the author’s opinion the above assumption is by no means 
always justified, and a large number of cases should be ex- 
amined on economic as well as on physical grounds. In general 
it may be said that wherever the working expenses (IT) are 


4 
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large compared with the structural expenses (S), and wherever 
the two groups are reciprocally related (so that increased 
expenditure on equipment would save running costs), there 
exists a suitable case for economic investigation, provided that 
the range of action is large enough to reach some point of 
saturation or diminishing returns. A glance at the table on 
p. 102 will give some idea of the likely cases occurring in 
electrical engineering. 

In addition to the physical and the economic sets of criteria, 
there is a third set which in some cases may be the determining 
factor in fixing the size or quality of plant. This is the item: 
known as regulation or voltage drop, and it will sometimes be 
found that a size of machine which was satisfactory from the 
point of view of heating and also from the strictly economic 
aspect would be too small on grounds of regulation. It is 
difficult to fiind a parallel to this in the case of agriculture, but 
it is possible that in addition to economic and physical con- 
siderations in fixing the number of men working on a given area 
there might be some legal regulation which would correspond 
to some extent. A better illustration, taken in this case from 
another branch of engineering, might arise if a company were 
erecting a structure such as a suspension bridge for private 
profit collected by a toll on the users. A certain size would be 
essential lor strcngtli ; tlicrc would also be a most economical 
size, since a very small bridge would deter traffic, whilst a very> 
largo one would not bring in a. proportionate ndurii ; and 
lastly, there might bo a certain size necessary to avoid the 
annoyance of excessive swaying or deflection, or a certain 
minimum width for convenience in use. This last factor, which 
need not bo directly economic in character, but is rather a 
question of satisfactory service to the puf)lic (and sometimes 
of statutory '' regulations ”), corresponds roughly to the regula- 
tion limit in electrical apparatus. 

Types of Structure. — In electrical work there are three luaiii 
kinds of losses, copper, iron and frictional, and it is thcre:foro 
convenient to group the structures which may bo employed in 
any electrical service into three classes, according to wiiethcr 
they have one, two or all three possible kinds of loss. Those 
arc ; — 

Single-loss structures, having (substantially) only copper or 
iron loss. 

Examples : Cables and choking coils. 
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; Two-loss structures, having both copper and iron loss, 
i;. Examples; Transformers and electro-magnets. 

^ Three-loss structures, having copper, iron and frictional loss. 

V Examples : Generators and motors. 

Structures of the first class may be said to bo uni-dimensional 
or economically homogeneous with respect to the particular 
service in question, so that if every item in the performance is 
doubled, the product will be doubled, and the efficiency will be 
the same as before. A parallel case occurs with land, which, in 
respect of cultivation, may be said bo be a homogeneous (i.c., a 
uniform undifferentiated) type of structure, so that if a certain 
product resulted from one man working on a given area, just 
double would result from two men on twice the area. Hence 
the base of the curve in Fig. 4 (p. 77), instead of being the 
input to a fixed plot of land, could be called “input density,’’ 
and the one plot then epitomises the whole of cultivation for 
soil of that quality. 

Electrically the best examples are copper and steel, as con- 
ductors of current and flux respectively. Both of these may 
be said to be virtually homogeneous in the performance of 
these particular functions, so that a solution (in terms of 
densities) for a small conductor is frequently applicable to a 
big one."*' 

Complex structures, such as transformers and motors, 
having more than one kind of loss, are clearly in a different 
category, since neither the capacities nor the losses can be 
represented as linear functions ; and if the frame and the 
output are both increased together (so as to keep the densities 
the same), the efficiency will not be the same but will be in- 
herently better. Another way of putting it is to say that 
1 . 1 whilst two 5-h.p. motors side by side take twice the in})ut to 
1 ;:give twice the output of one, if they are amalgamated into one 
I lO-h.p. machine a considerable saving is effected. With a 
cable, on the other hand, two identical cables can be amalga- 
mated into one of twice the size, worldng at the same ciiiTont 

* It will be noted that in no caso is tlie above strictly true. Kvcii with 
land, aUhough tho yield to tho actual labour applied is unaUoctod hy noigh- 
bouring areas, in the farm as a whole there may bo co-operation and tniiiHit 
arrangements, to say nothing of contagious weeds and diseases, which alToct 
the strict proportionality. In the same way it may bo said that whilst copper 
and stool worked at certain densities have certain properties and Iobsoh, there 
are other factors, such as cooling, eddy currents or demagnetisation by tlie 
ends, which are allected by contiguous areas. 
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density, without affecting the economic situation as regards 
current conduction, losses, etc. (see Appendix IV.). 

Hence it will be found that in a few simple cases involving 
structures of the first class (of which cables are the only likely 
example), the solution is in the form of a current density, 
which is generally applicable to any section, large or Mnall. 

In all other cases, and wherever the structure employed has | 
more than one kind of loss, the solution is a particular one and j/i- 
only applicable to the actual size of structure considered. y I 

.Types of Problem —Summarising the foregoing, it may be 
said that anv act whose performance it is desired to study may 
convoniciitly be considered as made up of a machine or 
ture S, to which is applied a quantity of labour or energy W, 
so as to produce a certain quantity of product or service P. ^ 
Portlier, it has been decided that the criterion of satisfactoriness } 
of the performance from the economic point of view shall be ; 
the efficienejT’ ratio, output divided by input (both expressed in 
money values). Treating the operation in this way, as though 
it were a definite entity, the input to it is the sum of the ex- 
penses under 8 and those under W , whilst the output is the 
value of the product or service obtained. The economy can 
then be expressed as ; 

Value of output (product o r service) P / 

“ 77 (cost of structure plus g ..j- W 

Cost of input = working 

tbo symbols representing money values reckoned on some 

convenient basis. . 

Since there arc three quantities in the above expression, there 
arc actually four possible problems which might demand 
solution, namely those in which P is fixed, 8 fixed, W fixed, or 
all three variable. As regards the last named, that of miding 
what is the total size of an undertaking (all the production 
factors being variable) which will yield maximum proht, this i. 
is the business man’s or entrepreneur's problem rather than the 41 
engineer’s, and will not be treated hero. Another problem 
which can be summarily dismissed is that in which W is lixed, as 
this is rarely or never likely to occur in practice. 

Of the two iirobloms which remain, those of 8 fixed and those 
of P fixed, so far it has always been the 8 element that has been 
assumed to be known beforehand — given a fixed plot oi land 
or piece of copper or steel, what is the most economical way of 
working it ? But in engineering practice it is much more often 
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the output, P, which is known beforehand — given that a 
certain service is required, what is the most economical way 
of obtaining it ? The former type of problem might arise if 
the owner of a cable already laid wished to know the most 
economical current to transmit ; the latter type occurs when 
a fixed current has to be sent and it is desired to know the most 
economical section to lay down. It will be noticed that in the 
latter case it is not necessary to work out the maximum value 
P 

of the ratio but merely to find the minimum value of 

S + W, since P is fixed. Maximum economy becomes in this 
case minimum total cost. 

A further point to note is that with a homogeneous or single- 
loss structure these two types of problem may be said to 
coalesce, since in such cases the value of the economy depends 
only on the ratio of the three components and not upon their 
magnitudes. The components can thei'efore all be enlarged or 
reduced at will provided their proportions are unaltered, so 
that whichever way such a problem is stated, it can be solved 
either by assuming fixed structure or by assuming fixed service — 
whichever is more convenient. An example of this is the case 
just mentioned, that of Kelvin’s law for cable economy, in 
which the same current density would be indicated whether 
the starting point were a fixed cable or a fixed current to bo 
carried (see next chapter). 

The primary problem of engineering economics may then be 
said to be that of discovering the least expensive method of 
performing some given service, and the great majority of the 
cases to be dealt with can be comprised under this description. 
Such problems usually concern the economic choice of struc- 
ture — alternative plants to obtain a given result — and the 
alternatives may refer to : — 

Different sizes of the same typo of plant — with correspond- 
ingly different efficiencies or lives. 

Different types — e,g.^ A.C. instead of D.C., high or low speed, 
motor generator or converter. 

Different qualities — e.g,, high or low efficiency, use of special 
steel, insulation, etc*. 

' There is a sub-division of this problem of economic choice 
which may be helpful. The individual purchaser of one or more 
items of plant is usually considerably restricted in his choice. 
Physical limits largely condition his range of action, and when 
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these are all satisfied, the possible alternatives wbicli can be 
selected on economic grounds arc very few. Probably he is left 
with not more than two or three alternative quotations, equally 
satisfactory in all other directions but differing economically 
owing to price, efficiency or what not. The prol^lem which then 
arises can be called the choice between the specific alternatives, 
and it will be clear that, in solving it, all that is necessary is to 
add up the costs (on some suitable basis) incurred in each of 
the alternatives and then to compare the totals. 

On the other hand, purchasers in biilk or designers of machines 
for their own use, are not limited to a rigid quotation or price 
list. If, for example, it is suggested that a lower current or 
flux density might be economically sound, this could be obtained 
by using more copper and iron, i.e., a larger machine, but it is 
not always necessary to choose between actual listed sizes. In 
this case there is a range of alternatives available, and the 
problem is to find how far (if at all) a certain tendency should 
be followed. 

Problems of the latter kind, i.e., those involved in finding the 
most economical point in a range of alternatives, can only be 
solved by plotting the range and finding the point of maximum 
economy or minimum costs on the curve (cf. Eigs. 5 and 7, 
pp. 107 and 144), or by differentiating if tlic values can bo 
algebraically cxjiressod. It will be clear that these problems are 
more difficult, and their solution can bo said to include that of 
the others. For this reason they have in several cases been 
chosen for illustrative ])urposes in tlio text of this work, hut 
plenty of examples of the choice between specific alternatives 
can be found elsewhere in the text, and also in the worked 
questions at the end of each chapter. 


Bases of Economic Comparison. — Having defined tlic relative 


economy of any service as the ratio 


Vahio of onipiit {P) , i 

Cost) of input) (,V -i- Wy 


question arises as to how those various costs arc to be coinputod 
so as to afford the most useful economic comftarison. It is 
evident that they must all be reduced to some common (hmoini- 
nator, and as the two groups S and W have been chosen so as/ 
to be functions respectively of time and out])ut or service^ it is 
evident that the most convenient basis of comiiarison will bo 
either a time or a service unit. I 

In the great majority of cases it will be found best to treat 
them on a time basis, and the main items of cost incurred in 
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obtaining a given service can usually be expressed as functions 
of time in tbe following manner : — 

p , rThe interest on the capital cost of the structure em- 
ployed is necessarily an annual item. 
a I The depreciation can be similarly expressed if the use- 
^ [ ful life (in years) is known or can be assumed. 

( The material, labour or energy used and wasted is a 
function of time multiplied by the load factor or by 
the annual hours of service. 

The maintenance and repairs can usually be similarly 
expressed. 

In all such cases the basis of comparison will be a time 
unit, either (a) annual cost, or (b) total capitalised cost (for 
the whole useful life). In the few cases for which a time 
basis is unsuited, a service unit (c) can be made the basis of 
comparison. 

Basis (a). For this purpose the service is presumed to con- 
tinue indefinitely, fresh plant being purchased whenever the 
old is worn out or obsolete, and each item of cost is expressed 
annually. This is the basis which will be found most convenient 
in the great majority of cases ; it has been used in all the 
examples so far, and it will be used in the remainder of this 
chapter and in most of the examples in this book. It will be 
noticed that most of the expenses outlined above occur naturally 
each year in approximately even sums, and the only difficulty 
lies in “ annualising the first cost and salvage values. As this 
method is so useful, it will be found convenient to use a distinc- 
tive word to indicate annual expenses, and the word “ charge ” 
has been used throughout the book with this moaning. 

Basis (b). This method consists in summating the total 
expenses of the service over a fixed period of years, either the 
lifetime of the plant or the period for which the service is 
required. These expenses must be related to some date (pre- 
sent or future), so that any items which occur annually must bo 
capitalised or expressed in terms of their present or future 
worth. This basis is particular^ useful when there arc a 
number of capital items referring to different periods and when 
there are no annual differences to consider. It can best be 
illustrated by actual examples (see end of chapter). 

Basis (c). Cases may arise in which a time basis of any sort 
is unsuitable. Such cases occur wherever the interest is negli- 
gible in comparison with the depreciation, i.e., where the struc- 
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txires employed have a relatively short life and become worn 
ont ” by service rather than time. A typical example is that 
of illumination, since the lamp has a comparatively small 
first cost, but it has to be renewed with a frequency depending 
roughly on the amount of use. In such cases the basis of 
comparison should be a service unit rather than a time unit, 
c.{7., lumen-hours in the case of illumination. 

Summarising the above, the three bases of comparison are : 

•^{a) Cost per year, called the Annual Cost Basis. 

..y(6) Cost per lifetime of plant, called the Capitalised Cost 
Basis. 

y(c) Cost per unit of output or service, called the Unit Cost 
Basis. 

Mode of Procedure. — The mode of procedure in the solution 
of any economic problem varies very much, but the following 
general outline may be useful : — 

1st. Determine what is the question at issue and what are 
the fixed data. In problems in which there is a range of possible 
alternatives, this question at issue will generally furnish the 
independent variable of the curve which is to be drawn or 
calculated. 

2nd. Decide the basis on which the economic comparison 
is to be made — whether annual costs, capitalised values, or 
costs per unit of service. 

' 3rd. Tabulate every item of expenditure which can 
possibly be aifected by the question at issue. These must be 
computed on the basis decided upon, and should be expressed 
as constants or variables relative to the question at issue. 
Items which arc clearly unaffected by this question may be 
omitted from the list. 

4tli. When the problem is one of choice between two or 
more specific alternatives, it is merely necessary to add up th e 
economic items in each case (all expressed on the same basis) 
and compare the totals. When there is a range of possibilities, 
the usual plan is to plot the various costs to a base representing 
the question at issue, and so find the best point. If the items 
can be expressed by formuloc, an algebraic solution is possible 
by differentiating with respect to this question. 

Schedule of Total Costs. — ^As a simple example of the most 
general typo of economic question, let it be supposed that the 
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problem is to determine the cost of performing a fixed known 
service by means of structure I, the final object being to com- 
pare this structure with one or more alternatives, II, III, etc., 
for the performance of the same service. Since the structures 
are assumed to be similar in respect of the output or service 
they perform, they only differ economically, i.e,, in first cost, 
salvage values, life, etc.* These items in the case of structure I 
can be denoted by 7^ and L-^ respectively. (In the schedule 
below only structure I is considered, and the suffixes are omitted 
for the sake of clearness.) 

The problem as stated above makes clear what is the object 
of the determination, and the next step is to decide what is to 
be the basis. The most usual basis is that of annual costs or 
charges, and it will be assumed that this is the one to bo 
employed here. In the table below, an attempt is made to 
suggest the outline of a statement, on this basis, of the total 
cost of performing the service. For this purpose the annual 
expenses are divided into two groups, as suggested earlier in 
the chapter, namely, the standing or overhead charges, which 
are necessary to provide and maintain the structure in full 
worldng order, and the worldng or running charges necessary 
to operate it. 

The standing charges can be divided up into those involved 
in owning the structure (capital charges) and those involved in 
maintaining it. The former can be split up again into hire 
charges or interest (7i, and renewal charges or depreciation 
(0 — V)d, where d is the annual deposit necessary to realise 
unity in a sinldng fund whose life coincides with the useful 


life [L) of the structure, [d 


i 

(1 + ^-1 


for end-of-year 


payment (see equation 7, p. 19, and Appendix IT.). Also 
when V is proportional to (7, or so small in coinparison 
that it can be treated as proportional, the depreciation item 
can be written Gd\ where d' is the equivalent annual deposit 

cZ X — and the whole capital charge then becomes 


G {i -f d'). 

Maintenance charges can be sufficiently indicated by the 
headings rent, etc., shown on the chart, and can usually bo 
resolved into items proportional to the first cost of the 


* Items of officioncy and repairs arc also economic iti'ins. 
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Total charge T = F {C) — Constant -p / {G), 
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equipment, and items which are constant relative to this first 
cost. 

The working charges * are more difficult to outline, since 
they necessarily vary more with the type of service. Under 
this head will come the buUc of the raw material, labour, 
energy and what not, which is proportional to the output or 
service rendered. In many cases this can be split up into that 
which is transformed into useful output and that which is 
wasted through imperfections in the structure. The last 
named can be expected to be less with a greater expenditure 
on structure cost, and the two might then be tentatively 

8 

expressed as y + where y and 8 are constants. 


When the object is merely to find the cost of the service by 
structure I with a view to comparison with one or more alter- 
native structures, there is no need to express the charges as 
functions of (7, and if is only necessary to fill in the actual 
figures and total them up for each structure in turn. When it 
is a problem to determine the economical point in a range, 
endeavour should be made to evaluate the constants a and S. 
The total charge T can then be expressed as the sum of two func- 
tions of 0, the second one being possibly an inverse relationship. 
When the latter occurs, an economic solution becomes possible 
— thus by performing the above summary for the whole range 
of alternatives a curve can be plotted or the constants 
evaluated, and in the latter case the last expression on the 
above chart can be differentiated with respect to 0, giving 


dT^ 

dG 


= r{G) 


— f'{G), which will be zero (minimum total cost), 


when F'{G) =/'(G). 

The physical meaning of the above would be that if the first 
function F(C) represented the charges dependent on capital, 
and the function J‘{G) those inversely dependent, the minimum 
charge would occur when the rates of change of the two groups 
(with respect to G) were equal and opposite. At this point, 
sometimes called the point of '' cost equilibrium,” a small 
increment of capital expenditure will save just as much per 
annum in inefficiency charges as it incurs in capital charges. 


* The above division^ will not necessarily coincide with any of the usual 
cost groupings. Thus the term “ working expenses,” as gonecally employed, 
includes everything except the capital charges and profits. 
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It is needless to say that the above is merely a simplified 
outline intended as a guide, and probably no one actual case 
will exactly fit this framework. In many cases the constants 
a and S, even where they are empirically obtainable, will be in 
the form of powers of G rather than multiples. In many cases 
also the independent variable will be not the whole but some 
part of G, or even some item such as frame size or efficiency 
which is related to G. 
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Worked Examples 

The best examples on the work of this chapter occur in the actual 
electrical problems which are treated subsequently. One or two 
exercises in first iDrinciples are, however, given below, and in one case 
alternative methods of solution are shown. 

1 . For performing a given service the following alternatives arc 
available : — 

Wooden Structure : first cost, £400 ; salvage value, £50 ; life, 
15 years ; annual maintenance, £30. 

(Joncretc Structure : first cost, £1,000 ; salvage value, zero ; 
life, indefinitely long ; annual maintenance, £10. 

Find which o£ the two will be cheaper: (a) if the service is 
rccpiircd for thirty years ; (b) if it is required indefinitely. Reckon 
interest at 5 per cent, per annum. 

Basis of CoMPAnisoisr : Annual Costs on “ Chaboes ” 
Wooden Strnctiire — 

£ ])(ir niimiiii. 

Interest on first cost {C) 400 X 0-05 = 20 

Dexu'eciation on {0 — V) 350 

Maintenance ..... 30 


Total 


GG-2 

i.e., £GG 45. per annum. 


(Jo novel e S iruchire — 

Interest 

Maintenance 


1,000 X 0-05 


50 

10 


Total ... GO 
i.c., £G 45. per annum less than the wooden one. 

If the service is required for an indefinite period the concrete 
structure will incur only the two charges shown (case h), but if it is 
only required for thirty years and the structure is then useless, the 
following depreciation charge must be added : — 

0-05 


1,000 X 
Making a total of 


(L05y 


n\3o 


15-05 


75-05 

i.e., £75 Is. per annmq., 

ill is £8 175. per annum more than the wooden one (case a). 
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Alternative Basis oe Comparison : Capitalised Cost or 
Present Worth [Portion {a) only] . Service for Thirty Years . 


Present worth of first wooden structure . . . £400 

Present worth of second wooden structure — less for 
salvage value of first (15 years ahead) : — 


/Tji o\ D A 400 — 50 

(Prom equation 3) P = 

Less for salvage value of second (30 years ahead) : — 
__ £50 

(1-05)30 


- £108 

- - £11 


Present worth of 30 end-of-year sums (for maintenance) 
of £30 (equation 8) — 


z (1 + 


£30 


(i:O0)i>» - 1 
0-05 (i-05)8« 


£4^1 


Net total . . . £1,018 


Hence, to obtain 30 years’ service, using the wooden structure 
requires a present lump sum. of the above amount. 

Present worth of concrete structure .... £1,000 

Present worth of 30 maintenance sums of £10 (ono- 

third of previous amount) . . . . . £ 1 54 


Total . . . £.1,154 


Hence the concrete structure costs more by £130, wliich is of course 
the present worth of the annual dillercnc^ (£8 17, s-.) found by i.li.o 
previous method. 

;{ 2.) In a certain installation required to meet a steadily growing 
deniand, figures are obtained for two alternative j)lans as shown 
below. Determine which of the two will be more economical for 
the twenty-five years’ service, assuming that there are no annual 
differences to consider, and reckoning interest aC 0 per c(mt. i)er 
annum : — 

Plan 1. — Installation A costs £2,000 and serves for iiv(^ yciars ; 
after which it must bo replaced by Installation B at a cost of £3,000^ 
which serves for eight years ; after which it must bo replaced by 
Installation (7 at a cost of £5,000, which servos for a further twelve 
years. 

Plan 2. Installation X. costs £3,500, and servos for ton years ; 
after which it must bo replaced by Installation Y at a cost of £0,500, 
which serves for fifteen years. 

a 'Jn 
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Plan 1 — 

Present worth of Installation A 


Total 


Flan 2 — 

Present worth of Installation X 


Total 


Hence Plan 1 will be the cheaper. 

3. In putting down a street distribution system, 6 ducts are re- 
quired now, and another 3 will be needed later on, the problem 
being to find whether it will pay to lay the whole 9 ducts straight 
away. The costs of laying, including opening up and making good, 
are as follows : — 

For a 6-duct line 325. per yard run 

)} ^ JJ 3> ,, ,, 

^ >3 3J 225, ,, ,, 

Taking all capital charges as 8 per cent, per annum, find how 
soon the new ducts must be needed in order to justify putting them 
down now.'*^' 

The extra cost now would bo 135. per yard run. 

The extra cost later would be 225. per yard run. 

Hence the question is, in how many years will 135. amount to 
225. at 8 per cent, compound interest ? 

A 22 

log- log-. 

■4 = P (1 -)- ov L — ; — r == , ,-7,0 ■•= 7 (almost). 

log (1 + ^) log 1-08 ^ ' 

Hence if the ducts are required before the end of seven years they 
should be laid down now. 

* This example is taken from Mr. F. Qill’s address to the London Studont’a 
Section, Journal 1023, Vol. 61, p. 791. 


£3,000 

(1-06)5 

£5,000 

(i-06)i» 


= £ 2,000 

£2,242 

£2,344 


£6,586 


^,500 

(i-oejio 


£3,600 

£3,630 


£7,130 


PART II 


CHOICE OF PLANT 


Typical Electkical Sekvices, 
for which economic choice of plant is possible. 
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CHAPTER VI 

KELVIN’S LAW FOR CABLES 

Statement and Proof. — The simplest application of the 
principle mentioned in the last chapter, of an economic balance 
between the expenditure on structure and the expenditure on 
operation, is that of Kelvin’s law for cables. It is a rule for 
finding the most economical cross-section to employ in order 
to transmit a known steady current, and as originally pro- 
pounded by Lord Kelvin (then Sir William Thomson) to the 
British Association in 1881, it concerned only bare conductors 
in which the cost of drawing the wire was either negligible or 
else proportional to the cross-sectional area. 

It will be seen that this is that rare case, a perfectly homo- 
geneous structure, so that a solution of the problem to carry 
20 amperes would be just twice that to carry 10. Moreover, 
it will be seen that of the two variable costs in question, namely 
the cost of the conductor and the cost of the enei’gy wasted 
in the cable, one is directly proportional to tlic cross-sectional 
area and the other is inversely proportional. 

The rule was soon modified to meet the case of an iiisiilated 
cable in which the cost of the insulation, etc., could be divided 
into two portions, the one constant and the other proj)oi’ti()iuil 
to the area ; and as generally stated, the rule now is : — 

(frhe most economical section to employ is that which makes 
th'd* annual cost of the energy wasted in the cable equal to the 
annual charge (interest and depreciation) on that ])()rtio]i of 
the cable’s cost which varies with, the cross-sectional aj’ca. | 

It will be noticed in the first place that the solution is 
independent of the length of the cable, every item of cluiige 
being directly proportional to length. Furthermore, in orcka.* 
to isolate the issue as much as possible, every item not varying 
with the area is omitted entirely — thus the working cost of the 
service is taken not as the whole energy input, but simply as 
that part of the inimt which docs not come usefully out at the 
other end. In a similar way the cost of laying or fixing is 
assumed to be cither independent of the area (as it probably 
is, within the range of choice in question), or else that this, 

103 
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All in the same 
inch) units. 


together with all other costs, such as insulation, insurance, 
right of way, repairs, etc., can be capitalised in the form 
(aA + j8) £ per unit length of cable, where A is the cross-sectional 
area and a and jS are constants. 

The following symbols will be employed in the proof of this 
law : — 

I = the line current (constant or full load value). 

L = the total length. 

A = the cross-sectional area of one | 
conductor 

p = the specific resistance 
{aA ^ jS) £ — the cost of unit length | 
of cable 

jp = the price of energy in pence per kWh. 
r = combined rate of interest plus depreciation (on 
unity). 

The basis of comparison is to be annual costs or charges, and 
expressing both groups in the same units : — 

Structural charge S = L {aA -f- j3) r £ per annum. 

PLp 24 X 305 p 

Working charge W = X — ’ X £ per annum 

(assuming that the current floAVS steadily throughout the year). 
Hence the total relevant charge for the service is given by : — 

PLpp 


r = LaAr + L^r + 0-0365 ' 


A 


The similarity of this with the general equation at the bottom 
of the chart on p. 95 will be obvious, and furthermore it will 
be evident that by differentiating the total with respect to A 
dT 

and equating ^ to zero, the constant middle term will dis- 
appear, and the minimum cost will be obtained when the two 
variable charges are equal.* Thus : — 
dT ^ 0-036512ip- 

jA^Lar , 

0-03Q5PLpp 


which is zero when LaAr 


thus proving the law as stated above. 


In general, when the two charges are directly and invorsely ’■•■■..•I 

to a variable (so that their product is constant), their sum is a w..-*. 

they are equal. This can be shown not only by the calciilns, but also gi’aphi- 
eally or by numbers, e.g,, with the pairs of numbers 16 and 1, 8 and 2, 4' and 4, 
all multiplying to 16, the smallest pair is the one in which the two numbers are 
equal. 
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It follows from this that 


ar 


P 


0*0365pp’ 


and putting in the 


value of p for 20° C. (0*677 microhms per inch cube), and putting 
in a' = 36a (so that the cable price can be per yard instead of 


per inch), this gives, in English units, ^ == 1060 



amperes 


per square inch. 

It will be seen that the solution can be put in the form of a 
current density, and, in fact, Kelvin’s law can bo stated as 
“ The most economical current density is that which makes the 
annual cost, etc., etc.” In the author’s opinion this form, 
although not the one usually adopted, is preferable for a 
number of reasons. In the first place, it gives more informa- 
tion than the other form, i.e., a solution applicable to any 
t^alue of the current. Secondly, it indicates immediately if the 
solution is inadmissible on account of heating considerations. 
Finally, it emphasises the fact that the structure is homo- 
geneous, so that the problem of what section to employ for 
a given current is essentially the same as the problem of the 
most economical current for a cable already laid. 


Application and Graphical Solution. — In order to illustrate 
the apjDlication of the above law, the following simple problem 
will be considered : — 

Example 1. — Find the most economical section of single-core 
L.T. paper-insulated (armoured) cable to transmit (a) 120 
amperes, and {b) 240 amperes continuously with energy at 
\d, a unit and interest at 6 per cent, per annum, given the foilow- 
ing price for the cable, which can bo assumed to have a useful 
life of twenty years and no salvage value : — 


C.S.A. (sq. in.) 

0-0225 

0-04 

0*075 

0-12 

0*25 

0-50 

Price per 1,000 yds. (£) 

98 

124 

170 

224 

350 

005 


The first step is to discover the law followed by the cable 
price. If this can be assumed to be a linear one {aA + /3) the 
values of the constants can easily bo found by constructing two 
simultaneous equations, using any pair of prices. Failing this 
assumption, it is necessary to plot the figures, and when this is 
done it will be found that they lie very nearly on a straight line, 
the law of which is (lOGOA + 83) £ per 1,000 yards, so that a' 
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bove equation is 1*06. The end-of-year depreciation 
lecessary to realise 100 in twenty years at 6 per cent, 
im (Appendix II.) is 2*72, so that the combined rate 
72, and this gives the economical current density 
./l*06 X 0*0872 322 

)0^ — = 455 amperes per square 

follows that the most economical section to employ in 

120 

ting 120 amperes will be jpp = 0*264 square inches, 


nearest available size to this is 0*25 square inches. In 
iting 240 amperes, the most economical section will be 
}his, and the nearest available cable is 0*50 square 


.bove problem can be solved graphically, and this 
has several advantages. The base of the graph will 
t size of structure, measured in C.S.A., and the ordi- 
11 show the annual costs or charges per 1,000 yards of 
?or this purpose the actual cable ])rices will l)e used, 
ormula, and multiplying these by the combined rate of 
plus depreciation (0*0872), the line structiu’al charge 
g. 5) is obtained, which it will be noticed is very nearly 
The only worldng charge which is to be considered 
.ue to the energy wasted in the cable, and since this is 


PLpp 6*4 

r X 0*0365 = annum for 1,000 yards 


t will be inversely proportional to the C.S.A., so that 
e will be a hyperbola {W), 

Lg the two curves gives a total [T) which has its mini- 
lue at 0*264 square inches. If the current to be traiis- 
vere 240 amperes, the W curve (shown dotted) would 
ir times its previous value, since losses are proportional 
nt squared. Adding this hyperbola to the S curve 
new total T (shown dotted) which is a minimum at 
uare inches. 

i be seen that the gra|)hical method docs not necessitate 
^te plotting of the cable prices, and since it makes no 
dons as to the law followed by the cable cost, it oilers a 
neral solution than is afforded by Kelvin’s law in its 
^ebraical form. At the same time it illustrates the truth 
iw, since the position of the minimum total depends only 
dative slopes of the two components and not on their 
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absolute values, and at the minimum point the wasted energy 
charge is equal to that portion of the standing charge which 
varies with A (see arrow lines). Another advantage of the 
graphical solution is that when the ideal section is not obtain- 



able the curve shows which of the available sections is tlie most 
economical. 

Economy of Cable already Laid. — The type of prol)lem whicJi 
was referred to on p. 90, in which the structure is fixed rather 
than the service (a case which is hardly likely to occur in 
practice),^' would arise in finding the most economical current 

* Also, if such a case did arise it is probable that tho vahtn or oarninfjf 
capacity per ampere carried would not bo a constant quantity, so tiuit wlml. 
follows here would not bo applicable. 
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to transmit along a cable already laid. Defining economy as 
the ratio of the values of output to input, which in this case 

T 

V, where I is the current carried, it will 


can be taken as Tr" . Trr, 
o + W 

be clear that maximum economy will be attained when the 

S+W . _ , ^ 8 

ratio — j — IS a minimum, i.e,, when j + -j- is a minimum, 

i.e., when the standing charge per ampere plus the wasted 
energy charge per ampere total a minimum. In solving 

I 

graphically a suitable base scale would be current density ^ ? S'l^d 

W 

on this base the working charge per ampere would be a 
straight line, and the standing charge per ampere ^ would be 


a hyperbola (omitting the constant portion of the cable cost). 
The minimum therefore occurs where the two arc equal, which, 
of course, is at the current density already found ; and this 
agreement again emphasises the fact that one is dealing with 
a homogeneous structure, so that the solution of the most 
economical current for a fixed cable is the same as that of the 
most economical section for a fixed current. 

Truth of Law. — ^Amongst many engineers Kclvin^s law is 
regarded with mistrust, and cable sizes are frequently chosen 
without any regard to the economic principle at all. The law 
itself is sometimes accused of being untrue, or if not untrue, at 
least inapplicable to particular cases, and it is important to 
consider the grounds for these charges. With regard to the 
truth of the law that least expense occurs when the two charges 
are equal, this must follow mathematically if the calfio cost 
and the wasted energy cost (both expressed annually) arc each 
linear functions of the O.S.A., the former being a direct and the 
latter an inverse function ; and the law can only bo untrue if 
one or other of these assumptions is untrue. 

As regards the former, it will be found that in the majority 
of cases and over a wide range of sizes, the cable first costs do 
follow very closely a linear law, i.e,, a A + yS, where A is the 
C.S.A., and a and /3 are constants. The reason for this is that 
the materials cost of the copper alone frequently accounts, for 
more than half the total price, and this is necessarily pro- 
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portional to C.S.A., whilst the remaining materials and the 
labour and overhead charges can easily be grouped into a 
proportional and a constant portion. Thus the element in the 
total cost which is not proportional to C.S.A. is small, so that 
even if this is not absolutely constant, but fluctuates somewhat 
with the area, the discrepancy is slight. In the case of the 
cable whose prices were employed in the above example, namely 
armoured single core paper insulated, the “ S ” curve in Fig. 5 
shows that the price points are almost exactly on a straight 
line, and, furthermore, that the constant portion is a small 
one. 

As further illustration of this point, the following figures 
may be cited from a recent quotation for unarmoured three- 
core cable of the paper insulated type. The figures were 
plotted exactly as received without any omissions, and in each 
case a linear relationship was established without difficulty, the 
maximum deviation of any of the figures from the straight 
lines being only 4|- per cent. 


Working 

Prossure. 

Ilange of C.S.A. (A). 

No. of 
rrioes 
reel) i veil. 

Ncan^Ht Linojir 
rriijo Kormiila 
(£ pur 1000 yanlH). 

BlggoHt. (loviatiou 
of lirtuul I’l'lct'B 
from this. 

G60 V. 

0-0225 — 0-50 

13 

4150A. + 90 

Por ('ont. 

4-2 

6,600 V. 

0-0225 - 0-25 

10 

4320A. H- 200 

30 

33,000 V. 

0-0225 - 0-25 

i 

() 

3560A. -1- 1065 

4*4 


A striking point is that the proportional element is very 
nearly the same in the three cases, namely, about 4A. £ per 
yard, so that practically the whole of the extra cost of a high 
tension cable is the constant clement, and the cxti'a for a larger 
size is no greater than it would be on a medium or low tension 
cable. This has a very obvious bearing upon the question of 
economic choice of section, since for this purpose the constant 
portion does not enter into the problem at all. 

Taking the price 'per core of the low tension cable, namely, 
(1383A. -f 30) £ per 1,000 yards, it is interesting to compare 
this with the price of a single-core cable to the same specilica- 
tion. A quotation received at the same time as the above for 
single-core lead-covered unarmoured cable and covering the 
same range of sections showed a price i)er 1,000 yards of 
(1320A. + 50) £, none of the figures differing from this by more 
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than a few per cent., and again the similarity of the propor- 
tional element is very striking. Thus it appears that not only 
do cable prices follow very closely a straight line law, but in 
the case of the unarmoured paper cables mentioned above, the 
proportional element per core (which determines the economic 
size in any given case) is very nearly the same in all the four 
cases investigated, namely, about l-J-Af per yard (ie., 4 A£for 
three-core). 

The cost of laying, including such items as way leaves, etc., 
can also be brought in, but in all probability this will not vary 
within the range of choice in question, and even if it does it can 
usually be fitted into the a ^4 + /S formula. Another possible 
discrepancy lies in the fact that although the first cost may be 
a linear function of the C.S.A., the annual cost may not be so, 
since a difference in section may mean a difference in the length 
of the worldng life, and so a change in the depreciation rate. 
This, however, is a purely academic point, which is hardly likely 
to merit consideration in practice. 

As regards the assumption that the losses are inversely 
proportional to the C.S.A., this is true of the PE losses pro- 
vided the variation of R with temperature can be neglected. 
In low tension D.O. cables these will be the only losses, and in 
almost all cases they will form the great majority. Other 
losses which might occur, such as the eddy current, dielectric 
and corona losses, are likely to be almost negligible in com- 
parison, except with a very large unstranded conductor, and 
except when the frequency or pressure are abnormally high. 
It is therefore doubtful whether these departures from strict 
proportionality will be sufficient to upset the truth of Kelvin’s 
law in any but exceptional cases. 

Another running cost which might be affected by the choice 
of C.S.A. is the repairs and maintenance item, and in some 
cases it may be necessary to include this in the calculation. In 
conclusion, it will be noted that the of economic 

choice illustrated in Kelvin’s law is just as applicable even if the 
variables are not linear functions. It is only necessary to 
plot the two sets of annual costs to a base of C.S.A. and add 
them to find at what point the total is a minimum. Thus in 
the graphical solution, Eig. 5, it would not have mattered if 
the S ” curve had not been straight or the '' W ” curve a 
hyperbola : j)rovided the problem furnished sufficient data to 
plot them, their sum would always indicate the position of 
minimum total cost. 
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Applicability : Steady Currents. — With regard to the more 
serious charge levied against Kelvin’s law, that it is inapplic- 
able or irrelevant, this is a possibility with any purely economic 
determination. Kelvin’s law concerns the balance which 
should exist between expenditure on structure (i.e., cable size), 
and expenditure on working (Le., losses), and it was seen in 
Chapter V. (p. 86) that there are often three separate and 
distinct ways of determining this balance. In the case of a 
cable there is the economic limit, the heating limit, and the 
regulation (voltage drop) limit, any one of which may be used 
in fixing the cable size. It will be noted that the second and 
third represent definite limits or stops below which the plant 
size must not go, whereas the first merely gives a ]:)oint of 
maximum economy on either side of which the cost will be 
greater than it need be. In the case of cables the first and 
second are independent of the length, whilst the third is directly 
proportional to length ; the first is a matter of costs and the 
second of physical conditions, so that all three dopend on quite 
different and unrelated factors. In every doiibtful case all 
three sets of calculations should therefore be carried out, and 
the size chosen should be that indicated by the largest of the 
three results. 

In what follows, the regulation limit will not be considered, 
since it does not lend itself to genej’al treatment. Being a 
function of length, it must almost of necessity be considered 
separately for each particular case. As regards the other two, 
namely the economic and the heating limits, the imjoortant 
thing is to discover under what conditions the economic calcu- 
lation is likely to indicate the larger section, and so be the 
determining factor. For if Kelvin’s law is likely to indicate 
in the majority of cases a section too small on grounds of 
heating, its usefulness is clearly not very great. 

When the current is a steady and continuous one throughout 
the twenty-four hours and each day of the year, tlicrc is no 
doubt that the economical current density is well within the 
limit allowable on heating grounds in all but exceptional cases. 
It has been seen that the most economical density is given (in 


English units) by ^ = 1060. / and taking the single-core 
A V ^ 

armoured cable on which an example has already been worked, 


T 322 

with life and iutc of interest as before = , Le., the cco- 

A 's/d 
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nomical current density in amperes per square inch equals 322 
divided by the square root of the energy price (in pence). 
This latter should be the price to the authorities laying down 
the cable, since it is their costs which are to be a minimum ; 
and when this figure is available as a single overall price per 
unit the law can easily be applied and will not give a density 
exceeding 1,500 amperes per square inch for this type of cable 
unless the energy price is one twenty-second of a penny or under. 

Since only the losses in a single core have been considered in 
the formula, it follows that in a multi-core cable a should refer 
to the price per core, i.e., for the G60 V. nnarmoured cable 


referred to on p. 109, a 


per yard. 


Tf’aking the same 


life and rate of interest as before, the economical current 
jr 30 S 

density — will then be given by , which again will not give a 
A V'P 

density exceeding 1,500 amperes per square inch unles>s the 
energy price is one-sixteenth of a penny or under. For the 
high tension 3-coro cables very similar results will bo obtJii n(ul, 
since the proportional element of cost is substantially the sanu*., 

370 

and the exact figure for the economical density will be ' . ^ 

Vp 

for the C,G00 V cable, and for the 33,000 V. It willtliore- 

VP 

foro be seen that at present-day iwlccvS for paper insulaicHl 
cables, the solution is well on tho right side of the luxating 
limit unless the cost of energy is oxc(q)ti()ually low.* 


Application to Varying Currents. — When the current alien’- 
nates, whilst keeping to a steady value / tliroiighuut tbe^ 

twenty-four hours, the solution is the sam(^ as the above, 
the annual losses will still be ixvpn^sented by P.R X 21 x 3(»5, 
but when tho elTcetivo current (direct or root nu'a-u s((uar('.) 
lluctuatcs during tho day, the position will be (uilircdy dilhu’cmt. 
Thiisif the current /in the above form ube is carricHl for, say, six 
hours every day and no current passers for tlie r('m{und('r of tlu'. 
day, tho danger of tho heating limit being rea-eluMl will i)(' just 
tho same as if it flowed continuously, wlier<siH tlu^ losst's will be*! 
only a quarter, so tluxt PjA'^ will be. four timers (see p. KM), 

* Tho iK?rinissi1)Io (lonHit.y on iKsal-Ing groutnln vtirbii wil-h i lu^ ai'/o and lyjtf 
of cable, tii(} hgui ‘0 of 1,500 anipurt^H peu* wjunn^ ineh iMan^f nuadioiuul nunVly 
as a baaiM of eompariBon. Innuwiy caHOH the hnaling Iiimt in higlua* (lui'n 
UiIh, thnw making tho Hphoro of (loonoinie cliot'o id ill wider. 
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i.e., tlie economical current density will be double. More 
generally, if F is the fraction of the day during which full load 
current flows (nothing flowing during the remainder of the 
day), the losses will be F times their previous value, and the 

in English units will equal 

IOGOa/ T hus when F == I this becomes 2 x 1060^/^, 
^ Fp ^ p 

i.e,, twice the original value. 

Instead of the full load current being carried for a quarter 
of the day thei^e might bo a current of approximately a quarter 
load carried for the whole of the day, the full load current 
being only reached occasionally during the year. Provided 
that on these occasions this peak current lasted long enough 
to bring the cable to its maximum temperature, it would still 
determine the heating limit, although the economic limit 
would be determined by the losses — ^in this case only one- 
sixteenth as much as before (since virtually the current is only 
a quarter). The economical density in the case cited above 

would now be given by~4 = 1060a/ = 4 x 1000 

A ^ ^ p 

i.e., four times the original value. 

Both the cases cited above would correspond to a load factor 
of 25 per cent., but the most economical cable sections would be 
respectively one-half and onc-quarter of the original values, 
whilst the heating limit would be unaltered. In practice a 
load factor of this value is unlikely to represent either of these 
extreme cases, so that the economic solution will lie somewLore 
between the two results. 

Summing up the above, it may be said that when the load 
on a cable iluctuates during the day, it is impossible to apply 
Kelvin’s law unless the loading corresponds to one of the 
extremes mentioned above, or unless a mean load curve for the 
year is available ; and in this latter case it is laborious to 
apply, since the root moan square value of the curve must lirst 
be worked out. When applied it will give a higher ourront 
density (and therefore one less likely to bo acceptable on 
heating grounds) the smaller the consumption ; and this will 
bo particularly so when the consumption is in the form of a 
fairly uniform low loading with only occasional peaks. Taking 
the worst case which could arise on a cable whose mean annual 


economical current 


density 
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load factor was 25 per cent, (which would be when approxi- 
mately one-quarter full load current flowed almost con- 
tinuously), the economical density for the single-core armoured 
cable already instanced would be 1,500 amperes per square 
inch or over when the price of energy was |d. or under. 

Other Difficulties. — ^Whilst the difficulty concerned with 
fluctuating currents is the most serious one in limiting the useful 
applications of Kelvin^s law, there are other difficulties, and 
other criticisms which have been levied, although some of these 
are due to misunderstandings of the law itself. It must be 
clearly realised that Kelvin’s law is a rule for variations in A, 
all other items being constant, and it cannot be applied for 
I variable, as in a problem to find the most economical voltage. 
It assumes that the current transmitted and the voltage at the 
receiving end are fixed, these being involved in giving a definite 
service to the consumer ; so that the price of energy in the 
formula is calculated from the cost (at the transmitting end) 
of the extra power which has to be applied in order to com- 
pensate for the voltage drop due to cable resistance. Any 
attempt to extend Kelvin’s law to the economics of trans- 
mission as a whole (consumer’s voltage not fixed) will be found 
to involve very extensive difficulties. 

Another difficulty is that Kelvin’s law implies one fixed 
price for the energy entering the cable, whereas actually the 
value or cost of this energy to the authority supplying it (who 
is assumed also to be the authority laying down the cable) will 
usually vary considerably at different times of the day and 
year. This does not affect the principle of the law which 
equates cost of losses to cost of cable copper, but it makes it 
much more difficult to apply. For the cost of the losses must 
now be the sum of all the terms of the form wliere t 

represents the time in hours, and p is the energy price during 
those hours. 
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Additional Worked Examples 

2. In the case of the V.I.R. cable whose prices are given below, 
finfl the most economical section to transmit 20 amperes con- 
tinuously with energy at 0-4(Z. per unit, and find for what energy 
price the economical density would bo 1,500 amperes per square inch. 
Take interest at 6 j)or cent, with a life of twenty years, and salvage 
value zero. 

Cable size . 7/-052 7/-064 19/-052 19/-004 19/-072 

Area sq. in. . 0*0145 0*0225 0*040 0*060 0*075 

Price per mile £36 55. £47 165. £83 65. £118 15. £150 105. 


By plotting the cable prices, these are seen to lie very nearly on 
a straight line, the law of which is (1,860 A + 8) £ jDer mile. Also 
from Appendix II., r = 0*06 + 0*0272 = 0*0872. 
hlence economical density 


I 

A 


1 , 000 ^ — 


1,060 



X 


0-0^^ 

'‘ 0'4 


= 509 amperes per 


square inch, so that for a current of 20 amperes the most economical 
section = 0*0393 square inches, and the most suitable size is 
19/-052 (0*040 square inches). 

For an economical density of 1,500 amperes per square inch, the 


energy price would have to be 0*4 X 


/ 5(jq \“ 

\lV)00/ or one 


twenty-second of a penny. 


3. A certain transmission system employs the single-core armoured 
paper ins idatcd cable mentioned in the text, of which the first cost is 
given by (1,060 A + 83) £ per 1,000 yards. The maximum current 
in tlic year is 240 amperes, and the mean annual load factor is 
33 J- per cent. Find the most economical current density at which 
to work (a) if tlic load consists of 240 amperes for eight liours each 
day, and (b) if the load consists of 80 amperes practically continu- 
ously (the maximum current being taken only occasionally in the 
year). Take energy at Id. a unit, interest at 6 i')er cent, per annum, 
twenty years’ life and no salvage value. 


As before, r = 0*0872 and a = 1*06 per yard. 

(a) The full current flows for a fraction F of the day where F = J . 
Hence economical density 


I 

A 


pF 


1,060 




•0872 X 1-06 


788 amperes per 
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square inch, requiring a section as near as possible to 0*030 square 
inches for 240 amperes. 

(b) If I still represents the maximum current in the year (240 
amperes), the virtual current from the point of view of losses will 
be one4hird of this, and PE will be one-ninth. Hence the 


economical density • 


1,060 




0872 X 1*06 


X 


1 ,364 amperes 


per square inch, requiring a section of 0*0176 square inches for 
240 amperes. 

Alternatively, this part of the question could be worked out for 
80 amperes (flowing continuously), giving a density as found on 
p. 106 of 455 amperes per square inch. Hence section required 

80 , 

= = 0*0176 square inches. 


CHAPTER VII 


MOTOBS : PARTICULAB CASES 

Paying for Efficiency. — ^It will be dear that there are a great 
many different economic problems that might arise in connec- 
tion with the choice of a power unit. For instance, there might 
be alternative sources of supply available, so that either an 
A.C. or a D.C. motor can be installed. More usually the choice 
will relate to something less wide, e.g.^ high speed with reduction 
gearing as against low speed, or low voltage motor plus 
transformer as against high voltage motor. Such problems 
clearly cover a very wide range, and there is little in the way 
of a general solution that can be given. All the various factors 
must, as far as possible, be assigned their cash values, and 
the outstanding balance can then be struck on economic lines 
by the application of the general principles given in the pre- 
ceding chapters. In most cases, however, the physical limits 
and local conditions will determine these matters, and the only 
problems here dealt with concern the choice of a given type of 
motor to give a fixed ]3ower and speed for a given number of 
hours a year. 

Cases for the economic choice of such a motor may arise in a 
variety of ways. The simplest is that in wliich two or more 
machines are available with identical or equivalent properties 
(so far as the purchaser is aware), one of which is clicaper than 
the others. Choice will then naturally fall on the cheaper one, 
but this is so obvious that it hardly calls for comment licro ; 
and the same tiling would apply to a still greater extent if, 
instead of being identical, the cheaper motor were actually 
better. But where the more expensive macluno possesses 
compensating qualities to which can be assigned a cash value, 
then a specifically economic choice may be made, since the 
question must be settled as to whether or not tliose advantages 
are worth the extra first cost demanded for them. 

The superior qualities and advantages of the more expensive 
motor may consist of an anticipated longer life or freedom from 
trouble, but for the most part the only differenced likely to 
arise and be a factor in such a choice are differences cither in 
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efficiency or power factor. As a rule, the prospective purchaser 
will only obtain tenders from those he considers to be first-class 
makers ; amongst such there is not likely to be any appreciable 
difference as regards either life or reliability, and any such 
differences can usually be regarded as having been weeded out 
before the stage is reached in which economic choice is a factor. 
So far as the present book is concerned, only these two 
differences will be dealt with, efficiency being treated here, and 
power factor in the third section of the book. Sometimes the 
choice lies not between two or three specific alternatives, but 
over a whole range of possibilities embodying progressively 
better efficiencies at greater first costs. The question then is, 
given a certain tendency, say, in the direction of increased- 
copper and iron sections, to what extent is it economic to 
pursue it in any given case ; and this question is considered in ^ 
the chapter which follows. 

What has already been said about the two ways of choosing 
the size or quality of electrical apparatus applies fully to the 
case of motors. The normal method is to select a machine 
having just sufficient iron, copper, etc., so that (when giving 
the output and occasional overloads required) the temperature- 
rise, centrifugal and dielectric stresses, the commutation and 
the regulation are all kept within satisfactory limits. This 
may be described as the physical choice, and it will be obvious 
that in no case can a machine be installed smaller than this 
size. But if a bigger or higher grade machine would have a 
better efficiency at the required output, it might be more 
economical in the long run to install it for this reason, and such 
a decision would then be a specifically economic choice. As the 
two sets of criteria are quite unrelated, it is evident that both 
calculations should be made, and the machine chosen should be 
the larger of the two, whichever that is. 

An electric motor may be compared in this respect with a 
leaky vessel such as a slightly porous balloon. If too big a load 
is put upon it, it will burst and be destroyed, but long before 
this point is reached considerable leakage is taking place. 
Hence, if the cost of the inflating material is great compared 
with that of the balloon material, it may be cheaper not to load 
it up to its physical limit. 

A single instance will serve to show how considerable is the 

* The word “ totter ” is not used because what is meant is not aiiy sviporior 
merit as to essential points such as reliability, but moroly the omijloyrnont of 
•higher quality materials having lower losses or giving hotter space factor, 
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cost of this leakage in comparison with the cost of the plant 
itself. A 40-'h.p. 1,000-r.p.m. 60-period squirrel-cage induction 
motor having an efficiency of 88*6 per cent, can he bought for 
about £70 at the present time. Such a machine, running for 
eight hours a day and 300 days a year with energy at a uniform 
price of Id, per unit, in a useful life of twenty years consumes 
nearly £7,000 worth of energy — equivalent in cost to five new 
motors every year of its life. Moreover, whilst the bulk of this 
energy is transformed into useful work, the sum actually 
wasted in machine losses amounts every year to £38 155. — more 
than half the price of the motor. 

When it is realised that the motor only has to be paid for 
once, and its cost can if necessary bo spread over the whole 
of its useful life period, any gain in efficiency unless obtained 
at a very exorbitant first cost, would seem likely to pay for 
itself many times over. Thus if the above efficiency could be 
improved even by so much as of 1 per cent, the energy saved 
would be worth £2 a year, which could be capitalised over a 
twenty-year life as equivalent to the lump sum of £25 — 
sufficient to pay for a very generous increase in the copper and 
iron sections. 

The small amount of attention paid to efficiency in its 
economic aspect is due very considerably to the difficult}^ of 
calculating, in any particular case, what degree of efficiency 
improvement would bo worth while, and (when calculated) 
the difficulty of requisitioning'* such a machine. These two 
difficulties have been attacked in this and the next cliaptor on 
the lines of establishing a general criterion of the economic 
degree of efficiency, visualising for this purpose the employ- 
ment, not solely of special high-elficiency machines, but also 
in some cases of standard machines built for a greater output 
than that required^ 

Methods o! Improvement. — Since this book is dealing largely 
with the economics of choice, the question of eHiciency 
improvement must be considered not so much from the 
designer’s as from the purchaser’s point of view. At the same 
time, it must not be forgotten that the former is really tlio 
fundamental one ; the purchaser comes later, and ho has 
usually no legislative opportunities, but merely powers of veto 
or consent, since he can only select from amongst what is 
provided. Hence the problem should really be dealt with at 
an earlier stage ; it is only an unfortunate necessity which. 
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compels the buyer to consider machines as they are rather than 
as they ought to be. 

Broadly spealdng, there are two distinct ways of increasing 
the efficiency of a machine of any particular output, which 
may be called the qualitative way and the quantitative way. 
The former consists in employing the same size of frame, but 
using higher-grade steel and better insulation ; thus giving 
lower iron losses, a higher space-factor and therefore more 
copper and less copper losses. The quantitative method of 
improvement consists in employing a larger frame and there- 
fore more iron and copper, thus decreasing the flux and current 
densities and therefore the losses. 

The latter method of efficiency improvement is less sure than 
the former, since the larger frame will involve slightly more 
frictional loss, which may nullify some of the gain. It has, 
however, two advantages, the first of which is that any 
individual purchaser, knowing his own requirements, but 
having no influence with the manufacturers, may practise it 
and select the machine size which is most suitable for his 
particular conditions, even when he is not able to obtain 
alternative efficiency quotations. 

The second advantage is that it involves no departure from 
standards, either in quotation or manufacture, so that it is 
possible to make a general survey of the advantages of economic 
choice (ranging over a large number of possible alternatives) 
without any information beyond that supplied by the makers’ 
price list. It must, however, be understood that the quantita- 
tive method usually puts the worst side of the case for economic 
choice ; and that where this method indicates an advantage to 
be gained from under-running, there will usually be a much 
greater advantage in qualitative improvements wherever these 
are commercially practicable. A combination of both methods 
of efficiency improvement is often possible for a large-scale 
purchaser of a number of duplicate machines, who, if ho 
estimates on the purely quantitative basis and finds that a 
bigger efficiency is economically sound, may then be able to 
commission minor qualitative variations which will yield an 
even better economic result. 

Economic Basis and Method : Loss Ratio. — The economic 
calculations involved in the choice of motors follow very closely 
the skeleton outline at the end of Chapter V. The most 
suitable basis of comparison in almost all cases is that of 
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annual costs or charges,” and the method adopted is to omit 
entirely all items which are common to every alternative. 
The only items which will have to be dealt with will then 
consist of a capital or structural charge (8) on account of the 
plant, and a running or working charge (TP) on account of the 
energy wasted. With regard to the first cost of the plant, it 
will be assumed that the control gear, erection and other items 
are the same in all the alternatives considered ; so that when a 
larger or higher grade machine is installed instead of a smaller 
or pooi'er one, the only increase in cost is the annual interest, 
depreciation and other capital charges on the larger machine, 
and the only decrease is the lessened cost of the machine losses. 

These two varying charges can be regarded as the dependent 
variables in the problem, one of which increases and the other 
decreases, with an increase in the independent variable (the 
frame size or quality). Graphically, the last mentioned forms 
the base on which two curves can be plotted, whose sum will 
indicate the position of minimum cost or economic structure; 
This base could therefore be scaled in frame dimensions, rated 
output, efficiency, or other suitable unit; and in one of the 
author’s papers published by the Instituiion of Electrical 
Engineers several different scales were experimented with. 
But as a basis for a general consideration of all types, machine 
first cofit is found to be the most suitable unit, and this has 
therefore been employed in most of the examples here. 

In what follows, the first cost is denoted by C and the 
combined rate for interest plus dejireciation by r. (If the 
machine has a salvage value at the end of its useful life, r must 
be adjusted in the manner explained in a previous chapter ; 
and if other items, such as insurance, are affected by the choice 
of frame size, these may also be included in r.) The total 
capital charges which are relevant to the choice in question 
are then represented by (7r, i.e., this is the annual cost of owning 
this particular machine instead of any other. 

The other item of cost which will vary in the problem is 
that of the energy consumed, or more particularly the cost of 
that portion of the energy which is wasted in machine losses. 
Tor the total energy taken can be split up into two parts, the 
one (equal to the output) which is converted directly into useful 
work, and the other which supplies the losses. This latter, 
or loss component, is the only one which need be considered, 
since the other is common to all the alternatives in question, 
* Journal 1924, Vol. 62, l^o. 336. 
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and it is evident that it is dependent in some inverse way upon 
the efficiency (77). 

The best way of expressing this characteristic of the machine 
is by means of the ratio, losses/output, which will be referred 

. 1 i.* a- Output Output 

to as the loss ratio. Since ?; = — — == ^ , 

Input Output + losses 

it follows that 1/// = 1 -j- so that the loss ratio is found 

Output 

from the reciprocal of the efficiency minus one. In the calcula- 
tions which follow, the losses will be in watts and the output in 
horse-power or kVA. (This makes the calculations more 
convenient, and avoids unduly low values and the appearance 
of a large number of cyphers in the rate-of-change expression.) 
The loss ratio, denoted by Q, will therefore be found from 
(I /77 ■— 1) X 74G in the case of the motors and (I /77 — 1) X 
1,000 in the case of transformers (Chapter IX.). 

The importance of the quantity Q lies in the fact that, for 
any structure having this efficiency, the losses at any particular 
load can be obtained by simply multiplying Q by the load. 
The cost of the energy usefully converted in the machine is thus 
omitted from the problem, and the cost of the energy wasted is 
given by Q X horse-power output X hours of service per 
annum x cost (£) of energy per kWh divided by 1,000. 

For simplicity, only efficiency will be considered in this 
chapter, and it will be assumed either that there is no difference 
in the case of the A.C. machines as regards power factor,, or 
else that there is no penalisation for lagging loads. If, how- 
ever, there is a wattless charge as well as a charge for kilowatt- 
hours, this can easily be brought into the problem (see Chapter 
XIII.). It will, moreover, be assumed that the service required ‘ 
is in every respect known beforehand, and that the only 
problem is to decide which particular motor of a given type 
will prove the most economical. 

Choice of Quality : A.C. Motor. — In the type of problem first 
to be considered, alternative quotations are presumed to bo 
available from makers of equal repute for machines of the same 
nominal size, but of different efficiencies and at correspondingly 
different prices. These variations may arise owing to actual 
differences in the quality of the materials, e.g,, higher grade 
steel and insulation, the latter giving a better space factor, and 
tliAtefore more copper. They may also arise, even when there 
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are no qualitative differences, through the employment of 
what is really a larger machine, having more copper and iron, 
and therefore lower densities and losses. This often happens 
in practice, even though the makers have identical standards 
as regards rating, since a particular output may exactly fill one 
maker’s frame and come midway between two frames with 
another maker. The latter must therefore quote for the larger 
frame with correspondingly easier densities, but with a higher 
price. Thus the distinction between qualitative and quan- 
titative methods of efficiency improvement is not always 
easy to maintain, but in the second type of problem to be 
considered larger sizes of machine of the same maker will be 
selected. 

Emm.ple 1.* — As an illustration of the first type of problem 
the following may be cited : A three-phase squirrel-cage 
induction motor was required for the purpose of driving a 
small battery booster requiring approximately 10 h.p. at 
1,400 r.p.m. A number of quotations were received, the full 
load efficiencies ranging from 82 to 85 per cent., but several 
were weeded out on account of being at a disadvantage as 
regards both price and efficiency together. The three survi- 
vors, ranking equally in the purchaser’s estimation as regards 
reputation, arc shown in the table below, under the headings 
(«), {h) and (c). 

The motor was required for use about eight hours a day 
and 300 days a year, and it would be on pi'actically full load 
all the time it was connected, the energy being paid for at a 
uniform figure of a penny a unit. So far as was known, tlic 
use of the machine in this particular capacity would be required 
indelinitcly, but in order to assign some period to the useful 
life, it may be assumed that this would bo limited to twenty 
years, and that the salvage value at the end of this would be 
zero. There is no physical reason why it shoidd not last much 
longer, and, on the other hand, it might have to be replaced 
for some reason in a shorter time than this, but in the latter case 
the salvage value might be appreciable and would help to 
balance the shorter life in the original capacity. 

Interest is reckoned at 6 per cent, throughout, and at this 
figure the correct depreciation rate is 2*72 per cent. (Appen- 
dix II.). Multiplying the first cost in each case by 8*72 per 
cent, for interest and depreciation will then give the annual 

* Exarnplos (1) and (3) are roprintod from The Electrical Timea of February 
3rd, 11)27. 
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cost of owning the motor, which is shown in the table under 
the heading “ capital charge.’’ The watts lost when giving 
10 h.p. output, calculated from (I/77 — 1) x 10 X 746, are 
shown in the next line ; and multiplying this by the annual 
hours of service (8 x 300), times the price of energy 
and dividing by 1,000 will give the annual cost of the wasted 
energy in shillings, which is entitled inefficiency charge.” 
Adding these two charges in the three cases gives the total 
relevant annual cost, from which it will be seen that machine (c), 
having the highest first cost, is actually much the cheapest of the 
three when total costs are considered. Even if the energy cost 
only a unit and the motor were in use only four hours a 
day, so that the inefficiency charges were just a quarter of the 
figures shown, machine (c) would still prove to be slightly the 
cheapest installation, 

A.C. Motors : 10 h.p. Service 



Machine (a). 

Machine (6). 

1 Machine (c). 

Full load efficiency 

82 per cent. 

84 per cent. 

85 per cent. 

First cost . 

£21 17s. Od. 

£23 Os. Od, 

£25 5s. M. 

Capital charge in shil- 
lings 

38-1 

40-1 

44-0 

Watts lost when giving 
10 h.p. . 

1,637 

1,421 

1,316 

Inefficiency charge in 
shillings 

327-5 

284-2 

263-3 

Sum of relevant 
charges in shillings . 

365-6 

324-3 

307-3 


It may be objected that the saving is not great, only 17^. 
per annum in the case of (c) over (6), but this is only on one 
small machine and actually represents nearly 40 per cent, of 
the annual cost of the motor itself. Moreover, from calcula- 
tions made elsewhere there is reason to believe that a similar 
degree of saving is usually possible on other sizes of induction 
rnotor, and in a large works employing electric power exten- 
sively, the saving to be effected on these lines might reach a 
very considerable figure. 
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If machine (c) is compared with (a) for the service in question 
it will be seen that the saving in the energy bill is nearly one and 
a half times the whole cost of the motor (both reckoned on an 
annual basis). From this emerges the extraordinary fact that 
for the service proposed, if machine (c) were priced at its present 
figure and machine (a) were given away, it would still be consider- 
ably cheaper to buy machine (c). 

General Solution : Service-Price. — It will be noticed that in 
most of the economic calculations the worldng cost depends 
upon the product of two variables, hours of service and cost 
of energy, and it is therefore convenient to have the name for 
this product. The author has coined the term '' service- 
price ” to indicate the total number of hours of service per 
annum multiplied by the price of energy (£s). Thus a service 
of eight hours for 300 days a year with energy at Id., or four 
hours a day with energy at 2d., or twenty-four hours a day with 
energy at -|d., will be represented by a service-price of 10. 
Another definition of service-price is to say that it is the cost 
in £ per annum for each Idlowatt connected for the hours in 
question. 

The above example may then be summed up for any set of 
conditions by saying that for all values of the service-price 
above 2, machine (c) will be the cheapest. This is an unusually 
low figure, corresponding as it does to energy at J^d. a unit 
with continuous operation, or at j’jd. with operation for eight 
hours a day throughout the year. For a service-price between 
2 and machine {b) will be the cheapest, whilst for figures 
below I machine (a) has it. 

It will be seen that the composite quantity service-price has 
a usefulness in economic calculations analogous to that of 
ampere-turns in magnetic questions. In each case it is the 
product of the two components which is important, and by 
having a name and symbol for this product a much more 
general solution becomes possible. Service-price includes the 
two main varying elements, namely, the. loading factor and 
the cost of supply ; and the chief limitation to its use is when 
the hours of service are not ail at full load, or when the cost 
of supply cannot be expressed as a simple price per unit. In 
all cases in which the value of the service-price is obtainable, 
the annual cost of the energy wasted (or inefficiency charge) 
will be given by Q times the service-price (£ per annum) 
when Q is the loss ratio. 
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Choice of Size. — The economic advantage of the more 
expensive machines in the above instance is so marked that 
one is forced to the conclusion that in many cases it would 
pay to enlarge a machine deliberately, beyond the size neces- 
sitated on physical grounds, merely in order to take advantage 
of the improved efficiency resulting from the lower copper and 
iron densities. This possibility is the one referred to above 
as the quantitative method of efficiency improvement, and a 
particular case is worked out below, and a general one, over a 
complete range of sizes, in the next chapter. 

There is one great advantage about this method of efficiency 
improvement : it avoids accidental variations and differences 
between different makers, since the alternatives can then be 
confined entirely to one maker and type. Often the alter- 
native machines of an ordinary quotation are put forward by 
firms which do not rank quite equally in the mind of the pur- 
chaser, and this prevents the economic choice from presenting 
itself in the clear-cut manner of the last example. Often there 
may be a suspicion that the slightly higher efficiency quoted by 
one firm represents merely a greater degree of optimism, and 
that if the two machines were put on a test-plate there might be 
nothing in it between them. A much more indisputable case 
would therefore present itself if any one maker, using the same 
type of construction in both cases, would quote an alternative 
machine with a higher efficiency at an appropriately higher 
price. 

Unfortunately it is rarely that a maker can be persuaded to 
do this, at least for an individual small-scale buyer, as it will 
usually mean some departure from standard, and this is itself 
uneconomical and likely to increase the price by a dispro- 
portionate amount. This is particularly true of the large 
maker ; and probably the simplest way, under present manu- 
facturing conditions, of obtaining a better efficiency from the 
motors of any one firm, is by the employment of an absolutely 
standard machine of a larger size than is physically necessary, 
and under-running it. Such a suggestion affords the pur- 
chaser, even of a single machine, the opportunity of exploring 
the possibility of economic choice; this being based on the 
particular conditions of service, price of energy, etc., for which 
the motor is required, and with which probably no one but the 
purchaser is fully acquainted. 

The possibility of economic choice of size clearly rests on 
two propositions : that a large machine has a bigger efficiency 
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than a small one, and that this bigger efficiency can be 
maintained even when the machine is under-rnn so as to give 
the smaller output. These two propositions are both discussed 
at the commencement of the next chapter, and the second one 
is dealt with in detail in Appendix IV, Tor the purposes of 
the present chapter it is not necessary to assume that the 
bigger efficiency of the larger machine is fully maintained on 
under-running, but merely that it remains substantially greater 
than that of the smaller machine. Provided that the under- 
running is not excessive, and that it is carried out in the 
manner laid down in the Appendix, this will almost always be 
the case. 

Choice o! Size : Small D.C. Motor. — Since the larger the 
machine the greater its efficiency, and since, on the other hand, 
the efficiency can never be greater than 100 per cent., it follows 
that the larger the machine the more nearly does its efficiency 
approach unity, and the less room there is for further improve- 
ment. It would therefore appear upon a superficial view that 
the most promising field for the application of economic 
methods of choice would lie among small sizes, although it 
must not be forgotten that the value of a given efficiency 
improvement is larger the greater the output. 

Another advantage which undoubtedly accrues in the case 
of small machines is that the individual user may be a large- 
scale purchaser, employing the machines for ventilation, loom 
driving, etc., and may be in a position to comraission qualita- 
tive alterations if the calculations indicate tliat this is likely 
to be advantageous. In the following example a fractional 
horse-power D.C. motor service is considered, and it will be 
found that the saving through the use of a large machine, 
although small in itself, is quite big in proj)ortion to the other 
costs involved. 

Exam, 1)16 2.*’' — The case to be considered here is one in which 
the service required is J h.p. at 1,000 r.j).m. from a shunt motor 
on D.C. mains. A number of quotations were obtained for 
motors of this speed ranging from -J- h.j^. to 1 h.p., and one set 
of these, as shown in the first four columns of the table, was 
selected. (All of these figures were taken from a single quota- 
tion, with the exception of frame 6, which was taken from a 
precisely similar range of machines by another maker. In all 

This Gxainplo is iakou from the author’s jjapor, Journal I.E.E}., 10:24, 
Vol. 02, No. 3;i5. 
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cases except the first, the prices include an extra for supplying 
to a non-standard voltage. The selection of a quotation was 
made as far as possible with a view to getting a typical as well 
as a sufficiently continuous range of figures, but from a com- 
parison with figures given later it would appear that the 
efficiencies of the J-h.p. to 1-h.p. sizes are slightly above the 
average usually obtained.) 

The position then is that a certain service is required, for 
which machine (a), costing £5 16s. and having an efficiency of 
53-5 per cent., is physically adequate. But by spending more 
money on the machine (a tendency represented by frames b to e) 
higher efficiencies can be obtained, and the problem is to find 
out to what extent (if any) this tendency should be followed. 
The first step is to estimate the probable lives and efficiencies of 
the larger machines when performing the ^ h.p. service. 

With regard to lives, that of machine [a) has been taken 
as ten years, but it is reasonable to suppose that the lives of the 
larger machines will be progressively greater, both intrinsically 
and because they are giving so much less than their rated 
output. These lives are therefore taken as ranging from eleven 
to sixteen years, as shown in column 5, and taking interest at 
5 per cent, and salvage value zero, the figures in column G are 
obtained by multiplying the first cost by the sum of the rates 
for interest and depreciation (Appendix II,). 


D.C. Motobs : | h.p. Sbbvioe 


Column 1. 

Column 2. 

Column 3. 

Column 4. 

Column 5. j 

Column 6. 

Column 7. 

Coluniii S. 

Prame. 

Eated 

Load. 

Pull- 

load 

Elli- 

ciency. 

Price. 


Estimated 
Life, L. 

Capital 

Charge. 

Estimated 
Elliciency 
wlien giving 
i li.p. 

COITO- 

apondliig 

Losses. 

a 

H.p. 

Per cent. 

53*5 

£ 8. 

5 16 

d. 

0 

Years. 

10 

0-7^50 

Per cent, 

53*5 

Watts. 

81 

b 

1 

5 

63 

6 12 

0 

11 

0*800 

59*6 

63 

c 

i 

67 

7 15 

6 

12 

0*877 

62*4 

56 

d 


72 

11 15 

0 

14 

1*187 

60*2 

01*5 

e 

1 

74-5 

18 18 

0 

1 

16 

1*740 

— 

— 


With regard to the efficiencies of the larger machines when 
under-run, and assuming suitable selection as regards voltage, 
etc., reasons are given elsewhere (p. 135 and Appendix IV.) for 
supposing that in the majority of cases, particularly if the 
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normal flux density is high or if the range of selection is not 
limited entirely by the printed price list, the full-load efficiency 
can be maintained almost intact down to one-half or less of the 
output. On the other hand, in a small machine, particularly 
if run at a high speed, the friction and other “ constant losses 
(not reducible by jpressure or current reductions) may con- 
stitute a considerable proportion of the whole ; and in order to 
make a conservative estimate, and also to illustrate the 
method as fully as possible, it will be assumed that in this case 
the irreducible losses amount to one-sixth of the total full-load 
loss. Column 7 shows the estimated efficiency (when giving 
^ h.p.) calculated on this basis, and it will be noticed that this 
rules out frames d and e. 

The losses at h.p. output, corresponding to these efficiencies, 
are shown in column 8, and these figures are used as the 
abscissae in Fig. 6. The base of this graph represents, in general 
terms, the frame size, but the actual scale employed is that of 
watts saved, so that the values [(1 /efficiency) — 1] x 746/8 
are scaled off from the right-hand side. On the above basis 
the upright lines, a, b, c and d, represent the first four frames 
quoted, and marking off ordinates to represent the correspond- 
ing structural or capital charges, the curve S is obtained. (Had 
the full-load efficiencies been maintainable for all degrees of 
under-running, the upright lines representing frames b to d 
would occur more to the right, and the chain-dotted curve S' 
would have been obtained, frame d being now a useful con- 
tribution.) Curve 8 therefore represents the annual cost of 
saving energy by moans of larger plant equipment ; it rises 
slowly at first, but more steeply later, when the gain in efficiency 
for additional expenditure becomes steadily less. 

With the base scale chosen it will be clear that curve W, 
representing the annual cost of the energy wasted in the motor, 
will be a straight lino depending upon the annual hours of 
service and the price of energy. It has been seen that for a 
'' service-price ” of 10 {e,g., eight hours X 300 days witli 
energy at Id. per unit) the working charge is £10 per kilowatt 
of inefficiency, and this gives a line W at 45 degrees to the axes. 
Adding curves S and W gives a total curve T which shows a 
minimum somewhere between frames b and c. 

For any other service-price the line W will have a different 
inclination, and, in order to avoid redrawing, it can be reversed 
and made tangential to curve S at some point which will then 

* For convenioiico this curve has boon plottocl minus £0*2. 
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indicate the economic position. Thus energy at half the above 
price, or hours of service proportionally shorter, would be 
represented by the reversed curve W' which is tangential to 
curve S exactly at frame size b. On the other hand, a bigger 



Frajue size measured by watts wasted when 
^vmg Vs h.p. output 

Fig. C>. — Fractional Horso-iDowors (D.C. Motors). 

service price, e.g., 20, would be represented by curve W" which 
is tangential at about frame size c. 

The economic advantages of under-running are here very 
apj)arent. Assuming a normal worlcing day it will be seen 
that even with energy at only \d. per unit it will pay to employ 
the next larger size of machine, whilst with dearer energy a 
still larger frame (or better still the same frame re-designed) is 
called for. The slope of curve S at its commencement is less 
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than half that of W', showing that frame a is only economical 
for its rated output when energy costs less than \d. per unit. 

Choice of Size : A.C. Motor. — Example 3. As in the last 
case, in order to make a conservative estimate of the advantages 
of economic selection it will be assumed in the problem con- 
sidered below that the machines are designed for maximum 
efficiency at full load, so that any degree of under-running will 
lower the efficiency somewhat. The service required is 40 h.p. 


A.C. Motors : 40 ir.p. Service 



Machine («)• 

aLachiiio {h). 

Macliino (c). 

Rated at (h.p.) 

40 

50 

60 

First cost . 

£69 185. Qd. 

£81 5s. Od. 

£92 Os. Od. 

Full Load Efficiency . 

88' 5 per cent. 

89 per cent. 

90 per cent. 

Estimated efficiency 

when gi V ing 40 h .p . . 

88-5 per cent. 

88*8 per cent. 

89*4 i)cr cent. 

Watts lost when giving 
40 h.p. 

3,875 

3,760 

3,540 

Inefficiency charge (£s) . 

38-75 

37-60 

35-40 

Capital charge (£s) 

610 j 

709 

802 

Sum of relevant charges 

44-85 

44-69 

4342 


at 960 r.p.m., and it will be assumed that the life of the 
machine, the hours of service and price of energy are as in the 
previous A.C. example (twenty years, zero salvage value, G per 
cent, interest, service-price 10). The full load ratings shown 
in the table are taken from the standard price list of the maker 
selected, and cover machines of the same typo, diOering only in 
size, price and efficiency. Prom the last named can be 
calculated the efficiency when giving 40 h.p. output, and this 
is shown in the next line of the table. (The assumption made 
is that the full-load copper, iron and frictional losses are in the 
ratio 3:2:1, and that the larger machines are under-run in 
both pressure and current directions, the proportions being 
calculated from the formula given in Appendix IV.) 

Calculating as before the annual costs of motor and wasted 
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energy respectively, and adding these it will be found that the 
largest size machine (c), even though its efficiency is appreciably 
reduced by under-running, is still the cheapest one to install, 
and shows a saving of £1 95. per annum over machine (a) . Had 
the design been slightly different, so that the fulHoad efficiencies 
were maintained on under-running, the annual saving would 
have been £3 125., which is a quite appreciable item in view of 
the fact that the annual cost even of the largest machine 
tabled is only £8. 

Summarising the results, it may be said that for any service- 
price higher than 4*2 (corresponding to energy at 0*4d. per unit 
for service on full load for eight hours a day and 300 days a 
year) machine (c) will be the cheapest, and for any lower service- 
price machine (a). The intermediate machine {b) has no advan- 
tage in either direction in this case, since whenever an improved 
efficiency is worth paying for, machine (c) will be found more 
worth its extra cost than is machine (6) . 

Summarising the results of the chapter as a whole, it will be 
seen that there is ample scope for utilising improved efficiencies, 
whether put forward by the makers or obtained by using 
larger machines, in all cases in which energy is not particularly 
cheap or the hours of full-load service unusually short. One 
difficulty which is experienced when the circumstances are 
particularly favourable to economic selection is to know when 
to stop ; having found a certain tendency to be economically 
sound, the question naturally arises whether it may not usefully 
be pushed even further. When only certain definite alterna- 
tives are presented the difficulty does not arise, but from the 
point of view of the designer or large-scale purchaser some 
method is desirable of determining the whereabouts of the most 
economic point in a range of tendencies. This is attempted in 
the next chapter. 
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Additional Worked Example 

4. A certain type of small fan motor can be built with cobalt 
steel permanent magnet fields at an extra (selling) price of 255. per 
machine, and the field losses thus saved are 60 watts. If the useful 
life is assumed to be fifteen years, and the salvage value zero, find 
the service-price above which it would pay to install permanent 
magnet motors. Take interest at 6 per cent, and assume that all 
other items — ^insurance, maintenance, etc. — are unafiected.* 

At the point where the two alternatives balance, the annual cost 
of the extra energy wasted in the less efficient motor (= kW X 
service-price) must equal the extra capital charge on the more 
efficient one (= extra first cost x rate for interest + depreciation) — 
both expressed in £ per annum. 

no 

Hence Y’oOO ^ ~ Id 0*043) [Appendix II.]. 

Or S.P. = X 1-25 X 0-103 = 2-1. 

6 

With continuous operation this would mean energy at only one- 
seventeenth of a penny. 

* Some* iiitoroBiiiig data rogarditig tliia typo of prulik'm is io bo found in a 
jiapcr, “ Tho Economic Aspeot of the* Utilisation of P(*rmancnt Mngnots in 
Electrical Apparatus,” by A. E. Watson, Journal U)25, Vol. p. 822 

et seq. 
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MOTORS : GENERAL * 

Effect of Under-Running, — ^The purpose of the present 
chapter is to extend the problem just considered, of the choice 
made by the individual purchaser between the two or three 
alternatives presented to him, to cover a much wider choice 
over a whole range of alternatives, and for any possible 
combination of power output, hours of service, and cost of 
energy. The previous chapter has shown that an advantage 
can often be gained by installing more or better active materials 
than are physically necessary ; and the present chapter 
attempts to show how far this tendency should be pushed in 
any given situation, and at what point maximum economy 
occurs. The chapter is therefore intended not so much to 
assist the individual purchaser in a particular situation, but 
rather to explore the general possibilities of economic design 
and choice for all machines of the type in question. The 
possibility may not be immediately open to the small-scale 
buyer, and the solution may not coincide with any particular 
existing machine. It is, however, a question which will 
have to be faced by the designer of the future, once the 
present obsession with first cost and physical limits has passed 
away. 

It has been seen that the best way of increasing the efficiency 
in any given case is by qualitative improvement, using the same 
sized frame, but for the purpose of a general treatment this 
method is set aside, and only the quantitative method — by 
under-running a larger frame — ^is here considered. It may be 
thought that, on any considerable scale, this is impracticable, 
but in the author’s opinion there is no valid reason why a 
machine should not be used down to one-half or even a quarter 
of its rated output to meet exceptional circumstances. Pro- 
vided the under-running is suitably proportioned, the efficiency 
need not come down to anything like the extent that might bo 
feared from the shape of the ordinary efficiency curve, nor need 

* The substance of this chapter is taken from the author’s papers, Journal 
LE.B., Vols. (i2 and G4, Nos. 335 and 351. 
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the commutation, power factor, regulation or other details of 
the performance be materially affected. 

When a motor designed for maximum efficiency at full load or 
thereabouts is run at a lower load than this, the efficiency falls 
not because it is necessarily less for the smaller input, but 
because the balance between the iron and copper losses has been 
upset. To find its true efficiency at a lower load it is necessary 
to re-design it, or else to under-run it with regard to pressure 
simultaneously with the current reduction. Under these 
circumstances a given frame will give only slightly lower 
efficiency at a half or a quarter of its rated load than it does at 
full load. 

In order to make this point clearer, suppose that a 1-h.p. 
shunt motor is to be run at about one-quarter of its load, and 
assume in the first place that the permeability of its field 
system is constant. If a 200-volt motor is selected and run at 
100 volts, and loaded so as to take half full-load current, this 
means that the applied and back E.M.F.’s are both half their 
previous values, and, as the field is half what it was, this halved 
backE.M.E. will be produced by the same armature speed. In 
other words the speed will be the same as before. With the 
current and field each halved, the torque will be reduced to a 
quarter of its original value and (at the same speed) the 
power output will also be reduced in the same proportion. 
The armature and field copper losses will bo oiio-quartcr 
of their previous values, as will also the losses j)roportioiial 
to B\ 

Hence even with this extreme degree of under-running it 
will be only the friction, windage and a small proportion of the 
iron losses which will prevent the efficiency remaining constant 
and will cause the curve to tilt downwards slightly on the lower 
inputs. Furthermore, as the permeability will actually not bo 
constant, but will be considerably better at the lower exciting 
voltage, the speed on half voltage will be less than normal and 
will have to be brought up either by means of the field resist- 
ance or by fitting a different set of field coils. Even in the 
former case the field loss will then be less than one-quarter 
of the full-load value, and this will still further tend to 
keep up the efficiency. (This question is fully dealt with in 
Appendix IV.) 

As regards the commutation of such under-run machines, 
although it is true that the field is very much weakened, this 
will be found to be fully balanced by the reduction in the 
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armature current. The freedom from distortion of the field 
flux depends upon the ratio of the field and armature ampere- 
turns, and in fact, with each of these reduced to one-half, a 
slightly ''stiffer ” field can be anticipated, since with better per- 
meability the tendency of the flux to spray will be diminished. 
Moreover, although the commutating E.M.E. for a given 
brush position will be halved, the armature current requiring 
reversal will also be halved. In such tests as the author has 
been able to make, the efficiency has been maintained quite as 
much as would be anticipated from the above reasoning, and 
in no case was the commutation noticeably inferior, even down 
to one-quarter of the rated output. 

It must not be supposed that merely to select a large 
standard machine and under-run it on the above lines is in 
any way to be recommended as ideal, since in all cases 
some degree of re-design or rearrangement is preferable. 
All that is claimed is that such a course is quite prac- 
ticable, even down to one -quarter of the rated output (at 
which point the running is liable to become unstable), whilst 
for small changes it may well prove to be the most economical 
way of increasing the iron and copper sections. In any case 
it provides a convenient hypothetical course of action, by 
means of which the economic advantages of plant increases 
can be tested. 

Bearing this in mind it will be assumed that in all the cases 
considered and within the range of under-running proposed 
(usually not to a greater extent than down to 75 or 50 per cent, 
of the rated output) the full-load efficiency can be maintained 
intact. It is shown in the Appendix that this is true of static 
machines and of machines having small friction or large iron 
or copper losses, provided the under-running is suitably 
proportioned. It is not true of other machines, but as the 
chapter is intended to explore the general possibility of 
economic choice, it can generally be assumed that (especially 
where qualitative improvement is possible) an effect at least as 
good as that implied in the above assumption can always be 
obtained for the same or less cost. 

Physical Eating of Electrical Machines. — It was pointed out 
in the previous chapter that the possibility of economic choice 
of size, i.e., paying a greater first cost for bigger size in order 
to save running costs by better efficiency, rests on two proposi- 
tions : that a large machine has a bigger efficiency than a 
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small one, and that this bigger efficiency can be maintained 
even when the machine is under-run so as to give the smaller 
output. The second of these propositions has been discussed 
in the foregoing paragraphs, and it is more fully treated in the 
Appendix, but the first propositional also requires some elucida- 
tion. One is apt to take for granted a better efficiency in a 
larger machine of any type, but in order to understand exactly 
why and how much, it is necessary first to consider what 
constitutes the normal or physical rating of a "machine. A 
precise moaning can then be given to the terms “larger,” 
“smaller,” and “under-run,” and their relationship to the 
efficiency of the machine will be made clear. It will be noted 
that the following remarks are intended to refer generally to 
any electrical machine, but in this book and for purposes of 
economic choice they are particularly applied to motors and 
transformers. 

The physical rating of any given frame may be defined 
as that output which can be taken, for the period and under 
the conditions specified, without the temperature rise exceeding 
some figure which is considered safe from the point of view 
either of internal deterioration or of external danger. In 
addition, there is frequently an overload requirement for a 
short period, which may be a question of commutation or 
electric strength as well as temperature, and there is some- 
times a requirement as to regulation, but for the most part it 
may be said that size is roughly determined in the great majority 
of cases by temperature limits. 

It will be noticed that not one of the above limits concerns 
either the current or the flux densities employed, and yet the 
surprising thing is that over a wide range of sizes of any 
particular type of machine, a given temperature rise corre- 
sponds fairly closely to a given set of current and flux densities. 
This is one of those coincidences which arc normally taken 
for granted, but which are not nearly so inevitable as they 
seem. 

The close correspondence which exists between densities and 
temperature rises is illustrated by the fact that a dH formula 
is frequently used to estimate the frame size of a rotating 
machine to comply with a temperature specification, although 
the formula that output is proportional to dHn is based on the 
assumption of fixed densities and has no connection with 
temperature rise. In order to discover why the two largely go 
together, it will be well to take actual cases, bearing in mind 
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that with given densities the losses are each proportional to the 
volumes of the active materials."^ 

Taking as a starting point the assumption of fixed current 
and flux densities, consider first a constant-speed rotating 
machine. It is easy to show that if the specific electric loading 
is fixed, the output of such a machine is proportional to the 
dH of the armature or rotor, so that if d and I are both doubled 
the output will be increased eight times. On the other hand, 
the amount of iron in the magnetic path and the copper in the 
slots and end connections will only be slightly more than four 
times what they were, and hence these losses f will only be 
increased in this smaller ratio. As the rotating surface is just 
four times what it was and the peripheral speed is greater, the 
machine will thus be able to dissipate these losses with approxi- 
mately the same temperature rise. 

Hence the correspondence between densities and tempera- 
ture rises is in a sense a happy accident ;|: due to the fact that 
the output (with fixed densities, speed, and dimensional 
proportions) is proportional to rotor volume (or whilst the 
losses and cooling capacity are both proportional to surface 
(or d^). 


Efficiency and Size. — Two things result from the above. 
Not only can designs be carried out on a basis of fixed current 
loadings and flux densities for a wide range of machines comply- 
ing with a single temperature specification, but it also follows 
that the efficiency of a large machine must always be inherently 
better than that of a small one, and by a definite and ascertain- 
able amount. For if the output is proportional to # and the 


With constant frequency and dux density tlie iron losses can always be 


expressed per cubic ceni/imotre of iron, whilst the copper loss ~ XI z= 


IHp 

A 



so that this loss is also proportional to volume (lA) wljon the 


current density (IjA) is constant. 

t The friction and windage losses are more difficndt to estimate. The 

forinoi* will increase less tha’ ^jth tlio increase in weiglit, 

whilst the latter will increase ■ ■ . ' the surface and be(tanKo of the 

greater peripheral speed. Those losses will therefore also 1)0 slightly more 
than four times what they wore, but it will be noted that in any ease they 
dissipate themselves with little or no effect upon the winding temperature rise. 

t H the word “ accident ” be objected to, the position may bo put the other 
way round by saying that in the design of a rotating maehino the active 
materials are grouped round a cylinder to ^ ^ 1 ’ . 'U or 

density, so that the losses shall always keep . ■ ■ ' : the 

cylinder. 
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losses to the ratio (losses/output) will be proportional to 

= Ijd ^ 1/ ^/Output. 

The extent to which this is borne out in practice can easily 
be discovered from any range of machines of the same 
type. Thus, on p. 143, a range of shunt motors from I h.p. 
to 15 h.p. is listed, together with their efficiencies, from which 
can be calculated the ratio (losses/output), since this is equal to 
the reciprocal of the efficiency, minus one. Multiplying this 
figure by the cube root of the output (h.p.) gives a fairly 
uniform figure of approximately 0*4 in each case (see column 9 
of table) . Not only is there no perceptible tendency for this 
figure to vary with the machine size, but also the range of 
fluctuation is remarkably small, i.e., 25 per cent, for a change 
in size of sixty times. Similar figures are listed for a range 
of squirrehcage motors (column 8 of the table on p. 148), and 
a similar constant connection is obtained, although in this case 
there seems a tendency for the figure to increase with the frame 
size, thus suggesting that the root index should be somewhat 
higher than 3, due possibly to an increase in the specific 
electric loading. 

In the case of transformers, if a uniform winding depth or 
loading were maintained as in rotating machines, the same law 
would hold, and the output would be proportional to the 
volume, or dH, of the iron core. But as it is customary also to 
increase tlxc winding depth proportionally with the increase 
in the core (so using the whole of the “ window ” s]xace) the 
output will go up at a greater rate than this. 

By considering a simple transformer such as the ring type, 
it is easy to see that if d is the core diameter and if all the 
dimensions arc varied in the same proportions, the iron cross- 
sectional area will be proportional to d'^ and tlie copper winding 
space to d'^, so that the output will be proportional to whilst 
the weight of both copper and iron, and tlierctoro the losses, 
will be proportional to d^. Hence the ratio losses/output 
(-™ Ijr] — 1) is proportional to #/# = Ijd = l/y/Output. In 
a similar way it has been proved for all the commercial shapes 
of transformer, both shell and core types, that if all the dimen- 
sions are increased in the same ratio to a times their previous 
value, the output will be a'^ times and the loss ratio will bo 1/a 
times its original value.'" 

* A. P. M. inoining and K. M. Favo-Kansen ; Jovrnal l.E.JfJ,, lOOi), 
Vol. 42, XJ. 390. 
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It is therefore evident that if the heat-dissipating surface 
were only that of the transformer iron and windings, the 
temperature rise would tend to get steadily worse as the size 
increased, since losses are proportional to whilst surface is 
only proportional to This is what actually happens in the 
case of air-cooled transformers, and explains the virtual upper 
limit of size unless the densities are correspondingly reduced. 
In the case of oil-immersed transformers the radiating surface 
is that of the whole tank, and it is comparatively easy to 
proportion the size of tank and amount of oil either to the 
kVA capacity or to the actual watts lost. 

The above statements must be modified slightly on account 
of change in the space factor. Thus the effect of doubling d 
will be to quadruple the winding space and to allow four times 
as many turns of the same size of wire. If, however, the current 
is to be increased rather than the pressure, a larger section of 
wire will be employed, giving a better space factor ; so that the 
ampere-turns will be increased in the ratio of, say, cP rather 
than cV^, This will give an output of (V^ X ™ times, 
an iron loss of d^ times, and a copper loss of d^ times. Hence 
the total losses (which can, of course, be distributed as desired) 
will lie between d^ and d^, say dH, giving a loss ratio proportional 
to == l/(Output)®*^. 

In confirmation of the above, the values of (I/t? ~ 1) for 
the single-phase transformers listed on p. 161 were plotted 
logarithmically to a base of rated kVA, and gave an index of 
0‘31, and the amount of individual deviation can bo seen from 
the last column of the table. A similar line of three-phase trans- 
formers was also plotted and showed an index lying between 

and I ; and, moreover, in each case the index showed a 
tendency to approach J in the larger sizes, where the change 
in space factor would naturally be less marked. A further 
confirmation of the above reasoning was obtained in the case of 
the single-phase series by plotting (logarithmically) the iron 
cross-sectional area against the kVA output, which gave an 
index of 0*4, i.e., the iron cross-sectional area is proportional 
to (output)^’^ = (rZ^)^‘^ == d^j as it should be. 

It is needless to point out that the generalised reasoning 
and the few examples here given are in no sense put forward 
as an exact proof of the law followed, and in fact the precise 
form of this law is immaterial to the main object of this' and the 
next chapter. What is important is to note that the officiency 
of the larger machine is inherently better and by a definite 
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predicable amount, this amount being roughly given both for 
rotating machines and transformers in the statement that the 
loss ratio is inversely proportional to the output raised to a 
power lying usually between and 

Another criticism which may be raised is that the process 
of explaining the index figure relating to transformers would 
appear to upset the figure arrived at for rotating machines, 
since in these also the space factor should improve with size. 
The two cases, however, are not parallel. In transformers the 
whole of the available window space is utilised, so that the 
space factor becomes a determining factor in the output 
obtainable from a given frame, whilst in a rotating machine a 
poor space factor can always be compensated for by increasing 
the slot depth : the limit here is not the space but the cooling 
capacity, and therefore the electric loading. 

D.C, Motors : Graphical Treatment. — For the purpose of 
exploring the general possibilities of economic choice over 
a range of small D.C. motors, it has been thought best to 
take an average set of figures rather than one individual 
quotation. The type of machine to be considered is that 
of a shunt protected D.C. motor running at 1,000 r.p.m,, 
and in columns 2 and 5 of the table below will be found the 
average of some half a dozen makers’ net prices and full-load 
efficiencies for machines having rated outputs from | li.p. to 
15 h.p. 

The base of the curves to bo drawn will represent (as before) 
the size of the structure, but the scale in this case is in units of 
annual capital costs (interest plus depreciation), so that the 

structural charges ” curve S will be a straight line. The 
lives have been talcen as ranging from twelve to twenty 
years (column 3), with a salvage value of 10 per cent, of the 
iirst cost in eacli case ; and the figures in column 4 are then 
obtained by using the table given in Appendix II. These 
are used along the base scale (Fig. 7) to erect thirteen 
upright linos representing the thirteen frame sizes, having 
the maximum output ratings shown and costing each year 
in interest and depreciation the amounts scaled along the 
base. As the ordinate scale in £ is the same as the base scale, 
a line S at 45° will represent the annual expense on account 
of structure. 

As explained above, it will bo assumed that for the degree of 
under-running proposed the full-load efficiency can be main- 
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tained intact by a suitable choice of voltage, etc.* Marking 
off these full-load efficiencies on the thirteen upright lines 
and drawing a smooth curve through the points, gives the 
curve shown at the bottom of Fig, 7 ; and it will be seen that 
(provided the makers’ ratings fit in) it is possible, for an annual 
expenditure on hire and replacement of, say, £2, to purchase 
a frame having an efficiency of just over 78 per cent. The 
heating and sparking limit of this frame will prevent it 
being used above about 2| h.p., but for the moment it will 
be convenient to neglect temperature limits entirely and 
proceed as though any frame could be used for any output 
whatever. 

Above the efficiency curve and to the same base has been 
plotted its reciprocal, the loss curve W, showing how the 
loss for any given output decreases with an increase in 
the size of frame employed. This curve will represent to 
some suitable vertical scale the annual cost of supplying 
the wasted energy, but the scale will depend not only 
upon the output, but also upon the hours of service and 
price of energy. Thus each particular horse-power and set 
of service conditions will have a particular W curve of the 
shape shown. 

Reference has already been made to the term “ service- 
price ” to indicate the annual hours of service multiplied by 
price of energy (£), and it here becomes necessary to group 
with this the power output, and to use some term to indicate 
the product of the horse-power multiplied by the service-price. 
Since the power wasted in a motor equals Q times the output, 
when Q is the loss ratio ([1/^; — 1] X 746), it follows that the 
annual cost of this in £ will be (0/1,000) X H.R. output X Hours 
of service X Price of Energy. Moreover, the last three items 
are consta,nt relative to the frame size, and arc mutually 
replaceable in the sense that, for example, 40 h.p. for eight 
hours a day is just tlic same economically as 80 h.}). for 
four hours. It is therefore well to have a composite term 
for the product of those three, and calling this product 

* It is, of course, true that if frictional Iosboh wore a suhstantial item many 
of tho actual Hr/.es shown in the tabic woukl have an apprcuhably poorer’ olli- 
c-iency if run at tho next Binallor Hated rating. But tho particular aizea listed 
must bo regardod primarily as landmarks or points on a curve showing tho 
trend of tho manufacturing coat of improving tho ollicionoy. In addition, since 
intormodiato sizes are made, tho individual user will frocjuontly bo ablo pro- 
fitably to employ ono of those (with a smallor dogroo of undor-running), par- 
ticularly if ho can also command small changes in dosigir such as now Hold 
coils, etc. 
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Fia. 7. — D.C. Motor Costs. 


the power’Service-price (P-S-P.),** 


the loss charge becomes 


In Fig. 7, curve W is for a power-service-price of 10, e,g., for a 


* Thus for a 10-h.p. motor running for eight hours a day, 300 days a year, 
with energy at Id. a unit, the P.S.P. would be (10 x 8 X 300)/240 == 100, and 
+.he same figures would cover 10 h.p. for twenty-four hours a day with energy 
and 40 h.p. for four hours a day with energy at -Jd. 
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l-h.p. motor running eight hours a day for 300 days with 
energy at IcZ. per unit, or 24 X 300 hours with energy at \d. per 
uirit, or any equivalent product ; and as the vertical scale is in £ 
the values for W are obtained from the loss ratio Q (column 6) 
divided by 100. 

It is now possible to add together curves S and W, giving a 
total T which shows a minimum just above the frame rated for 
a maximum of 11- h.p. Thus for the output and service men- 
tioned above, or for an even smaller power, if energy were more 
expensive it would be economically sound to purchase the 
l|-h.p. frame and under-run it to this extent. In the case of 
energy costing or less per unit, and where the motor runs 
eight hours a day, it will be seen that this frame size would be 
economical for outputs of 2 h.p. or over — in other words the 
usual physical criteria would be justified as the basis of choice. 

In the case of some other value of the power-service-price, 
say, 20 [i.e., 2 h.p. for 8 X 300 hours at Id. per unit, or its 
equivalent), the curve W should be re-plotted, in this case 
twice as high. To avoid doing this, the ordinate scale can be 
halved, which will have the effect of bringing the capital charge 
curve to a new inclination (see clotted line S'). Instead of 
adding this to the W curve it can be reversed and then brought 
up to the latter in order to see at what point it is tangential 
(see dotted line S"). Thus it will be noticed that at or near the 
4-h.p. frame the slopes of the two are the same, thus showing 
the economical position for this particular power-service-price. 
(It is interesting to compare Fig. 7 with the corresponding 
graph for a cable, Fig. 5, p. 107.) 

D.C. Motors : Algebraic Solution. — It has been seen that 
omitting all those items which are unaffected by the choice of 
frame size, the total annual expenses involved in obtaining the 
required service can be expressed as the sum of the capital and 

loss chai’ges Cr Q X Yq^- 

Where G is the machine first cost 

ris the total rate for interest plus depreciation 
(adjusted, if necessary, for salvage value). 

Q is the loss ratio. 

P.S.P. is the power- service-price. 

When these two are plotted to a base of G, the former is a 
straight hne rising with (7, whilst the latter falls as G increases, 
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since the efficiency is greater, and therefore the loss (for a given 
horse-power) less, the greater the expenditure on frame cost 
{cf. Fig, 8). The sum of the two will indicate the point of 
minimum cost and therefore the most economical size of frame 
to employ. 

The only objection to this method of calculation is that it 
has to be repeated not only for every different horse-power but 
for every change in the conditions of service. In order to 
avoid such a recalculation and to establish a general method of 
solution for any machine of this type and speed, the total 
charge expressed above can be differentiated with respect to (7, 
giving a rate of change r -f (P.S.P./1,000) X dQjdC, which 
must be zero at the point where the total charge is a minimum. 
Hence at this point dQjdG == — 1,000 r/P.S.P., or if the interest 
and depreciation are expressed per cent, (r'), dQjdG == 
— lOr'/P.S.P. By finding the value of dQjdG for a complete 
range of machines of the type concerned, it is possible to use 
this to determine the most economical frame size for any power 
and conditions of service whatsoever. 

In the table of D.C. motors used in the last example, column 6 
gives the value of the loss ratio Q, calculated from ( I//; — • 1) x 746. 
In order to find the rate of change of this quantity with 
respect to G, it can either be plotted to this base on a large 
scale and the slope determined graphically, or else an empirical 
formula can be developed and then differentiated. In this case 
the graphical method was employed, and the value dQjdG was 
thus found for each frame size and is shown in column 7. (The 
actual values are, of course, negative.) 

This value is the key to the economic solution, and from it 
the most advantageous size can be estimated for any set of 
l}rices and conditions of service. Thus, to take a single 
instance, suppose that the service required is 1 h.p. for eight 
hours a day and 300 days a year with energy at Id. a unit. 
The P.S.P. is 1 x 2,400 x 1/240 == 10. Taking a life of 
fifteen years with interest at 5 per cent, and salvage value 
10 per cent, of first cost, the combined rate for interest plus 
depreciation is 7-7 per cent., or r = 0*077. Hence the most 
economical size will be when the rate of change dQjdG 1,000 
r/P.S.P. = 7*7, and this will occur on a frame rated somewhere 
between 1-| and 2 h.p. (column 7). 

Referring again to the table, it is interesting to see whether 
the advantage of under-running is the same for all sizes. In 
order to make the vaUxes in column 7 mutually comparable, a 
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set of figures has therefore been worked out for lives of twelve to 
twenty years (column 3), with interest at 5 per cent, and salvage 
value 10 per cent, of first cost. These figures (column 8 ) give 
the value of {dCjdQ) X (1,000 r/Rated h.p.), and hence show the 
service-price at which each frame can economically bo used to 
give its normal rated horse-power. It will be seen that the 
figures range from about 4 to 7, there being no discernible 
tendency for the figures to vary with the size. 

A.C. Motors. — The next type of machine to bo considered 
is that of a squirrel-cage induction motor running at 1,000 r.j).m, 
(synchronous) on a 50-period supply. Columns 2 and 3 in the 
table below give the first cost and the full-load efficiencies for a 
range of frames rated at 1 to 100 h.p. at this speed, the actual 
figures being averaged from quotations of five or six dilTercnt 
makers. Column 4 gives the loss ratio, calculated from 
(I /77 - 1) X 746. 

In finding the rate of change of this quantity with respect 
to (7, two different methods were tried, namely, graphical 
differentiation by measurement of slope at variou,s ])oints and 
algebraic differentiation of an empirical formula n^jnvseiitiiig 
the price.* The two methods gave results fairly similar over 
most of the range, but appreciably different at the lower 
extreme. In any actual problem, of course, the choice would 
only range over a comparatively few sizes, and it is pr-ohablo 
that either the graphical or the algebraic dilferoutiiitioii would 
give equally satisfactory results. Using the graphical figure's, 
column 5 gives the values of dQjdG for each value ol' (f which 
corresponds to an actual frame size. 

In order to illustrate the use of the above figui'os, tlu'co (?a.scs 
may be given, differing as much as possible in tluur djita. 
Tabulating first the data, and then the calculations tfioi'effrom, 
these are shown in the table on p. 149. The lirst ntop is to 
work out the power-service-prices (P.S.P.) and the conihiiied 
rate of interest and depreciation per cent. {r'). TIu^ quotient 
lOr'/P-S.P. is then worked out, and from the pnwious table 
the size of frame is then found at which the rate of change, 
or slope, dQjdG has this value. 

It will be noted that in not one of the above cases can, tlu^ 
correct frame size to employ be said to be definitely s[)(Kufi(Ml 

* By taking logarithms of Q and G and idotting thorn, a vory (iloHO approxi- 
mation to a straight line was obtained over the above range. '1,’Jio oinijiricnl 
law thus established was Q = (<7) - wlioixcQ clQIdO -- — i)'4H (O) - i/ iH. 
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50 : 81 5 ; 89-0 | 92 0-66 20 2-3 ' 0-45 

60 ■ 92 0 I 90-0 i 83 0-57 20 2-3 0-43 

80 ' 110 10 I 91-0 ! 74 i 0-36 20 2-7 0-43 

100 132 12 j 91-5 I 69 0-30 20 2-6 0-43 



MOTORS: GENERAL 


149 


by the results of the economic calculation. In the first case, 
with continuous running and relatively dear energy, the 
economical size is enormously bigger than that determined by 
heating considerations, namely 15 h.p. for an output of 2 h.p. 
Naturally, so big a frame as the 15-h.p. size would lose its 
efficiency if under-run to anything like this extent, but the 
economic calculation is sufficient to show that for this service 
a very much larger size than the 2-h.p. frame would be justified. 



Case 1. 

Case 2. 

Case 3. 

Horse-power required at 1,000 r.p.m. . 

2 

40 

90 

Average hours per day during which the 

24 

8 

4 

above horse-power is required. 




Days per year ..... 

365 

300 

300 

Price of energy per kWh 

Id. 

¥■ 

¥■ 

Power-Service-Price (P.S.P.) 

73 

200 

160 

Estimated life (years) 

16 

20 

20 

Estimated salvage value 

Zero 

10 per 
cent, of 
1st cost 

10 per 
cent, of 
] st cost 

Rate of interest on capital . 

6 J per 
cent. 

5 per 
cent. 

8 per 
cent. 

Combined rate per cent, (r') of interest 

10‘24 

7-7 

9*97 

and depreciation. 




Value of lOr'/P.S.P 

1-40 

0’3S5 

0-665 

(Which must equal the value of the slope 
dQjdC at the most economical point) 




Rated h.p. of frame nearest to this point 

15 

80 

50 


For the 40-h.p. service also an appreciably larger size is indi- 
cated, probably 60, 70 or 80 h.p. rating, depending upon the 
alternatives actually available and the proportions of the losses 
(see below). In the case of the 90-h.p. service, owing to the 
small number of hours a day and the cheapness of tlie energy, 
combined with the high rate of interest, the economical size is 
smaller than that based on the ordinary heating rating, and 
the latter must therefore be chosen. 

The above cases are illustrated graphically in Eig. 8. The 
base of this graph is the first cost C plotted to an even scale (£), 
and on this base are also shown the rated horse-powers of the 
frames obtainable at these prices. The reciprocals of the 
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efficiencies obtainable with these frames are represented by the 
falling curve labelled ''loss ratio,” the ordinates showing to 
some scale the quantity (l/?j — 1) x 746. For any particular 
service the loss charge (£) would therefore be obtained from 



this curve by multiplying by P.S.P./1,000. On the same base 
the structural or capital charge Or will be a straight line through 
the origin, and in any given instance the two curves can be 
added to see where the total becomes a minimum. 

To avoid redrawing for each particular case, the ordinates 
can all be divided by P.S.P./1,000, the values then being 
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termed '' equivalent charges (see Fig. 8). The loss curve is 
then fixed for every condition of service, and the capital curve 

plots Or divided by P.S.P./^ === which will stillbe a 


straight line through the origin, its inclination varying with 
every change in the conditions of service and the prices of 
energy and capital. In the three cases listed above, its 
inclination will be given by arc tan 1-4, 0'385 and 0-665 respec- 
tively, and these lines are labelled “ equivalent capital charges.” 
Adding these to the loss curve gives the three totals shown, 
and thus indicates the frame position for minimum total cost 
in each case. Another way is to reverse the capital curve and 
bring it up to the loss curve so as to show at what point it is 
tangential (see dotted line, representing slope of — 1-4). 

In a similar manner any other power, hours of service, or 
price of energy or capital, can be resolved into a factor which 
will at once show the economical size of frame on the assump- 
tions made above. If the frame thus specified is not more 
than, say, 50 per cent, larger than the size determined by the 
heating limit, and if there is no possibility of qualitative selec- 
tion, this size may be chovsen without further calculation, care 
being taken to purchase a higher-voltage machine so that it 
may be under-run as regai’ds pressure as well as current. 
If the economical size indicated is very considerably above 
the heating ]*ating, further consideration must })e given in 
view of the loss in efficiency occasioned by substantial under- 
running. 

Thus in Case 2 given above (40-h.p. service) probably the 
best standard frame that could be chosen would be the 60-h.p. 
size, which would then be under-run in the ratio L-5 to 1. 
Assuming that the full-load current, pressure and friction 
losses arc in the ratio of 4 : 2 : 1, the most economical pressure 


reduction will be in the ratio 




1-5 , , 

— — = 1-03 and the ouiTciit 

V2 


reduction will be \/2 times this, or 1*46, making a total x)ower 
reduction of 1*03 X 1*46 == 1*5 (Appendix IV.). Hence, if the 
supply pressure is 400 volts, the 60* h.p. machine can bo ordered 
for, say, 412 volts, and when under-run to give 40 h.p, at the 
lower pressure it will be found to have an efficiency of 89*8 per 
cent. The annual cost for capital and losses will then be £24 
as against a figure of £24 16 a‘. for the 40-h.p. frame run at its 
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full output ; and this is apart from any incidental gain such as 
longer life or greater overload capacity. It will be noted that 
this case is similar to example (3) of the previous chapter, 
except that the service-price is different and a somewhat more 
favourable assumption has been made as to the proportions of 
the losses. 

As in the previous case, a set of figures has been worked out 
assuming interest at 5 per cent., salvage value 10 per cent, of 
first cost, and lives varying, in this case, from fifteen to twenty 
years (columns 6 and 7). These figures show that the service- 
price at which the machines can be economically employed on 
their rated outputs declines roughly from five on the smaller 
sizes to 2|- on the larger, and such values can only be described 
as extraordinarily small.* They are approximately half the 
corresponding figures for D.C. motors, implying twice as good 
a case for economic selection. 

The above leads to the somewhat startling conclusion that 
for large squirrel-cage motors in use during an average working 
day the physical criteria by which alone they are at present 
selected become unsatisfactory whenever energy costs more 
than \d. per unit. All cases at about these figures require to be 
considered on economical as well as physical grounds, and 
where energy costs \d. or more per unit, or the motor is 
required for day and night service, a very much larger machine 
will usually prove the cheaper installation. 

Other Factors : Conclusions. — It will be noted that no 
mention has been made of any of the incidental advantages 
which could be expected from the employment of larger or 
more efficient machines, such as lower worldng temperatures, 
and hence probably longer life and greater freedom from break- 
downs. On the other hand, in estimating the life at a figure of 
fifteen or twenty years, there may sometimes be an error in the 
other direction, since although there is nothing to prevent the 

* It may bo objected tliat tlie above rate of intorosfc is abnormally low, bui. a 

change in this rate by no moanr ^ : change in the result-, 

since the interest payment and ■ ..ro opposiloly nri’octod 

('i.e., the full first cost is not really owing for the whole of the working life, but 
is gradually paid off, or balanced by interoat-boariiig deposits into a sinking 
fund). In the present case, if interest wore at 8 instead of C x)or cent., the 
figure of 5 for the economical scrvicc-prico on tlio small frame sizes 
(17-year life) would become 6-9, whilst the figure of 2*5 for the larger sizes 
(20 year-life) would become 3*2. Hence it will bo soon that, oven if eai,)ital is 
considerably more expensive, the service-price at which those frames are 
economical for their rated outputs is still surprisingly small. 
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motor from lasting twice this, the circumstances of its use 
may change, and if for any reason it has to be replaced by 
one of a different type or size, its salvage value is likely to be 
small. 

A more important point concerns motors which are not to 
be used at or near their full rated output during the time for 
which they are connected. In such a case the question arises 
as to what exactly constitutes the power of any particular 
service. In using the phrase “ a 10-h.p. 1,000-r.p.m. service ” 
it is assumed that 10 h,p. is the actual load whenever the motor 
is in use, or failing this the average load. Even if it is the 
former, many engineers would put in a 12-h.p. or 14-h.p. frame, 
and still more so if the 10-h.p. is an average output. Thus to 
speak of the 10-h,p, frame as the normal physical choice may 
be unfair to present-day choosers, many of whom might appear 
to be yielding to an unconscious economic sense in specifying 
a larger machine than is necessary (although if so the applica- 
tion should be more scientific and should endeavour to under- 
run both the iron and the copper).'^ 

More usually, any under-running or over-specifying that may 
take place is with a view to possible overloads rather than on 
economic grounds, and it must be realised that the former is 
just as much a physical criterion as is the temperature rise. 
Under-running on econoinic grounds is entirely distinct and 
takes different forms ; thus a 2-h.p. frame under-run to 
give 1 h.p. on the lines suggested would not (unless rc-dosigned) 
be suitable for giving 2 h.p. even occasionally, since its 
copper loading would then bo excessive. In the case of widely 
fluctuating loads it will bo understood that although an 
approximate estimate might bo made on the basis of the 
average load, this could not be considered very satisfactory, 
since the average efficiency of a machine whose copper loading 
alone was varied would bo considerably below the maximum 
efficiency. 

Hence on a varying load (since only the current loading 
will be varying) the required loss ratio must be calculated 
from the full-load pressure and frictional losses plus the 
R.M.8. value of the current losses divided by the mean output, 
and this can only be accurately determined if a load curve 
for the year is available. The point is not quite so important 
with motors as it is with lighting transformers, which are 

* A rocliKjtiun of the copper loading only i ■ ‘ . ' * ' . : bo cloprccatod in 

the case of induction moloi'H as ijiis roducos , " 
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freq^uently only on full load for a fraction of the time for which 
they are connected — a problem which has been considered by a 
number of writers on the subject of transformers. For such a 
case the methods of this and the next chapter cannot do more 
than indicate very approximately the total economic size, 
whilst throwing no light on the most economic proportions. 

The above remarks apply with even more force to a further 
item which has been neglected, namely, varying costs of energy. 
When the cost of energy varies, the loading remaining constant, 
it is legitimate to take an average of the energy price over the 
period during which the plant is connected ; but when the 
loading and therefore the efficiency vary simultaneously with 
the energy price this calculation will be inaccurate, since then 
the different losses will have varying degrees of importance 
according to the time of day at which they occur. Such a 
problem is considerably more complicated, and it is impossible 
to do more than mention it here. 

Another item whose variations will affect the results some- 
what is the rate of interest on capital. Electric motors having 
some degree of market value independently of the prosperity of 
the concerns in which they are used may rank amongst the 
tangible assets paid for by debenture shares, and in this case 
the rate of interest on extra capital so employed need not be 
high ; on the other hand, if their purchase is considered to 
involve a risk and has to be financed by more speculative 
investments, the rate of interest will naturally be higher. 
Two points should be noticed in this connection : first, the 
capital charge is not proportional to the rate of interest, since 
the depreciation item is less when the rate is greater (sec 
footnote, p. 152) ; and secondly, a general alteration in the 
market rate of interest is unlikely to make any ultimate 
difference to the above results, since the price of energy is also 
to a large extent a function of interest on capital. 

Summarising the conclusions of this cha23tcr, it may be 
said that most electrical machinery can be employed at an 
output lower than its rated one in such a way as to give an 
efficiency greater than that obtainable on a smaller machine 
running on its full load. This fact may be made use of on 
economical grounds, not merely as a possible basis for action 
in itself, but also as a guide to the still greater advantages 
possible through re-designing. The method developed enables 
the designer or i)urchaser to estimate the extent to which 
efficiency is worth paying for, or, more strictly, the quantities 
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of active materials which are economically justified, under 
any given set of conditions* 

The results thus obtained show that for motors working 
chiefly at full load the employment of the smallest possible 
machine with the minimum of copper and iron to satisfy 
temperature requirements is justifiable economically only if 
energy is exceptionally cheap and/or service is for a small 
portion of the day only. The results also show that the 
advantage of under-running is no less marked on the larger 
than on the smaller powers, and would emphatically appear 
to call for a general review of this question and a detailed 
consideration of all sizes of electric motors, both D.O. and A.C, 
It is not too much to suggest that such a review may lead to a 
complete revision of our methods of choosing motors for long- 
period service, future ratings being determined by economic 
considerations, whilst the heating properties, like the insulating 
properties, fix only a lower limit. 



CHAPTER IX 


TEANSFOEMEES 

EfiSciency. — ^The static transformer is in most respects similar 
to the D.C. and A.C. motor as regards the possibility of economic 
choice. Again, the only problem which need be considered is 
that of paying for efficiency, since the other economic di (Ter- 
ences — life, rehabihty, etc. — hardly exist as between makers of 
repute. There is, however, one feature of the transformer 
which should be mentioned in this respect, namely that the 
normal efficiency being already very high, there is much less 
room for improvement than there is with motors, l.hitting the 
same thing more precisely, it may be said that the inolliciency 
charge is a much smaller proportion of the total cost with 
transformers than it is in the case of most otluu' electi'icaT 
plant. These smaller losses are sometimes balanced by longau- 
hours of service, but usually any such longer hours arc not at, 
full load, and, in general, it will be found that the advantitge 
of paying for higher efficiency is less with transformers than it 
is with rotating machinery. 

In order to illustrate this point, comparison may be mad(^ 
■with the induction motor for some particular set of conditions. 
At the heguining of Chapter VII. a 40-h.p. squiiTel-ea.g(' 
machine was instanced, costing £70, and in which the valm; of 
the losses each year came to £38 15s.— more than half tlu^ fii’s(, 
cost of the motor. Taking (as a more typical size) a JOO kVA 
transformer on the same circuit, costing £110 and having a,n 
efficiency of 98-3 per cent., the value of the losso.s eacli yciir for 
the same hours of service and price of energy would 'be only 

of the transfonne.r. 

(ihis cornparisonismore fully carried out in the table on n 1 0 '> ) 
As mth motors, it is sometimes possible to obtain alt.Tna.tiv<> 
quotations from, the same makers, or from rivals of lanm.i 
r^ute, embodymg transformers differing only in price and 
efficiency. The choice can then be mado'on the liui!s ab'-ead v 
mfficated, and an example is worked out below, from which il, 
TOll be seen that the method followed is almost exactly that of 
Chapter VI. (pp. ,23 and ,24). PaiUng alternate luSS "f 

166 
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this sort, it is still possible, with transformers as with motors, 
to under-run a larger machine of the. same type, thus utilising 
what has been called the quantitative method of efficiency 
improvement. In fact, this will frequently be the only 
possible way, for with transformers the efficiency question has 
received a large amount of attention, and as a result most 
modern transformers already employ the highest grade iron, 
etc., and do not present much margin for qualitative improve- 
ment. Thus in the example given below, the alternatives (a) 
and (b) may actually be two different sizes (with the prices and 
efficiencies shown), instead of the same frame size with qualita- 
tive differences. Later on, the general possibilities of this type 
of selection arc investigated over a whole range of sizes, in the 
manner of the last chapter. 

As regards the actual practice of under-running, the trans- 
former is at an advantage as compared with the rotating 
machine. With the latter, frictional losses will usually prevent 
the efficiency of the larger machine from being maintained at 
quite its full load value, but with transformers there are only 
tlie two groups of losses, so that by suitable proportioning the 
under-running there is no reason why the efficiency should not 
bo maintained absolutely intact. Hence, in selecting from a 
range of standai’d ratings, each size can ])e regarded not as 
something capable of a particular output, but rather as some- 
thing capable of a ])articular efficiency, whilst having, of 
course, an upper limit of output beyond wliicli it must not bo 
taken. 

Another tyj)e of economic ])r()blom concerning transformer 
eflicicncies occurs in assigning the best proportions of the two 
losses, but this is a problem for the designer or manufacturer 
rather than for the individual purchaser, and thus belongs to a 
part of the subject not dealt with in this book. The problem 
arises ])articularly with ligliting transformers which arc in 
circuit for twenty-four hours a day, hut arc only on full load 
for a small portion of the time. In such a case the iron losses 
arc clearly more important than the copper, since they occur 
ill full all the time the transformer is connected. Against this 
must often bo put the fact that the copper losses chiefly occur 
at peak period when the energy costs more to maiiiifaeture. 
The whole subject has hcon dealt with very fully by a number 
of writers and will not be further touched on hcro.'^‘ 

* Soo particularly a summary in “ Science Abstracts,” 1017, Vol. 20, 
Abstract No. 714, of a paper by L. Vidmar. 
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Particular Case. — Example _ .L A 100 kVA transformer is 
required for service eight hours a day and 300 days a year at 
full load and unity power factor. Useful life is estimated at 
twenty years with a salvage value 5 per cent, of first cost, and 
interest is at 6 per cent, per annum. Two transformers (a) and 
(b) are put forward as shown in the first two lines of the table 
below, these being similar in every way except for the differ- 
ences given. The problem is to find which will he the more 
economical when energy costs a unit, and to find also the 
economical sphere of each transformer in terms of service-price. 

The basis of comparison as before is to be annual costs, and, 
since the problem concerns a choice between two specific 
alternatives, it will be sufficient to tabulate all the relevant 
costs and compare the totals. The structural or capital charge 
is found by multiplying the first cost by the rate for interest 


and depreciation, namely, 0-06 + x 0*0272 = 0*0858, and 


this is shown in the next line of the table. The following line 
shows the ratio : — loss in watts/output in kW, which is called 
the loss ratio ((3), and is found from {Ijt] — 1) x 1,000. The 
watts lost are therefore found in each case by multiplying Q 


by the output in kW. 


The service-price is 


8 X_^300 X 1-1; 

-'^lo 


12*5, and as this 'measures the annual cost (£) per kW of loss, it 
follows that in this case the loss or inefficiency charge will be 

8.P 

Q X 100 X Yobb ” ^ ^ annum. This is the only rele- 

vant working cost in the problem, and is shown in the next lino 
of the table. 

Adding these two charges gives totals which arc almost the 
same for the two transformers — to be precise, of £30 ISs, and 
£31 Is. — so that the one with the larger first cost proves also 
to be slightly dearer in the long run, and, in any case, the 
difference is not sufficient to justify any departure from normal 
practice. 

Since only two machines are in question, some work can bo 
. saved and greater accuracy of calculation can be obtained by 
considering only the difference between the two. Thus the 
extra cost of transformer (6) consists only of the difference in 
first cost multiplied by 0*0858, i.e., 1*46 (£ p.a.). The extra 
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working charge of transformer {a) consists of the difference in 
loss ratios multiplied by IJ, 1-29 (£ p.a.). Hence by 
comparing these two differences the problem can be solved to a 
greater degree of accuracy, and this is fully shown in the third 
column of the table below. 

100 kVA Tkatstsformeu 


'L'l’ansfonuor. 

(a). 

1 _ _ 

Difference. 

First coat (0) 

£93 


£110 


£17 


Full load efficiency (//) . 

08*2 per cent. 

98*3 per cent. 





£ 


£ 


£ 

Capital charge 0*0858 G . 

— 

7*98 

— 

9*44 

— 

1*46 

Loss ratio (Q) 

18-33 

— 

17-30 

— 

1*03 

— 

Loss charge, 1;} Q • 

— 

22*91 

— 

21*62 

— 

L29 

Total relevant charge 


30*89 


31-06 




With regard to the second part of the above question, it 

1-4C) 

is easy to see that for any service-price below X 10 == 14-2 

machine (f/) will b(^ cheaper, and only for service-prices above 
this will the extra> iirst cost of machine (d) be justified. If the 
hours of service are fixed at the above llgarc this means that 
eiuM’gy jnust et)st nearly a xinit for machine (Ij) to be 
prodtal)ly eni])loyed. The above calculation emphasises what 
lias already been said about the smaller justification for 
ecumomic clioice with transformers than with motors or cables. 
At the same time, there are plenty of cases of dear energy or 
long hour service when such choice will be very amj^ly justified. 

Choice over Range** — In what follows it is proposed to make 
a general survey of the possibilities of economic choice of 
transformers precisely as was done for motors in the previous 
eJia,pt(u*. Most of the preliminary explanations there made 
apply cxa-etly to the present case, and it will be assumed that the 
full load ehickmcies quoted for the different sizes belong to those 
sizes (and prices) whatever the particular oiitj)ut required. As 

* 'Tlin (lata oiupI()y(^(l Ih fcakon from the author’^ paper, Joxmial l.E.B,, 

Vui. (u, Nt), anu 
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was stated above, this is a more correct assumption in this 
case than it was for motors, owing to the absence of friction 
losses, so that the economic advantages of under-running 
can be pronounced upon with more certainty than with 
any other structure except the single loss type, such as the 
cable. 

In the table below are shown the rated outputs, first costs (G) 
and full-load efficiencies (tj) for a range of single-phaso trans- 
formers on fifty periods, and for high-tension pressures not 
exceeding 2,000 to 3,000 volts. In this case the figures given 
are those of a single manufacturer and not averaged from a 
number, as it was desired also to compare the iron sections and 
other particulars. It will be noted that, high though the 
efficiency is, it goes up steadily with the size and price, but, of 
course, at a decreasing rate as the larger sizes are reached. 
Column 4 shows the loss ratio Q ( = losses in watts/output 
in kVA), this being calculated from (l/i; ~ 1) x 1,000. 

The procedure followed is exactly that of the previous 
chapter, but in this case the more general algebraic method 
will be employed first. It was seen on p. 14G that the point 
of maximum economy occurs when the rates of change of the 
two relevant charges are equal and opposite, from which it 


follows that at this 


point the rate of change 


dG 


IfiOOr 

P.S.P. 


where r is the combined rate of interest and depreciation, and 
P.S.P. is the product of the power output (kVA) and the service- 
price. Hence for any particular output, hours of .service, price 
of energy and rate of interest, it is only necessaiy to work out 
the above quotient and then fed out at what point the rate of 
change has this value. 

By plotting G to a base of G on a large scale and differentiat- 


ing graphically the slope or rate of change — has been found 

for this range of transformers at all the points corresponding to 
actual frame sizes, and these values are shown in column 5. 
These figures furmsh all the data which is required for any 
variety of full-load service within the range listed, and in 
which It IS only proposed to select one of the actual sizes shown 
R however, it were desired to investigate possibilities lying 

W necessary to find the slope at 

mtermeaiate points. ^ 
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order to illustrate the use of these figures it 
wilinoesufficient to take two cases, for the same output but 
under different service conditions. The output is to be 
5 kVA at fifty periods, with a length of service of twenty years 
and a salvage value at the end of this time of 10 per cent, of the 
first cost. In the first case, let it be supposed that high prices 
rule, that energy costs 3(^. a unit and capital 8 per cent, per 
annum, giving a combined rate for interest and depreciation 
of 9*97 per cent. If the service is required for eight hours a 
day and 300 days a year, the P.S.P. will be 5 X 8 x 300 


X 


3 

24 : 0 ^ 


when 


dQ 

dG 


150. Hence the most economical frame size will be 


has the value — 


l,000r 

P.S.P. 


99-7 

150 


~ 0-66, which 


ocprtfs at the frame rated to give 7-5 kVA. 

\/E xample 3.— As a contrast let it be supposed that the full-load 
service oP 5” EVA is required day and night continuously * with 
energy at Q^ld, and interest at 5 per cent., giving a com- 
bined rate with depreciation of 7*7 per cent. For maximum 


dQ 77 X 240 

economy ^ must now equal - 5 ^ 24 x 365 x 0-7 = " 


which occurs at the frame capable of 10 kVA (column 5). 

Referring to this last example, if the intending purchaser, 
after worldng through to the above conclusion, wishes to follow 
the dictates of his economic conscience, his course will be to 
order a transformer of 10 kVA output and for a voltage V2 
times his actual line pressure, so that if he requires 400 volts he 
will order approximately 565 volts. (The exact figure is not 
important ; the one given assumes that the transformer is 
designed to give equality of losses at full load.) When 
employed to give 5 kVA at 400 volts, the copper and iron will 
then each be under-run in the ratio and the two losses 

will be approximately halved, leaving the efficiency exactly as 
for 10 kVA, and the total annual costs a minimum. 


Summary and Graphical Illustration. — ^As in the case of D.C. 
and A.C. motors, it is interesting to compare the results of 
under-running at different points in the range, and see whether 
there is any better justification for it on small transformers than 

* It is realised that this is not a likely condition (soe later). 
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on large ones, or vice versa. Using some definite figures for the 
life, etc., it is possible to find what is the service-price at which 
each particular size is economical for its actual rated output. 
It will be seen from the equation on p. 146 that this service-price 

dG l,000r 

is given ^ — p — > where P is the rated kVA output. 

Taking the same rates as for the motors, namely 5 per cent, 
interest and 10 per cent, salvage value, with a uniform life of 


dG 

twenty years (giving r = 0*077), the values ^ X 77/rated 


kVA are shown in column 6 ; and this column therefore shows 
the service-price at which each frame can be economically 
employed to give its actual rated output. 

The figures are a little irregular, but show no tendency to 
vary, either way, with the size. Comparing these figures with 
the corresponding ones for the rotating machines, it will be 
noticed that the average for the transformers, namely fifteen, 
is three times as great as that for the small D.C. motors, and 
six times that for the A.C. machines. Hence the advantage of 
under-running is notably less, and the service would have to 
be at full load continuously in order to present as favourable a 
case for economic selection as with a D.O. machine running 
only eight hours a day. Another way of putting the matter is 
to say that, in order to establish an economic case for the instal- 
lation of the next larger machine (say times as big), the 
service price would have to bo twenty — corresponding to energy 
at 2d, for an eight-hour day or -^d, for a twenty-four-hour 
day. 

It may bo thought that the rate of interest assumed for the 
pur|)()ses of the above comparison is somewhat low, but as 
was explained earlier, a change in this will not make a 'proj[)or- 
iional dillcronco to the result. Thus if the interest were at 
8 per cent, in the above example, all other items being un- 
altered, the average figure of fifteen for tlie economical service- 
price would then become twenty. 

A grai)])ieal illustration of the foregoing work will be helpful, 
and this is shown in Fig. 0. TIio base of this shows first cost (£), 
but as regards the ordinates, no attempt has been made to 
scale these similarly. In fact, tliis graph omits the preliminary 
work of Fig. 8 in the previous chapter, and the ordinates are 
pure numbers, rci)rcsenting what may be called '' equivalent 
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charges.” The falling curve plots the loss ratio the 

straight lines through the origin plot the values l,000r G/P.S.P. 
The steeper of the two lines represents the 5-kVA eight-hour 
service at a unit, and has a slope of arc tan 0*06. The 
reverse of this line, having a slope of — 0*66, is also shown 
(dotted) brought up to the loss curve, and it will bo soon to bo 
tangential at the frame size rated to give 7-5 kVA. ''Tlio 
shallower curve through the origin has a slope of just half as 
much and represents 10 kVA for the above-mentioned hours 



and price of energy. The reverse of this (chaia-clot(,(!(l) is 
tangential at the 25 kVA size and illustrates the ee(jnoinio point/ 
for this service. 


In conclusion, it should bo noted that in each of tho ('i.xainples 
taken the service has been at full load all tho time the trans- 
tormer is connected. When this assumption is not (iorreet 
even approximately, the problem becomes mons diflioult, ami 
If fgfding motors in this position apply 
equally here It will also he noted that unity power factor has 
been assumed throughout, and, whilst this may not bo tho caso 
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in practice, the general relationship between the efficiencies of 
the different sizes is very similar whatever the power factor, 
provided the latter is not affected by the change in question. 
It is therefore doubtful whether an all-round alteration in 
power factor will materially affect the solutions obtained, but, 
of course, if the power factor is known it is an easy, matter to 
use the appropriate efficiencies at this j)ower factor throughout 
the calculation. 



CHAPTER X 


LAMPS 

Economic Characteristics. — In the problems considered in 
this chapter, the service required is that of illumination of a 
given value and distribution, obtained from incandescent 
electric lamps. From the economic point of view, illumination 
differs in a number of respects from the other services considered 
in this book. With most of these there are two or three limits 
which may fix the size or type of apparatus to be employed — 
heating, regulation and economics. In a great many cases the 
first or possibly the second is reached before the third, and 
economics are not then a determining factor. But with lamps 
the economics are usually the only thing that matters, since the 
heating limit (as evidenced by an immediate burn out) is not 
likely to be reached, and regulation (as represented by the 
colour of the light) is rarely a determining feature. The choice 
may lie between lamps of different prices, the cheaper having 
a lower efficiency (e.^., carbon or low-grade metal filament, as 
compared with a higher grade), or it may lie between lamps of 
different lives with corresponding differences either in efficiency 
or in price. In any case the choice has usually to be made 
purely on economic grounds, and technical considerations do not 
affect it, although, of course, they affect the data upon which 
the choice has to be made. 

Another great difference between lamps and most other 
electrical apparatus is that the life is reckoned in hours of 
burning rather than in hours of actual existence, i.e., the lamp 
is presumed not to depreciate except with use ; and (barring 
mechanical vibration or long periods of idleness) this assump- 
tion is probably sufficiently accurate for the purpose. A 
further difference is that lamp renewals are relatively so 
frequent that, the interest charges can be neglected in com- 
parison with the depreciation charges.’^ This obviates the 
difficulty of having to summate replacement charges dependent 

A single example will sliow this. A lamp which is burning for throo hours 
'yht and lasts 1,000 hours has to bo roiiowod apj>roximatoly once a year, 
interest at 5 per cent, the interest charge would bo 1 /20th of the depreeia- 
r renewal charge, and can therefore bo neglected in comparison. 
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upon hours of burning, and interest charges dependent upon 
calendar hours. As a result of these differences the economic 
calculations in connection with illumination are made on a 
basis of a service unit, e.g., lumen-hours, whereas most other 
economic comparisons are made on the basis of a time unit, 
e.g., annual costs or total capitalised costs. 

The cost of a given quantity of illumination is made up of two 
main items — ^the cost of lamp renewals and the cost of energy. 
When these vary together, as in the choice mentioned below 
between different sizes of iUumination unit, the question is not 
one that can be settled purely on economic grounds, although 
cost may be a very important item in the decision. But when 
the two costs are inversely related, the one going up as the other 
goes down, then a strictly economic choice becomes possible. 

Choice of Size, — ^Before dealing with any of the purely 
economic choices mentioned above, it will be well to consider 
the question of the size of the illumination unit. This is usually 
fixed by the requirements of the particular case, i.e., by the 
kind and distribution of lighting required, but in attempting 
to satisfy these requirements it is important to realise how very 
much cheaper a given quantity of illumination becomes when 
large units can bo emj)loycd instead of small ones. Thus if 
a given area can be lit by cither two GO-watt or three 40'Watt 
lamps, the former arrangement will give more light for the 
money than th (3 latter, and this for two reasons. The first is 
that the larger lamp is inherently more efficient than the 
smaller, so that if run to have the same length of life it will give 
more lumens per watt. The second reason is that only two 
lamps need be purchased per 1,000 hours instead of three, and 
each lamp costs the same. (In some cases the smaller power 
lamp actually costs more than the larger, owing to the cost of 
manufacturing the finer filament.) 

In the following table is given a typical list of prosent-day 
prices and performances for vacuum and gas-filled lamj)s 
of British manufacture for 200- to 260-volt circuits. The 
efficiencies arc the mean values throughout an average life of 
1 ,000 hours, as specified by the British Engineering Standards 
Association.* It will bo seen that the efficiencies go up 
steadily with the size, atid at an increasing rate in the case of 
the gas-filled types, so that the largest lamp shown gives 

♦ Briiiah Btandard Specification No. 161, 1926. Britiali Enginocring 
Standafds AsBociation, 2B, Victoria St., S.W. 1. 
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54 per cent, more lumens per watt than the smallest one. The 
smaller gas~filled lamps are little, if any, more efficient than the 
corresponding vacuum types, and have the disadvantage of a 
more concentrated filament, with, however, the advantage of 
slightly whiter light. 



Size and Type. 



Price. 

Lumens 
per Watt. 

20-watt vacuum . 



s. 

2 

d. 

9 

7-39 

30- „ 

J5 • * 



2 

6 

7-76 

40- „ 

,, . 



2 

6 

8-06 

CO- „ 

)> • 



2 

6 

8-27 

60- „ 

gas-filled . 



3 

0 

8-4 

75- „ 

• • 



4 

0 

90 

100- „ 

jj 



5 

0 

10-1 

200- „ 

j j • 



9 

0 

11-4 


With regard to prices, there is very little difference between 
the different sizes of vacuum lamps, and what difference there 
is, is in favour of the larger ones. The gas-filled lamps go up in 
price with size, but even here the increase is not in proportion 
to the increase in watts, and still less is it proportional to the 
increase in luminosity. Moreover, the prices of these larger 
sizes are probably not entirely represented by costs of manu- 
facture, and may come down nearer to those of the lower sizes 
if the demand or other conditions change. (N.B. — Since this 
table was compiled, the 60 and 100-watt gas-filled lamps have 
been reduced slightly.) 

Making use of this data. Fig. 10 shows the total cost of 
lamps plus energy involved in obtaining one million lumen- 
hours illumination, using the lamps shown and for the energy 
prices shown along the base. In order to cover a wide range, 
logarithmic scales have been employed for both ordinates and 
abscissae, so that a given vertical distance represents a given 
ratio of multiplication. It will be seen that the curves of 
the 60-watt vacuum and the 200-watt gas-filled lamps arc 
practically parallel, and their distance apart indicates that 
illumination carried out with the former costs about 37 per 
cent, more per lumen-hour than with the latter. The vacuum 
lamp curves converge somewhat, showing that the proportional 
saving due to large sizes decreases with an increase in the energy 
cost, although, of course, the absolute saving increases. 



LAMPS 


169 


Comparing the 60-watt vacuum and gas-filled types, the 
latter is more expensive for energy prices under 6d!., but at this 
point the two curves cross, and with still dearer energy the 
gas-filled is very slightly cheaper. Comparing the biggest 
extremes shown, namely, the 20-watt vacuum and the 200-watt 
gas -filled, it will be found that the cost of illumination with the 



Fia. 10.— Cost of Ono Million Lumon*Hours (various lamps). 

former varies from three times to ono and a half times tlic cost 
with the latter, as the energy price goes up from \tL to Oci. 

Choice of Type or Grade. — Using the word in its broadest 
sense, choice of type may be said to include any choice in 
which the type, or grade of the alternatives is not known to be 
identical, Le., it covers not only the choice between carbon and 
metal filament, or vacuum and gas-filled, but also the choice 
between rival makes in which the efficiency or life are believed 
to bo dillereiit. Omitting all qualitative physical difiorcnccs 
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such as colour and filament shape, and assuming that the size 
of the illumination unit is approximately fixed, the difference 
will be seen to lie either in price, life or efficiency. Provided 
that two of these items are varying and in opposite senses (i.c., 
the one favourably, the other unfavourably), a strictly economic 
choice becomes possible. 

Example L* — ^As an illustration of the choice between lamps 
which are clearly of different types it will be sufficient to take 
a single case in which illumination is required in units having a 
mean horizontal candle-power of approximately 32 off a 
220-volt circuit. It may be supposed that for this service 
there are available a 32-c.p. carbon lamp taldng 110 watts and 
costing l5. 9(Z., a 40-watt vacuum metal-filament lamp costing 
2s. 6c?., and a more efficient metal lamp, either vacuum or gas- 
filled, rated at 30 watts and costing 3s. 6c?. f It is further 
assumed that they all give the same candle-power and that 
there is no qualitative difference between them for the purpose 
required. 

Dividing the difference in price by the difference in watts, 
it will be seen that as between the carbon and the metal- 
filament vacuum lamp, energy will have to be less than 
9c?. /70 = Ic?. per unit for the carbon lamp to be cheaper ; 
whilst as between the two metal lamps, energy will have to be 
more than 12/10 ~ l^c?. per unit for the more efficient one to 
be cheaper. Eor any energy price between these two, the 
metal-filament vacuum lamp is the least expensive to employ. 

The comparison would, of course, be more favourable to the 
carbon lamp if smaller lighting units were required, but how- 
ever cheap the energy it is doubtful whether the carbon lamp 
would compete with a metal-filament lamp under-run in the 
manner described below, except under special circumstances 
such as severe vibration or extremely intermittent use. 

The other kind of choice which may arise is between rival 
makes of lamp, e.g., between British and foreign manufacture, 
when one of them is cheaper than the other, but is believed to 
be either less efficient or shorter lived or both. Unfortunately 
adequate data is rarely available, and as regards the life is 

* This exami>le and the sections which follow are taken from the aiithor’s 
paper. Journal I.JB.JS/., 1920, Vol. 04, Ko. 350. 

f These figures are purely for illustration purposes to moot tho caso in which 
several makes or t 5 ^os of lamp are available for the same sorvieo, having 
diUeront prices and corresponding efficiencies. On the larger sixes this often 
"'^’ises between the vacuum and the gas -filled types, but for tho size mentioned 

■' gas -filled lamp has little or no advantage. 
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unobtainable except as the result of a large number of tests. 
When the lives are similar, but the efficiencies and prices differ 
and are both known, the problem becomes identical with that 
treated above. Examples in which the lives are different are 
given in the supplementary questions at the end of the chapter. 

Choice of Rating. — In the cases mentioned above, the choice 
lay between two (or possibly three) specific alternatives whose 
characteristics were known. In the cases now to be considered, 
the choice lies between different ways of rating the same lamp 
or type of lamp. Hence the choice may be said to be over a 
whole range of alternatives instead of merely between two or 
three. 

It was seen above that the cost of a given quantity of 
illumination is made up of two main items — the cost of lamp 
renewals and the cost of energy. Usually the latter represents 
from two to ten times the former, so that at first sight an 
improved efficiency would appear to be well worth paying for, 
even at the cost of a considerably higher lamp price. Un- 
fortunately the only way of getting a better efficiency with a 
given type of lamp is by running it at a higher temperature 
with a correspondingly shorter life. As, moreover, a small 
degree of over-running, say, to 1 per cent, above the rated 
voltage, only produces about 2 per cent, increased efficiency, 
wliilst it results in about 14 per cent, shorter life, it is evident 
that there arc very narrow limits to the amount of over- 
running which is economically desirable. 

Hence at the normal rating, when the energy and lamp 
renewal costs are in the ratio of, say, seven to one, a 1 per cent, 
increase in voltage will reduce the former by 2 per cent, (a 
decrease of 0*14 units of cost), and will increase the latter 
component by 14 per cent, (an increase of 0*14 cost units), 
leaving the total cost exactly as before. This, however, is only 
true for a given size and set of prices, so that whilst the existing 
rating may bo correct for the average lamp at the average 
juices, it is by no means so for the exceptional cases. When 
energy is expensive compared with lamps it will clearly pay to 
over-run the lamp and vice versa. 

It will be seen that the rating of an incandescent lamp is 
settled not by physical or engineering considerations, but is 
])urely a question of economics, since any desired efficiency 
can lie obtained by suitably over- or under-running, and the 
efficiency normally quoted is merely that which the lamp will 
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attain when so run as to have a certain average length of life. 
This point of running, with the consequent length of life, is 
fixed by the lamp makers, usually at such a point that the 
lamps will have an average life of about 1,000 hours, but 
strictly it should vary according to the particular situation. 

In considering problems concerned with the choice of rating, 
it is first necessary to fix on a criterion of rating. When a 
lamp which is intended by the makers to be used on a certain 
pressure is run on a different pressure, say a higher one, it may 
be said to be over-run, with results that can be summarised 
as (1) higher pressure, (2) higher efficiency, (3) higher candle- 
power, (4) lower life. The degree of over-running can therefore 
be expressed in the terms of the change in any one of these four 
quantities; and as the percentage efficiency change is very 
roughly twice the percentage pressure change, it will be con- 
venient to define the degree of over- or under-running from the 
change either in efficiency or in applied pressure. 

Graphical Treatment. — In what follows it will be best first 
to take a single instance, treating it graphically and approxi- 
mately, before worldng out the more general case by an alge- 
braic means, and for this purpose the following data will be 
employed : — 

Size of illumination unit required — approx. 30 c.p. 

Price of 100-volt lamp of this size — 2s. 

Normal rating — consumption 40 watts, efficiency 10 lumens 
per watt,'^ life 1,000 burning hours. 

It is proposed to consider the effect of running this lamp 
at various efficiencies ranging from 10 per cent, below to 
10 per cent, above the normal (column 1 of the table below), 
and this variation can be carried out in a number of ways. 
Thus a change in applied pressure of about half as much (say 
from 95 to 105 volts) will produce the required effect (column 2), 
and the same result would be achieved by a change in filament 
diameter from 90 per cent, to 110 per cent, of the normal, or in 
filament length from 105 per cent, to 95 per cent.f 

Any one of these changes would affect also the candle-power 
of the lamp, but by changing the diameter and length simul- 
taneously, the desired efficiency can be obtained without altering 

* This figure is somewhat above present -day eUicioncies for this size of 
lamp, but it will be convenient to have a round number for illustration pur- 
poses. 

t These figures are approximate. 
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the size of the illumination unit. It may be assumed that, 
whatever the means taken to vary the efficiency, the effect on 
the life will be the same ; and most of the published figures give 
the life of a tungsten lamp as being inversely proportional to the 
efficiency raised to a power between 6 and 7. The value of 
this index is discussed later, but in this case it will be taken as 
having the value 6 (column 3). 

40-Watt Lamp 


Col. 1. 

Jilllciifiicy 

U) 

(Normal 

10). 

Col. 3. 

Apxillnd 
Voliai?o 
iiocehaary to 
obtain thin 
with glvon 
Lamp. 
(Normal 
= 100). 

Col. 3. 

Lifo(r.) 

(Normal 
== 1,000). 

Col. 4. Col. 5. Col. 6. 

Per 400,000 Liimon-houxa’ lUummation. 

Cost ot 
Lamp 
Kenewals 
1,000 „ 

X 2s. 

Cost of 
Energy at 
per unit. 

100 

V 

Total 

Cost. 

Liimon.4/watt.. 

Volta. 

ITours. 

Shillings. 

Shillings. 

Shillings. 

9 

95 

1,885 

1-06 

11-11 

12-17 

9-2 

96 

1,650 

1*21 

10-87 

12-08 

94 

97 

1,450 

1-38 

10-64 

12-02 

9-() 

98 

1 277 

1-57 

10-42 

11-99 

9-8 

99 

1,129 

1-77 

10-20 

11-97 

10 

100 

1,000 

2-00 

10-0 

12-0 

10-2 

101 

888 

2-254 

9-804 

12-06 

104 

102 

791 

2-53 

9-61 

12*14 

10*() 

103 

705 

2-838 

9-434 

12-27 

;i0-8 

104 

630 

3-17 

9-26 

12-43 

ll-O 

105 

563 

3-55 

9-09 

12-64 


'I’aking as a basis the cost per 1,000 hours of one 30-c.p. unit 
per 400,000 lumen-hours), the cost of lamp renewals in 
KhilUngs will bo 2,000 (life in hours) (column 4), assuming 
that the 2s. paid per lamp includes any costs incurred in putting 
it in. With regard to the power consumed, when the filament 
has boon adjusted to give the same candle-power, the watts 
will bo 40 divided by the proportionate change in efficiency, 
and with energy at 3ci. the cost for 1,000 hours will be 40 X 10/-)j 
X 3/12 = 100/ij shillings (column 6). Adding the last two 
columns gives the total cost for this quantity of illumination, 
the minimum cost occurring at the point corresponding to an 
oilicioncy of ‘.)-7 lumens per watt. With cheaper energy the 
minimum would occur earlier (i.e., with the lamp more under- 
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\ 011(1 with dearer energy it would be later. This is shown 
S Eig. 11 to a base of efficiency, and having for its centre line 


Range of permissible variations 
in individual lamps 
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Fig ll.-Econoinio Rating. (Cost of 400,000 Inmen-liours with 
40-watt lamps.) 

the normal figure of 10 lumens per watt. The energy cost 
is a ■foiling straight line whose slope depends on th 
price per unit, the lamp renewal cost is a rising curve, and 
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the figure shows the total cost for energy prices from Id!, to 
Id. per unit. By drawing a tangent to the lamp renewal 
curve through its mid-point, the slope at this point is found to 
correspond to an energy price of 3|d!., showing that with energy 
at this price the lamp is most economical at its rated voltage. 

Algebraic Solution. — In working out a general algebraic 
solution of the above problem it is desirable to know as accu- 
rately as possible how the various quantities, and particularly 
the life, vary with the change of rating. Unfortunately, there 
^ is considerable divergence in the published data, and it would 
appear that the simple formula — 

Life X (Voltage)®^^®'^"^^^ 

is not true for wide variations, nor is the constant the same for 
different starting temperatures. 

" This point is chiefly important when excessive over-running 
is proposed, as when the average life at normal pressure is 
estimated from a series of “forced” life tests taken at con- 
siderably higher pressures. For economic purposes the degree 
of over- or under-running is much less than this, and any 
departure from the simple logarithmic form can probably be 
safely neglected in comparison with the very wide variations of 
the other items (cost of energy, etc.) in the j^roblcm. 

The following symbols will be employed : — 

V — impressed voltage 

F ™ luminous flux (in lumens) with suffix n 

N W watts consumed }♦ to denote the 

7] - ^ efficiency (in lumens per watt) [ normal values. 

L lifo (i!i 1,000 hours) 

C ^ first cost of lamp 
P — pi'ko of energy per kWh 

It is assumed that all quantities vary according to some simple 
j)owor of the impressed voltage, and if the latter is varied in the 
ratio 11 then 

F /Vy W u A, 

wlH'i’e a, />, c and d arc fixed constants, ])rovidcd li is rcHtrietod 
t(^ a fairly small range (say from 0*0 to M). Moreover, as 
7/ FjW, it follows that c must equal {a — b). In what 

* TUm iltMu M r(W()i'H(Ml tlio lifo in invoraoly dopetidoul; upon tlio 

pn*H‘uiro, and it will hu eoiivoniout; k) luwo all tlio iudicos poBitivo. 


in the same units. 
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follows the values will be taken as a = 3*6, b = 1*5, c = 2*1 
and = 14 for vacuum tungsten lamps. 

At the normal rating, for an illumination of lumens 
lasting 1,000 hours the number of lamps required = 1/L^ and 
the lamp cost == The watts consumed = or 

FJr].^ and the energy cost == PFJrj^^, Hence the total cost for 
1,000 F^ lumen-hours, T == (G/lJ) + (PFJrj.^). Or the total 
cost for 1,000 lumen-hours, T' = (Cm^F^) + {PMn)- 

Case 1 . When the same lamjps are used, the pressure being 
varied. — ^When the pressure is varied in the ratio B, each lamp 
will give a flux F = FJEi^ and will have an efficiency 77 = 
and a life L = The total cost per 1,000 lumen-hours 

then becomes 


r 


P 

LF'^ -q 


G 


L„R-^F„B, 


a + 


c 






P 

Vn' 


In order to find what ratio of voltage variation will give the 
minimum total cost, it is only necessary to differentiate T' with 
respect to R, giving 


dR "" 




(c-i-i) 


] 


This is zero when 

Jlid-a+c) or ^ 

d — a 



P LnPn 


G' Vn 

llinWn 

G 


Putting in the above values for the constants, this becomes 

PW 

J212-5 = 0-202 

G 

for lamps having a normal life of 1,000 hours. 

It will be noted that the above case does not give a true 
economic comparison, because it results in the illumination 
being obtained in units of a new size. Thus if 30-watt lamps 
were proposed and the above calculation showed that the total 
illumination required would bo most economically obtained by 
over-running the lamps, this might result in the flux per lamp 
equalling the normal output of a 40-watt lamp. But had it 
been known that the illumination could permissibly be carried 
out in the bigger units a savhig could have been effected even 
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without over-running, both because of the reduced number of 
lamps required of the 40-watt size and because of the intrinsi- 
cally better efficiency of the larger unit. 

Case 2. With a fixed size of ilktmination unit {giving 
lumens ), — ^In this case it willy be best to work on the basis of 
1,000 lumen-hours, the total cost for which is given above 
as r = {OjLf) + {PFJrj,^) at the normal rating. When the 
rating is varied (to an extent equivalent to a pressure change 
of E) the filament dimensions are so altered that each lamp 
continues to give F^ lumens, and only the efficiency changes. 
The number of lamps required at any instant will be the same 
as before, so that the lamps required per 1,000 hours will still 
be the reciprocal of the life, and the total cost per 1,000 F^^ 
lumen-hours 


Differentiating, this gives 


dT 

dE 


[I5-”] 






Vn 






This is zero when 

d) 


C P PM; 


0 P. 


- If L 

d'G' 

Putting in the above values for the constants, this becomes 

P PW 


for lamps having a normal life of 1,000 hours. 

This formula can be explained as follows with reforenco to 
the curves already plotted. Maximum economy occurs when 
the slopes of the curves of energy cost and lamp cost arc equal 
and opposite. If these are plotted to a base of rating measured 
in efficiency, the former will be a straight line and the latter a 
curve the shape of which depends on the efficicncy/lifo index 
{cjd). The slopes will therefore depend upon the values of 
these indices and also on the multiplying constants — so that 
at any one rating, maximum economy will occur when a particular 
ratio exists between the money normally spent on lamps 
(oc(7A) energy {cePWf), This explains the 

appearance in the formula of items representing not only the 
energy and lamp prices, but also the size of lamp. 
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Application. — ^Taking the simplest form of the above, with 
constants for a vacuum tungsten lamp, namely, = 
0-15PWJC, this can be applied to the case already considered 
of lamps costing 2^. each and having a normal rating of 40 watts. 
Eor a fixed size of illumination unit (which will be about 
30 mean spherical candle-power for a 100-volt lamp) the most 
economical point at which to run will be given 


.-,71 X 1 X 40 

With energy at Id., by = ^ 


whence 


JR = 0*917, i,e., 91*7 per cent, of normal pressure, or 
approx. 83*4 per cent, normal efficiency. 

With energy at 4d., by = 4/4, whence E = unity, 
i.e.j 100 per cent, of normal pressure, and efficiency. 

With energy at Id., by ™ wlience E ™ 1*035, 
i.e., 103*5 per cent, of normal 2')ressure, or apjuox. 107 per 
cent, normal efficiency. 

These agree fairly closely with tlic grapliical 2)oiuts, allowing 
for tlic fact that in the graplis the index c is taken as 2 and the 
ratio djo as 6.^' 

In considering the conclusions to bo (h*awn from the al)ovc 
formula, it should be noted in the first ])hico. that of ih(^ thr(*o 
variables, the lamp jiriccs vary least, c.r/., fi-om about 2.s‘. to 
26*. ()d. for vacuum lamjis, the lamp sizes vary inoix*, — say from 
10 or 20 to 00 watts for these lamps — whilst the energy j)T’ie(‘s 
vary most, since they regularly range from hi!, to M. a unit or 
even more. As a rule the variations in lam]) prices can be neg- 
lected or grouped with one of the o"t]ior two varial)k‘.s, but a.s 
regards these latter, each must bo considered separatc^ly, i.e., in 
considering lamp size, tlic energy jirico must bo ])resume(l fix(‘d 
and vice versd. It will bo noted that the variation of rating 
with size is a question for the lamj) manufacturorB or the 
Standards Association, whereas the variations to suit diiTerout 
energy costs is necessarily more a matter for the individual 
consumer. 


* Witli those values for the inclicosj the normal rating eoindcleH tlio 
most economical one for an oiiorgy price of and for otJua.* (energy prict's 
the formula gives Lho most oeonomitail rating as follows : — 

Energy at IfL—ltating should ho 01*2 por cent, of normal pu^ssuro or 
82*5 por cent, of normal ellknency. 

Energy at Sd . — Eating should ho 08*7 por cent, of normal pressure or 
97-4 por cent, of normal otlicicncy. 

Energy at 5d.— Eating should bo 102-G por cent, of normal prevssuro or 
105-2 por cent, of normal olliciencsy* 

Energy at 7d . — Bating should ho 104*7 por cent, of normal proBBuro or lOO'-f 
por cent, of normal efficioncy. 


LAMPS 


179 


Variation with Size. — ^As regards the second of the three 
variables mentioned above, namely, lamp size, it will be seen 
that the larger the lamp, unless its price goes up in proportion, 
the more it should be over-run and the shorter should be the 
average life aimed at. Taking as a starting point the 40-watt 
lamp costing 2s,, which is economical on its present-day 
rating with energy at 4cZ. a unit, it is evident that with this 
energy price, any lamp in which the lamp size in watts divided 
by the price in shillings exceeds 20 should be over-run. With 
a 60-watt lamp costing 2^. 3d,, should equal IJ, whence 
B = 1-018 and, as the life L = the best life will bo 

1,000/1-0181^ = 882 hours. On the other hand, with a 20-watt 
lamp costing, say, 2s, 6d., the most economical life (with 
energy at 4cZ.) will be 2,230 hours. (In these calculations and in 
those of the table below, it is assumed that the filament dimen- 
sions are altered so as to give the same luminous flux as before.) 

If the lamp price were proportional to the size in watts these 
items would, of course, cancel out, but, as mentioned above, 
the price varies little (and sometimes inversely) with the size. 
If lamp and energy prices are both constant, and if 1 ,000 hours 
is the most appropriate life for a 40-watt lamp, then the 20-watt 
size would have rather less than double this life and the OO-watt 
rather more than two-thirds. 

Taking 4<^. per unit as an average price for lightiug energy 
to the small consumer, the following table giv^es approximate 
values for the most economical life for vacuum latnps oE 
different sizes when purchased at the list prices shown. The 
table also shows the corresponding efficiencies as i)erccntages 
of the present values : — - 




120-130 Volt. 


220-200 Volt. 

’ Size. 

Price. 

Economic 
' Lifo 
(hourts). 

Economic 
Elllcieiicy 
per cent. oC 
IircHciit value. 

Prico, 

^ Economic 
j J.lfo 

^ (horn's). 

lOOioicncy 
per cent. <i 
jtn'Mcnt 
vnluc. 

20-watt 

5. d. 

2 2 

1,960 

N 

90 

s. d. 

2 9 

2,400 

88 

30- „ 


1,380 

95 

2 6 

1,560 

94 

40- „ 

jj 

1,070 

99 


1,210 

97 

60- „ 

i ’’ 

750 

104 

n i 

850 

102 


* This table and the illustrations which follow are roprintod from The 
Electrician, March 11th, 1927. 
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It will be seen that at the above prices the 40-watt size 
of lamp is most economical at very nearly its present rating, 
but the others should be adjusted in the manner shown. 
Unfortunately, this will have the effect of increasing the 
discrepancy in efficiency between the different sizes. At present 
the larger lamps have an inherently better efficiency than the 
smaller ones (i.e., at a uniform rating as regards life), and with 
the proposed re-rating these differences would be still further 
increased. 

No doubt it was this tendency for the smaller sizes to lag 
behind in the matter of efficiency which led in the past to the 
adoption of a uniform lamp life, since to permit a further 
reduction in efficiency in the smaller lamps (even though 
coupled with the demand for a better life performance) might 
appear to be a retrograde step. Now, however, that the 
manufacture and performance of these lamps is so much better 
understood, it would appear that the time has arrived for a 
general reconsideration of these ratings, since there is no 
justification whatever for having a uniform life for all sizes, 
and there is no reason why consumers on average energy prices 
should not be given the benefit of the economy which would 
result. 

Variation with Energy Price. — ^As regards the other main 
variable in the formula, energy price, there are much greater 
difficulties in the application of economic principles, both 
because of the wide differences to be found in this country and 
because of the fact that it is largely the lamp user (generally 
not a trained engineer) who has to take action in this case. 
There are, of course, ways in which the manufacturers could 
help, e,g., by grading their lamps for dear, medium and cheap 
energy, somewhat on the lines of the three-voltage rating ’’ 
suggested some years ago in competing with the carbon lamp 
for cheap energies.* It will be noted that the B.E.S.A. 
Specification permits deviations in efficiency of about 6 per 
cent, on either side of the specified normal — ^represented by tho 
upright lines on the graph. Fig. 11 — and, when these variations 
occur, the consumer (on specially cheap or dear circuits) could bo 
given the opportunity of choosing them in place of tho normal 
lamps. 

If no such help is forthcoming for the lamp user he must 

* See especially, R. W. Hutchinson, ‘‘ High-Efficienoy Electric Illumi* 
nants.” 
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needs act for himself, by selecting the most suitable lamp 
available for his particular local conditions. Eeferring again 
to the formula, it will be seen that for any one size of lamp the 
most economical rating will occur when a particular ratio 
exists between the energy and lamp prices. Por a 40-watt 
lamp this ratio is one-sixth, e.g, : — 

Energy at 6d. and lamps at 2s, 6cZ. 

Energy at 4J. and lamps at 25. 

Energy at 3|-cZ. and lamps at Is, 9d,, etc. 

For a 60-watt lamp the ratio should be one-ninth, and for a 
20-watt one-third. 

When the ratio actually existing is fairly near to the above 
figure no action is necessary, but when the ratio is considerably 
above or below the appropriate one, due usually to specially 
dear or cheap energy, it will frequently be worth while to over- 
or under-run by the installation of lamps designed for a some- 
what lower or higher voltage than the one on which they arc 
to be used. One objection to doing this is that the candle- 
power is also affected, but this is not necessarily a disadvantage, 
since there is no special virtue in the particular candle-powers 
associated with 30, 40 and 60 watts, and in any given case 
some intermediate values may be as good or better. Neverthe- 
less, in order to achieve a really appreciable economy without 
upsetting too much the existing sizes of the illumination units, 
such action is chiefly worth while when the departure from tlie 
appropriate price ratio is so great as to justify the substitution 
of the next size of lamp. When applied in cases in which tlio 
departure from normal prices is not so great, it will usually 
result in an appreciable increase in illumination, but not 
necessarily any decrease in costs. 

Two examples may be given, the one involving under- 
running and the other over-running, in order to achieve the 
most economical results. In the first j^lace, if the circuit 
voltage is 110 and lamps of about the 40-watt size are desired, 
the normal flux from such a lamp is 370 lumens. Assuming 
that 25. is the price of the lamp, whatever the size or I'ating, 
the above calculation shows that with enci’gy at Id. a unit tiio 
most economical rating is that corresponding to 91-7 per cent, 
of the normal voltage, or about 73 per cent, of the normal 
candle-power. This can be exactly effected by fitting 120-volt 
lamps, but if, say, the 60-watt size is chosen so as to compen- 
sate for the lower voltage, the lamp flux will bo 415 lumens 
instead of 370. 
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Taldng as the other extreme a circuit with energy at Sd, a 
unit, the calculation shows an economic rating of 104*4 per 
cent, of the normal voltage. This requires lamps designed for 
a pressure of about 105 volts, and employing the next smaller 
size (so as to compensate for the voltage change), a 30-watt 
lamp of this type will then give 320 lumens when run on 110 
volts. Such small changes in the size of the illumination unit, 
although not necessarily disadvantageous, will slightly modify 
the economic calculation, since this is based on the assumption 
that lamps are available giving the original candle-power at the 
new rating, and having the same inherent efl&ciency as the 
ones they are to replace. It is therefore better, instead of 
working out the theoretically ideal rating from the formula, 
to use this latter merely as a rough guide, selecting by its aid 
some particular existing lamp and then working out the actual 
lumens and cost in the manner shown below. 

Possible Saving. — Turning now to actual conditions, there 
are two main groups of cases in which there is lilmly to be a 
considerable departure from the appropriate ratio of energy 
price to lamp cost. The very big consumer, who will hardly 
be able to purchase lamps at less than, say, two-thirds of the 
listed price, can usually purchase his energy at a quarter or 
less of the average consumer’s tariff. He should therefore 
usually under-run his lamps, and a typical case is worked out 
below. At the other extreme is the consumer, usually on a 
small scale, who whilst he pays the ordinary list price for his 
lamps, has to purchase his energy at a specially high figure, 
owing to his living in the country or being unfortunate in the 
matter of his supply authority. His most economical plan will 
then be to over-run the lamps so as to reduce his costly energy 
bill at the expense of his much smaller lamp account. 

Objection has been made to the action suggested above on 
the grounds of the complication involved in the necessary 
calculations, and the small amount of the probable saving. 
Although these may be vahd in the case of the second group 
mentioned above (small consumers on dear energy circuits), 
neither of these objections can be considered serious in the case 
of the former group. There are many big lamp users to whom 
a saving, even if it were small in proportion, would amount to a 
very considerable item. The underground railways employ 
tens of thousands of small vacuum lamps in lighting their 
stations, and these are burning in many cases for sixteen or 
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more hours a day. Big stores, hotels, hospitals, etc., and 
the municipalities in their street lighting are other examples 
of large-scale users.* Moreover, in almost all such cases, 
not only is energy purchased at very special rates (in some 
cases generated by the lamp users themselves), but also the 
maintenance is carried out by qualified engineers who can, 
without difficulty, work out the best lamps to use, and make the 
necessary changes in the stock and specifications. 

Saving on Cheap Energy Circuits. — In order to see exactly 
how such a plan is likely to workout in practice and the saving 
which can reasonably be expected, it will be well to consider a 
typical large-scale user of small size lamps on, say, a 220-volt 
circuit. Let it be supposed that he can purchase energy for Id, 
a unit, lamps at 30 per cent, off the list prices shown above, 
and that he is using 20, 30 and 40-watt vacuum lamps. Strictly 
spealdng, the most economical degree of under-running will 
differ in the three cases, but for simplicity it may be supposed 
that he installs 240-volt lamps throughout. And in order to 
compensate for the reduced candle-power he changes his sizes 
to 30, 40 and 60 watt respectively. The 240-volt lamps, when 
run on 220 volts, will have a mean life of nearly 3,400 hours, 
and the following table gives the cost of 1,000 hours' illumina- 
tion in each case. (This will be the annual cost wlien the 
average daily service is two and three-quarter hours.) The 
table also gives the lumens which he will obtain, these being 
calculated from the B.E.S.A. figures for the mean values over 
the lamp’s total life. 

In every case the cost is reduced, the reduction being as 
much as 24 per cent, on the smallest size of lamp, and in every 
case the illumination is more or loss increased, the extra being 
, 12 per cent, on the biggest size. If he is using 1,000 lamps of 
each size for an average of two and three-quarter hours a day, 
his yearly saving will amount to £28 (14-3 per cent, of his total 
illumination bill), and this in spite of an overall increase in 
illumination of more than 9 per cent. Since the caleulatioii 
need only be made once, whilst the saving goes on from year 
to year, and since the amount of stock and difficulties of 
obtaining are not in any way increased, it will hardly be 

* Accordinp^ to figuros publishod by tho L.C.C., iho hutii of £501,000 waH 
spent in 1923 in lighting London’s .stroots, and ovon if only a Hinall proportion 
was oloctrical, and if tho poasiblo saving woro only a fracjtion of that indicated 
in tiiQ oxamplos bolow, it might still amount to some thousands of x)ounds a 
year. 
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suggested that this practice is not worth carrying out L 
large consumer. 

If the ratio between energy and lamp prices is still loW 
even more effective case for under-running can be preB< 
Thus with energy at and lamps at the above disc< 
250-volt lamps can be employed on the 220-volt circuit, 
60-watt size will then give almost the same illumination ^ 
40-watt lamp on its normal rating, and at a total cost of 


Lamps originally employed (220 v.) 

20-watt 

30-watt 

40 

Lumens originally obtained 

148 

233 

323 

Lamp renewal cost (pence) . . j 

23 

21 

21 

Energy cost (pence) . 

20 

30 

40 

Total cost (pence) 

43 

61 

61 

Lamps now proposed (rated at 



60- 

240 V.) . . . . 

30-watt 

40-watt 

Lumens obtained 

170 

236 

363 

Lamp renewal cost (pence) . 

6*2 

6*2 

6-3 

Energy cost (pence) . 

26-3 

35-1 

52-7 

Total cost (pence) . | 

1 

32-5 

41*3 

58-9 


over half (actually 58 per cent.). There are, however, ce 
limits to the amount of under-running which is practical; 
any given case. Thus when the life calculated to result 
such a practice approaches a very high figure, it may be f 
that vibration or mechanical mishaps will cut it short Tb 
all the anticipated length has been realised. It might al^ 
thought that there would be a limitation owing to the 
becoming unduly red, but even with so great a reduction aB 
suggested above (250 volts to 220 volts) the efficiency Ib 
about twice that of a carbon-filament lamp, so that i 
should not be any serious objection on this score. 

Dear Energy Cases. — The other case mentioned above d 
possible application of these principles — in which enorg 
expensive compared with lamps — ^is rendered difficult hy 
fact that it occurs largely with small consumers and in isol 
‘"^’■^'uations, i.e., where technical sldll and advice are hardof 
and where the amount of the individual saving would 
dmum. It is too much to expect that the local do 
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who probably also sells cycles and gramophone records, should 
advise as to the best life to use, nor is he himself likely to 
welcome any suggestion which will mean the carrying of 
additional stock. On the other hand, it is clearly wrong to 
run a lamp at its normal rating, designed for M. energy, in a 
place where each unit of energy costs half as much as the lamp, 
and where a single lamp in the course of its normal life is 
responsible for consuming several pounds worth of energy. 

Something can be done by localising the problem, since in 
any one area (particularly a country district) there will not be 
many, and probably only one energy price to be considered. 
Dealers in a dear energy district could be advised to stock 
largely the smaller lamps, and these should be lamps rated for 
a slightly lower voltage than the actual pressure of supply. 
Moreover, in considering the saving which might accrue, it 
would be necessary to consider the group rather than the 
individual, and to visualise instead of a single large consumer a 
single large village or small town. 

Another difficulty which arises here is that if the price ratio 
is not greatly in excess of the appropriate figure, whilst it will 
pay to over-run to some extent, this will change the sizes of the 
illumination units, and unless the lighting can be redistributed 
there is likely to bo an increase in cost, although, of course, with 
a still greater increase in illumination. On the other hand, if 
the energy price is very greatly in excess, the over-running can 
be on a larger scale, so that sinallcr-sizcd lamps can be substi- 
tuted for the bigger ones originally employed. But owing to 
the lower inherent efficiencies of the smaller lamps, the saving 
which results is not appreciable unless the energy price is quite 
unusually high. It is therefore doubtful, except whore energy 
costs more than Is, a unit, whether over-running is practicable, 
unless the consumer is willing to have a change in the size of 
his illumination units, or unless the lamp manufacturers arc 
prepared to earmark some of their '' borderline ” lamps for use 
on such circuits. 

Other Considerations. — One point should be noticed wliich 
applies to either the under-running or the over-running 
situations. In many cases the actual voltage which roaches 
the consumer is not the nominal (declared) one, and often it 
fluctuates over a considerable range. It need hardly be said 
that the figure employed as the working voltage in the above 
calculations should be the actual average pressure on the lamps 
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where this can be ascertained. Moreover, where there are 
considerable fluctuations these will no doubt lessen the life of 
the lamp whatever the method of running. At the same time, 
there seems to be no reason why the consumer should not 
apply the above principles and get the best value he can under 
the circumstances, even though these circumstances are far 
from ideal. 

Eor the most part, only initial conditions have been con- 
sidered. As a lamp is used its filament deteriorates to some 
extent, causing in the first place a loss in candle-power, and 
secondly a loss in efficiency (since the filament is virtually 
smaller and therefore under-run). This deterioration is far 
less than it was with the older type of lamps, in which the life 
was frequently defined not as its life up to breaking point, but 
that up to when it gave 80 per cent, of its initial candle-power. 
With the modern tungsten lamp it is rare for even an individual 
lamp to last until it becomes uneconomical on account of 
diminished efficiency, and the mean efficiency of a modern 
lamp should be over 90 per cent, of the initial efficiency. 

It is difficult to determine exactly what effect deterioration 
should have upon the economic calculation, without further 
data as to how the deterioration affects the values of the 
indices. It is safe to say, however, that in comparison with 
the wide range of the other variables entering into the problem, 
its effect on the economic position will be slight, and its chief 
result is a lowering of the mean size of the illumination unit. 

When several energy prices rule — as when the first portion 
of the consumption is charged for at a higher rate — the 
economic choice should not be affected, since a change in 
efficiency will not affect the time distribution of the consump- 
tion. In such a case it is only necessary to employ in the 
formula the mean price paid per unit of lighting energy over 
the period in question. 

Need for Reform. — The purpose of the present chapter has 
been not merely to enable the individual lamp user to get 
the most light for his money, but also to urge the need for 
a more extensive and conscious application of electric lighting 
economics, and greater assistance thereto from the lamp 
manufacturers. The vital connection between rating and 
economy, and their sensitive dependence upon pressure, are 
at last being recognised, and Mr. C. W. Sully, speaking at the 
World Power Conference on behalf of the Electric Lamp Manu- 
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facturers Association of Great Britain, said : It is therefore 
extremely important that lamps should be operated at their 
rated voltage. . . . It is equally necessary that supply voltages 
should be as definite and constant as possible, in order that 
lamp manufacturers may rate their lamps at the most eco- 
nomical efficiency.’’ 

But the problem is regarded too statically, and of the many 
recent attempts at educating the piiblic in the proper use of 
lamps there has hardly been one pointing out that the correct 
rating is not something fixed by nature or the lamp manu- 
facturers, but should depend on circumstances, and, in 
particular, upon the energy price and the lamp size. To cite 
a particular case, until recently the author was paying Id. a 
unit for all his lighting energy, whilst blocks of fiats near by 
were buying their energy at a uniform price of \d. Lamps 
which were economical for the one circuit would bo quite 
unsuitable for the other, yet the same shop served them both, 
and there was nothing on the lamps or their wrappers to show 
that they were not suitable for the same voltage under all 
possible circumstances. In a similar way 20-watt and GO-watt 
lamps for the same circuit should be designed to have quite 
different lengths of life. 

The energy price is admittedly the most diHiciilt item in tlio 
problem, and the above suggestions make no ])ret(Miee of 
exhausting the possibilities. But, however dillicult, tlierc^ can 
be no denying the importance of the ])robleiu, in vitnv of the 
fact that the energy cost may frequently repres(uit 00 {hu* ciuit. 
or more of the total cost of tlie iilumination, and that the eneigy 
price may vary as much as from Id. to Ls*. a unit, in the 
absence of any more positive action or assistance for tlu^ 
consumer, it would appear that the least that could bo done 
would be to stamp on tlie lamp or wra])per tJic pai’tieuhu* ciuugy 
price as well as the voltage for which the rating was dden n iiun I . 

Illumination and Output. — ^Although this eluiptcu’ has so fa-i* 
dealt exclusively with the economics of lamp choicu^, and in so 
doing is in line with the other chaptoi's in this sc^etion of th<^ 
book, there is an entirely diilcront economic (pi(\stion. in 
connection with illumination which should be jmufi-ioiu'id. In 
talking of the efficiency or economy of a lamf), ones is eoiHuuau^d 
with the ratio : — output in luminous intensity (for a luunbcu' of 
hours) divided by inj)ut in kW hours or in £ s. d. But a,s iho 
illumination is only a means to the end of getting certain work 
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or recreation accomplished, it is possible to consider a further 
stage in the process and examine the economy not of the lamp, 
but of the illumination. The output ’’ of this process can be 
regarded as the amount of work accomplished or satisfaction 
achieved, and the input ” is the degree of illumination 
employed or the cost of this illumination in relation to the cost 
of the other factors involved. (There is, of course, a stage in 
between these two, namely, the process by which luminosity 
in the lamp becomes illumination of the object.) 

There have been a number of experiments, notably in 
America, to measure the increase of output and decrease of the 
errors, accidents, etc., resulting from increased illumination 
in various industrial processes. It is only to be expected that 
the finer the work the higher the degree of illumination 
required, but even in the relatively large-scale operations of 
heavy engineering, there is reason to believe that the illumina- 
tion generally employed, is too low, and that an increase in it 
will result in less errors and accidents, even though the increase 
in output cannot always be measured. As regards fine work 
involving delicate hand operations, a very notable increase in 
speed can frequently be obtained by increasing the degree of 
illumination during those hours in which dayhght is not 
available. Some of these operations, such as letter-sorting, 
typesetting, etc., lend themselves well to actual measurement 
of output, and one of the cases recently investigated in this 
country is referred to below. The amount of speed increase 
obtainable with increased illumination naturally depends 
chiefly upon the proportions in which the normal slowness is 
due to delays in perception on the one hand and to physical 
inertia or time lag on the other. But there seems reason to 
believe that in almost all cases the illumination as planned by 
the normal uninformed employer is too low, and an increase 
would pay him, even taking the shortest possible view of the 
case. 

The only experiments which it is proposed to mention here 
are those carried out in 1926 under the auspices of the Medical 
Research Council and the Department of Scientific and 
Industrial Research on '' The Relation between Illumination 
and Efficiency in Fine Work (Typesetting by Hand).* Experi- 

* Joint Keporfc of the Industiial Fatigue Research Board and the Illumina- 
tion Research Committee, 1926. H.M.S. Stationery Office, price 6c?. Since 
the above section was written a very good summary of this work has been 
given in a paper by H. C. Weston, The Illuminating Engineer^ August, 1927. 
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ments were made with, five different values of artificial illumina- 
tion and also with, daylight, and records were made of the 
average hourly output, the number of errors and the number of 
turned letters ” which resulted. The output (measured in 
the number of letters of average width set per hour) and the 
number of errors per cent, of the average output, are plotted 
in Pig. 12 to a base of illumination (even scale), and it will bo 



seen that the actual points are indicated by crosses, whilst 
horizontal lines indicate the values achieved with daylight. 
It was found that the output increased and the errors decreased 
steadily with increase of illumination, but at a slower rate as 
higher values were reached. (Of the two points close together, 
one represents the use of an artificial daylight unit, and, whilst 
slightly smaller in magnitude, resulted in a slightly greater 
output.) 
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When an illumination of the order 20 to 25 foot-candles was 
reached, the output and errors approached the values obtained 
with daylight, and the results, although not great in number, 
are so consistent among themselves that they appear to justify 
the definite conclusion that there is an '' optimum ” value of 
illumination for hand- composing of about this value. It will 
be noted that the magnitude of this is far less than the value 
of the illumination due to daylight which, although it fluctuated 
considerably when the daylight test was made, was rarely less 
than 50 foot-candles, and rose as high as 500. But with 
artificial light, it is difficult to increase the illumination much 
above the figures used in the test without running the risk of 
complaints of glare, unless very great care is taken with the 
distribution. In any case, the value of 20 foot-candles is, so far 
as can be ascertained, a very much higher illumination than is 
usually found in printing offices at present. 

In the Report from which the above figures are taken the 
results are plotted with a logarithmic base scale, and the output 
then follows a straight line, so that in order to gain any given 
arithmetic increase in output requires a particular geometric 
increase in the illumination. In the case given, doubling the 
illumination added to the output by 320 letters per hour, i.e., 
about one-fifth of the hourly (daylight) output. Even if this 
law were followed indefinitely, so that still further increases of 
illumination gained gave greater and greater output, there 
would still be an economic limit to the increase which was 
worth while, since the cost of doubling the illumination would 
get steadily greater the bigger this became, whilst the value 
of an increase of 320 in the output would always bo the same. 
In attempting to show this point, a third curve has been drawn 
dotted on Eig. 12, and labelled “ relative economy.” The 
data employed is extremely tentative, and must bo regarded 
as an illustration of method only. The cost of the illumination 
is taken as 5s. per 1,000 hours per foot-candle falling on the 
worldng plane, the cost of the labour, plant and overhead 
expenses is taken as 3s. per hour, and the value of the woi'k 
done is assessed at Is. per 400 letters set. 

The relative economy was defined in Chapter V. as the ratio 
Value of Output 

Total Cost of Input’ ‘^a-hies and costs referring to the service 

in question. In this case it becomes — ^valuo of work done 
divided by cost of labour, etc., plus cost of illumination j and 
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putting in the i^ates mentioned above, the dotted curve shown 
is obtained. Comparing this with the output curve it will be 
seen that it rises more steeply at first, but becomes flatter later, 
and even if the output curve continued to rise with additional 
illumination it is evident that the economy of the process would 
shortly reach a maximum and commence to decline. 


Additional Worked Examples 

2. Two types of lamp, each nominally rated to take CO watts, give 
the same candle-power. One type costs has a life of 1,000 liours, 
and consumes exactly 60 watts. The other type costs only Is., but 
is found on test to have a mean life of 750 hours, and to consume 
65 watts. For what energy price will the two bo economically 
equal ? 

In 3,000 burning hours, three of first type lamps would 

be required, costing ..... C6\ 

In the same time, four of second tyj)e lamias would 

bo required, costing . . . . . 4.9. 

Difference in lamp cost =25. 

In this period the second type of lamp will have consumed 
5 X 3 = 15 kW hours more than the first. 

Hence, energy price at which they will bo economically equal is 
25 

== T6d., and for any price higher than this the first typo of lamp 
will be preferable, 
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3, Two makes of 40-watt vacuum lamp have the following 
characteristics : 

Lamp (a) costs 25. has 1,000 hours’ life, and gives 8*1 lumens 
per watt. 

Lamp (b) costs I 5 . 4c?., has 800 hours’ life, and gives 7*5 lumens 
per watt. 

Determine which will be the more economical, first with energy 
at per unit, and secondly with energy at 6d, 


Basis op Compaeison — 4,000 Hotjes Buening 


Alternative. 

Lumens given at 40 watts . 
Number of lamps required in 4,000 
hours .... 

Cost of ditto .... 

Cost of energy at l\d. 

Total cost (shillings) ) f Q't IJ^* . 
per 10® lumen hours | | at M, 


(a) 

(b) 

324 

300 

4 

5 

105. Od. 

Qs. 8d. 

205. Od, 

20s. Od. 

665. 8 c?. 

CGs. 8r/. 

23-15 

22-22 

59-16 

61-11 


It will be seen that the cheaper lamp (alternative (6) ) costs loss per 
lumen-hour than (a), when energy is at l^d. per unit, to the extent of 
nearly a shilling per milhon lumen-hours ; but it costs more than {a) 
when energy is at 5d. to the extent of nearly 25. per million lumon- 
hours. It will be noted also that the use of lamp (b) involves a 
smaller illumination unit, which may be an advantage, and the 
decision must, therefore, depend also upon which size is preforrocl. 



PART III 


SUPPLY PROBLEMS 


CHAPTER XI 

TARIFFS 

Underlying Considerations, — Of the making of tariffs there is 
no end, and when they are discussed at the Institution or in the 
technical Press the argument aroused is so considerable that it 
has been suggested there ought to be a close season ” for 
tariff discussions. In this country alone there are some dozens 
of different types of tariff in use, and many more have been 
suggested or tried. The trouble largely is that not only is it 
difficult to frame a tariff to satisfy a given set of requirements, 
but it is difficult to agree even as to the requirements to be. 
satisfied. Broadly speaking, there are four considerations! 
which may underly the fixing of a tariff, and of these only the| 
first is a purely economic one, the others being based uponj 
questions of business or expediency. They are not mutually ii 
exclusive, and as far as possible all four should have a place in 
the tariff chosen. These are : — 

(1) Cost of production. 

(2) Service rendered. 

(3) Ability (or willingness) to pay. 

(4) Acceptability to public. 

The first of these considerations is usually the most impor- 
tant, and the majority of tariffs are based primarily on this, 
modified to a greater or less extent by the other thi’ee. It 
follows the strictly economic aim of making every consumer 
pay his fair share of the total cost, which may be defined as 
all the expenses incurred in giving him his supply, and which 
would not be incurred if ho (and liis like) wore not there. (It 
is assumed either that ho is a sulficiently big consumer to nuiko 
an appreciable difference, or tliat he is grouped with others of 
the same sort in order to estimate the costs incurred.) 

The other three considerations have been spoken of as based 
on questions of policy rather than strict economics, but the 
distinction is difficxxlt to maintain. If cost of production ’’ 
is regarded, not statically for the undertaking as it exists at 
present, but with an eye to the future, it must concern itself 
not only with present costs, but with the costs which would bo 
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entailed if certain likely developments took place. A tariff 
could therefore be said to be economic ’’ though charging less 
than present cost of production to certain consumers, if it can 
be anticipated that the business ultimately resulting therefrom 
will finally pay for all the costs incurred. Nevertheless, 
although the distinction is not a rigid one, it will be convenient 
to regard the three remaining considerations as being questions 
of policy as distinct from immediate strict economics. 

As regards the second consideration, namely, value of service 
rendered, it is clear that there is more obvious human satisfac- 
tion to be obtained from one kilowatt-hour spent in lighting than 
from the same spent on heating — the former will light a large 
room on the darkest winter night for ten hours, whilst the latter 
will hardly heat the same room for more than twenty minutes or 
half an hour. In this respect illumination is a little like wireless 
broadcasting with crystal reception — the sensitivity of the 
receiving apparatus (in this case the eye) is so enormous that 
only the tiniest fraction of the electrical energy consumed need 
reach its goal. Thus electricity* for lighting is very frequently 
priced higher than that for any other purpose, quite apart from 
and in addition to the differences made for other reasons. In 
general, it may be said that the differences in the effective 
yield of a unit of electricity, in liglit, heat and power, call for 
different charges so as to compete with other available forms of 
energy. 

As regards the third point, ability or willingness to pay, it is 
evident that a high-class residential district can be got to pay 
rather more for its electricity than a poorer district or a 
manufacturing area, quite apart from the purpose to which it 
is put. Hero again, tlie lighting energy is likely to be priced 
higher, since electric lighting, whatever it costs, is often a 
virtual necessity, not only because of its obvious merits but 
also for its ‘"kudos,” i.e., social or advertising value. For 
the most part, however, it is diliicult to apply either eonsidera- 
tiou (2) or (3) by thomsclves, and wliilst from the economic 
point of view the former goes with and is measured by the 
latter, from the human point of view they ai;o frequently in 
opposition. The actual physical need for electricity, with its 
absence of fumes, etc., is greatest in the dark and overcrowded 

y' 

* Tho 8om6what Iooro term “ oloctrioity ” has boon iiaod lioro and oko- 
whoro in proforonoo to tho moro rigid olootrical onorgy ” in order to oxnpha- 
Hiso tbo fact ' 1 supply is a .sorvico rather than a more Bale of 

kWh, its cost . . : -amy thuiga besidoB tho amount of energy taken. 
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rooms of those who are at present least able to afford it ; 
whereas economically the service rendered can only be taken 
as the gratitude of the person served, expressed in the £ s. d. 
which he is willing to pay, i.e., by value in the economic 
sense rather than “ worth.” 

Hence considerations (2) and (3) can hardly be separated 
in a purely business concern, since the service rendered ” has 
bo be measured not by intrinsic worth, but by effective economic, 
demand — i.e., wilhngness to pay,” which is largely a question 
of the cost of the available alternatives. But in the future 
these two may have to be considered quite separately, when 
electricity supply comes to be regarded as a universal national 
or international necessity, like a pure water supply or cheap 
postal service. It may then be thought worth while for 
reasons of national policy, such as the encouragement of rural 
areas, to run some sections permanently at a loss ; just as the 
G.P.O. carries single letters to outlying villages in Scotland or 
I ndia at a loss, -which is more than made up by the enormous 
volume and simplicity of a system giving identical postal 
facilities to every member of the British Commonwealth. 

The last of these considerations is a psychological one — the 
"acceptability of the tariff to the consuming public. Prom this 
point of view the tariff should appear reasonable amSTTalr^ 
maShglSocEarges which seem devoid of economic justification, 
and no differentiation between apparently identical consumers. 
Above all, it should be as simple as possible, with the minimum 
of technicalities, so that the consumer may know just how he 
stands, and, if possible, may himself be able to check the bill 
from the meter readings. 

The purpose of this chapter is not to give any full account of 
electricity supply tariffs, but merely to indicate the lines which 
these take, and some of the reasons and motives underlying 
them. Specific economic differences such as those due to load 
and diversity factor, jDower factor, etc., are dealt witli in 
subsequent chapters, together with some of the tariffs which 
result. 


Simple Tariff and its Limitations. — The simplest possible 
tariff is that in which electrical work or energy (the two mean 
the same thing) is sold at a fixed rate per kWh (2-65 million 
foot-pounds), just as potential energy in the form of gas is 
frequently sold at a fixed rate per therm ” (77-7 million foot- 
pounds). This was the original statutory method of charge, 
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the kilowatt-hour being the Board of Trade unit ” for 
charging purposes. (Where no ambiguity is possible the word 

unit ’’ has been very generally used in this book as an abbrevia- 
tion for kilowatt-hour.) It still forms the basis of most existing 
tariffs, but by itself it is far from representing the true costs 
of supply as between one consumer and another. When the 
various classes of consumer in any given area are examined it 
will be found that there are four main differences which 
affect the cost of supply per unit : — 

(1) Differences in the magnitude of the consumption. It is 
cheaper to generate a big quantity than a small, and less 
expense is usually involved in supplying one large consumer 
than many small ones. This, which is a feature of practically 
all forms of production and is usually met by giving discounts 
for quantities, is a less important item in electricity su|3ply 
than the other differences mentioned below. 

(2) Differences in the time characteristics of the consump- 
tion. These differences, which are expressed by means of the 
load and diversity factors, are dealt with in detail in the 
chapter which follows. Some few types of consumption 
require an almost steady and unvarying current, for purposes 
such as battery charging and electro-chemistry, and this is 
naturally the cheapest to supply. The remaining consumption 
(usually the great majority), which liuctuates with the time of 
clay or year, can be roughly s]:>lit up into two groups — that 
which occurs regularly each day at the same tinic as the peak 
load due to other consumers (this is the most ex])eiisivo to 
supply and is usually tlie lighting portion), and tiuit which 
is taken during non-peak periods and so presents a good 
diversity factor relative to other consumption. 

(3) Differences in the electrical cl lar act eristics of the con- 
sumption (in an A.O. case), which can be expressed in the form 
of the power factor or the phase relationship between current 
and pressure. This is dealt with in detail in Chapters XIII. and 
XIV. 

(4) Differences in the electrical characteristics of the supply. 
Since transmission almost invariably takes the form of high 
tension alternating current, it follows that it is normally cheaper 
to supply A.O. than D.C. and high tension rather than low. 
In comparing consumers who are not in close proximity there 
are also differences of location which can be hito this 
group. 

These various differences, and particularly the last three, 
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form the economic subject-matter for most of the remainder 
of the book. As regards the various tariffs which have been 
devised to meet them, these are also touched upon in the 
chapters referred to, although no attempt is made at an 
exhaustive statement of the numerous ones in use at the 
present day, still less at a detailed criticism and comparison. 
As already explained, the present chapter deals with general 
principles only, and endeavours to state the main items going 
to make up the problem and to indicate the possible lines of 
solution. 

Taking a general view, it will be evident that the first and 
the last are the easiest to deal with. The first can be met, 
where desired, by a discount for quantity, and the last refers 
to factors which do not fluctuate with the consumption, but 
are fixed at the time of installation. Whatever the other 
features of the tariff, it is a simple matter to allow a reduction 
or rebate to consumers taking at a high tension, or taking A.C. 
rather than D.C., or living nearer to the sub-station. The 
other differences are harder to cater for, since they are varying 
all the time. 

Modifications of Simple Tariff. — The following are the prin- 
cipal modifications of the simple energy tariff or flat rate per 
unit : — 

(1) Discounts for quantity. 

(2) Special terms to special consumers or types of consumer ; 

and/or several different rates co-existing when elec- 
tricity is used for several different purposes. 

(3) Modifications to suit metered load factor. 

(4) Modifications to suit estimated load factor. 

(5) Modifications to suit time of day or year. 

(G) Modifications to suit power factor. 

(7) Modifications to suit change in fuel prices. 

In addition to the above, there are cases in which the kWh 
are not metered at all, the whole charge resting on some 
estimate or measurement of the maximum power demand and 
the probable amount of consumption. The power may be 
kept within the contract figures by means of a current limiter 
(flicker instrument). 

It will be seen that all of these except the second confine 
themselves to the strictly economic motive of making the 
consumer pay his fair and exact share of the cost of production. 
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Taldng them in the older given, the first modification needs no 
explanation and is generally not of great ipiI)ortcUleor-^-^ 

Modification (2), the use of different rates for 
poses, is particularly applicable to domestic cdnSttUTiAiou, 
where the electricity used for lighting is usually priced at 
about three times that used for heating, cooking, etc., and 
this in its turn is more expensive than the electricity uhc(1 
in industry. In the case of lighting, practically every one of 
the factors already mentioned (poorer load factor, worse time 
of day, greater service rendered and ability to pay) help t() 
account for the higher price. Unfortunately this method ot 
charge usually necessitates separate circuits and wiring for the 
different purposes for which the electricity is used. U'ho 
modern tendency is therefore in the direction of abolishing 
this distinction between “ lighting ” and ‘‘heating,” so as to 
encourage all domestic consumers to take as varied a load as 
possible. f 

As an example of the third modification, tlie maximum 
demand system using two metering devices may be cited. In 
its usual form one meter or attachment shows the biggest 
current or power taken (for an ajiprcciable poi-iod, siieJi as 
half an hour) during the quarter, month or oiber inetcu’ing 
period, whilst the main meter I'ogisters the a-cd.ual (uungy 
consumed. Tlio biggest current taken, wluai miilti])li(Ml by 
the line voltage, gives the maximum denuind iii watts, a, ml this 
may be paid for by a staiicliug cha,rge of so many pounds pin* 
annum per kW of demand, whilst the energy eoiisumpiion is 
then charged at a low rate of some fra-ction of a pcuiny per 
kWh. This method is largely employed for big powm* 
consumers. 

^ As regards the fourth modification, instea^d of meten’ing Mm 
demand in addition to the energy consumption, relianec’i nm.y bo 
made upon estinlatcs of the former (or occasionally of Mu^ 
latter). Thus the probable maximum dejnand may he (ailcu- 
lated from the capacity of the plant instaJh^d, or (wiMi a 
domestic consumer) the numhor oi: points, tlu^ siz(^ or rai^iNibh'. 
value of the house, or other data. In tliis way Uu^ double 
tariff principle can bo applied to a small couHunua’ wiMmut Mu^ 
necessity for two sets of meters and readings. 'This sysb^in, 
may also have the advantage of being morc^ (Misily ex|)hiin(ul l.o 
the consumer, and it resembles the telephone tarilT of an annual 
rent plus a low jpro mta charge. On the otlior hand, wlien 
based on plant capacity or number of points (rather than 
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floor space or rateable value), it may tend to discourage 
the introduction of additional or more varied plant, and so may 
have a bad effect on the diversity factor. 

Modification (5) is also comparable to one type of telephone 
charge — ^that for trunk calls, which are cheaper at some times 
of the day than at others. Unfortunately in the case of 
electricity supply it necessitates rather complicated metering, 
in order to change the rate of registration twice each day, and 
it is not very much used in this country. A variation of this, 
which has been tried on a small scale, is to have two separate 
circuits with alternative switching. The second circuit may 
contain heaters of the storage type and other apparatus which 
can be connected during the '' off ’’ periods. 

The sixth modification, to suit differences in power factor, 
can be fairly simply combined with a maximum demand 
system by maldng the fixed charge depend upon the power 
factor at the time of demand. This is dealt with in detail in 
Chapter XIII. 

The last of these modifications concerns fuel price. When 
a contract is made with a large consumer and covering several 
years ahead, it is usual to insert a coal clause. This may 
provide that the price per unit shall advance or recede by a 
definite amount for each shilling in the ton rise or fall in the price 
of the particular grade of coal employed. In a two-part 
tariff it is, of course, only the energy charge which is varied in 
this way. Occasionally there is also a wages clause, though 
there does not seem much reason for this in view of the small 
amount of labour directly employed. A typical two-part 
tariff containing a coal clause is given at the end of the next 
chapter (see pi 223). 



CHAPTER XII 




LOAD AND DIVERSITY EACTOR : TWO-PART TARIPE 

Load Factor : Definition.-^The load factor can be defined as ; 
the actual energy consumption dm3edT>y the consumption j 
which would have occurred had the maximum power been! 
taken all the time."|: It may refer to any particular load or| 
part of a load, and it may be taken over any specified period 
such as a day or a year. When the apparatus concerned takes 
its full power all the time it is connected, then the load factor 
is merely the time of connection divided by the total time — 
thus plant which takes, say, 100 kW whenever it is connected, 
and which is in circuit eight hours a day, will have a load 
factor of one-third, or 33 J- per cent., whilst if it is in circuit six 
hours a day the load factor will be 25 per cent. Unfortunately, 
most apparatus not only is not connected continuously, but 
does not take its full current all the time it is connected, and 
this resr^lts in a still further reduction of load factor. The 
maximum power or current taken by a consumer, a cable or a 
circuit is called its “ maximum demand/' and the load factor 
can therefore be defined as 

actual consumption over a period 
maximum demand X length of period’ 

the numerator and denominator being expi'cssed in the same 
units. 

There is something resembling load factor in almost all forms 
of production : machinery, ships, lodgings, taxicabs, in fact, 
practically all capital goods are necessarily idle during periods 
of their existence, and during these periods they cost money in 
interest, depreciation and standby charges, which has to be 
paid for during the working period. The longer this idle time 
is per annum, in the case of any given plant, the greater will bo 
the capital charges then incurred, and the less the earning time 
available. Hence the improvement of load factor is at all 
times a thing to be aimed at, although in many branches of 
production the economic limit is soon reached beyond which 
further improvement is not worth its cost. Thus in a factory 
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employing machine plant and working eight hours a day, the 
actual capital charges per item of product will necessarily 
be more than they would be if an overtime or night shift be 
worked : but unless the machinery is very expensive the saving 
resulting from overtime would be more than balanced by the 
higher cost and lower efficiency of labour during these extra 
hours, quite apart from the human inconvenience involved. 
In most factories, therefore, overtime is rather a temporary 
expedient than a permanent economic advantage, except 
as regards particular and highly expensive machines. With 
electricity supply, as will be seen below, the balance between 
machinery and labour is altogether different, and an improve- 
ment of load factor will almost always produce a very great 
cheapening of supply. 


Magnitude and Effect. — ^It is easy to see that the load factor 
of an individual consumer will generally be low. Thus a power 
consumer working a nine-hour shift, which, allowing for short 
time, holidays, repairs, etc., may be estimated to extend over 
300 days per annum, even if his mean rate of consumption 
during the shift were 75 per cent, of his maximum consumption, 


will have a load factor of only 


9 X 300 X 0-75 
' 24 X 365 


== 0*231, i,e,, 


23*1 per cent. A domestic consumer using electricity for 
lighting is likely to be even worse. Thus, suppose that he has 
twenty equal lighting points, of which at night time an average 
of four are employed continuously and a maximum of seven at 
any one time."^' The mean daily hours of burning might be 
estimated at the time of the equinox, say, from 6.30 to 11 p.m., 
i.e., four and a half hours, but the effect of the Daylight Saving 
Act has been to reduce this somewhat. Taking a mean 
of four hours per evening, his load factor would be only 

4x4 

= 0*095, i.e., 9*5 per cent. Eortunately these low 

individual load factors are redeemed to a considerable extent 
by the diversity factor discussed below. 

With regard to the effect of load factor upon the costs of 
supply, if A is the cost per annum of a station whether generat- 


The maximum, if motored, will probably bo read from an ioBtriiment 
taking twenty to thirty minntOB to reach its linal position. Thus aecitlental 
overloads or temporary switching on of extra lights will not bo registered. 
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ing or not, and B is the cost per unit generated, then for an 
oiitj)ut of u units per annum the total cost will bo A or 

A 

the cost per unit ™ + R. If the load factor be improved % 

times, the cost per annum will be A + Bun for an onti)ut 

A 

of TO, i.e., the cost per unit will be + B. Thus tho onbct 

upon the cost per unit of improving the load factor n times is 
that the working cost remains the same, but the standing cost 
is reduced to 1/nth. 

The gain will therefore be dependent not only on the magni- 
tude of n, but upon the original size of tho standing cluirgo in 
relation to the working charge. If the original standing 
charge was four times the working charge, the original cost per 
unit could be represented by the figure 100, of which 20 would 
be working and 80 standing. If tho load factor wovo then 
improved four times, e.g., from 10 per cent, to 40 per cent., or 
from 25 per cent, to unity, the new cost per unit would be only 
40 instead of 100, of which 20 (as before) would be working 
and 20 standing. Thus the standing charge woxdd bo reduccHl to 
one-quarter, and the total charge would be 40 i)or cent, of its 
original value. 

As will be seen later on in the chapter, the standing (4iai'ge in 
electricity supply is the chief item of cost, and the cllect of load 
factor is therefore paramount. When load factor and size of 
station go together the difference in costs betwenm a larger 
system and a small one becomes enormous, as can be men. in 
the comparison between London and Chicago on p. 271). Ev(vn 
within our own country and with no other changes, an iin prov^c- 
ment in load factor may be said to bo tlie shortest out in the 
direction of price reduction, since (and this is a fact whidi is 
frequently overlooked) the chief expense in the ])r()ducti()n of 
electricity lies not in quarrying or othorwiso obtaining tlu^ 
potential energy, but in converting it into a useful form. 

Many imaginative writers, in planning tlieir Utopias j)f. the 
future, have suggested that if wo could tap some cluMip 
haustiblo source of energy such as that of. the atom, all oui;^ 
troubles, at least asj^egards cheap power and hil)()iu‘ Sfiving, 
would be at an end. But if the plant required to eouv(U‘t this 
energy into a utilisable form wore as expensive as our j)rcH(mt 
plant for converting coal energy into electricity (whlcli it prob- 
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ably would be), we should be little better off nationally, to 
recompense us for the loss of one of our largest industries and 
the ruin of those engaged in it. Taking the latest year for 
which figures are available (1924), the fuel accounted for less 
than 20 per cent, of the total cost of supply, and it is a striking 
fact that even if collieries produced coal for nothing and railway 
companies charged nothing for carrying it^ the total reduction in 
the price per unit which could be effected would be no greater than 
could he obtained at this very moment by increasing our national 
load factor from 30 to 40 per centS^ 

Diversity Factor. — If there were a hundred consumers con- 
nected to a station all with identical loads in every respect, the 
energy consumption would be 100 times the individual one 
and the maximum demand would also be 100 times, so that the 
station load factor would be the same as each consumer’s load 
factor. But actually the consumers vary, so that whilst the 
station consumption is always the sum of all the individual 
consumptions, the station demand is less than the sum of the 
individual demands. For even if two consumers had the same 
loads and load factors they would probably not take their 
maximum currents at the same instant, and, in fact, their 
consumptions might not even overlap, so that the station 
demand would be far less than double the individual one. 
Owing to this fact of different consumers taking their maxima 
at different times of the day and year, the maximum demand 
on the station is always less than the sum of the consumer’s^ 
maxima, and hence the station load factor is always bettor than 
the average consumer’s load factor. In an extreme case it 
would even be possible for two consumers, each with a load 
factor of 50 per cent., to combine to give a station load factor 
of 100 per cent. 

The sum of the consumers’ maxima divided by the actual 
maximum coming on the station is called the diversity factui\ 
Since the maximum demand forms the denominator of the load 
factor fraction (see p. 201), and since the numerator (actual 
consumption) is necessarily the same for both consumer and 
station, it follows that the station load factor will bo the mean 
consumer’s load factor multiplied by the diversity factor. 

* It is assumed that the imx^rovoment in load factor is obtained by an 
mcrease of one-third in the rr-’-.r-nir-x.! ioii v. iUiout any ineroaso in tlio inaxinunn 
demand. Such a load (:o‘.iI-,s I*.; by our i)rosout ocxiiixnnent as if 

stands, and would lower the mean overall x^rico x^er unit in tho country by tiio 
quantity stated, namely, the total shnount which at x^rt^sent goes in fuel. 
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(The mean, of course, refers to a mean of consumption, not of 
consumers.) Diversity factor can be expressed not only as 
between consumer and station, but also can refer to the 
conditions before and after any point at which a number of 
circuits or cables meet. It will be seen that diversity factor 
cannot be less than unity, whilst load factor, like power factor, 
cannot be greater than unity. 

The importance of diversity factor in lowering the maximum 
demand on a station and so improving the load factor is very 
great. A lighting consumer taldng energy for a few hours 
and at a particular time each day has both a bad load factor 
and comparatively little diversity factor with reference to other 
lighting consumers ; but even here the item is considerable, 
since some users start earlier, others finish later, and very few 
synchronise exactly their biggest demand. Power and heating 
users will generally have better individual load factors, and 
they also vary considerably amongst themselves — ^bakeries, 
restaurants and domestic heating consumers taldng their 
biggest loads when factories are not running — ^whilst the 
diversity factor with reference to the lighting load will, of 
course, be excellent. Hence the importance to the supply 
authority of getting consumers not only with good individual 
load factors, but also using electricity for as many different 
purposes and at as many different times of day as possible. 

Degree of Capitalisation.'^ — The outstanding economic feature 
of electricity supply may be said to be the high ratio of standing 
charges to worldng expenses, duo to the expensiveness and 
comparatively short life of the plant employed, intensified by 
the difficulty or impossibility of storing the energy generated. 
In order to obtain a clear conception of the magnitude and 
significance of this ratio it will be instructive to regard electricity 
supply first as a commodity compared with other manufac- 
tures, and second, as a service compared with other services. 

In contrasting the generation and distribution of electricity 
with the manufacture and delivery of other commodities, a 
useful basis of comparison will be with the engineering in- 
dustry, itself a highly capitalised one. According to the last 
available information, the Census of Production, 1907, the 
total engineering firms of the country produced a net output 
in that year of the value of £99,000,000, of which almost 

* This analysis, ■with diagrams, is roprintod from World Power, January, 
1027. 
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exactly 50 per cent, went in payment of material and 30 per 
cent, in wages. Hence the whole of the overhead and capital 
charges absorbed only 20 per cent, of the total, and if this sum 
represented an average of 10 per cent, on the invested capital, 
the total investment would be just double the total annual 
receipts. In electricity supply the invested capital is nearer 
six times the total annual receipts, and as a consequence 
something approaching half these receipts are absorbed in 
capital charges alone as compared with less than 20 per cent, 
in the engineering industry. 

In contrasting electricity with other sorts of supply such as 
gas, there are fortunately ample up-to-date figures available. 
TaMng the five largest municipalities which own both elec- 
tricity and gas undertakings,*!* the following totals are obtained, 
reckoned in each case as a percentage of the total annual 
receipts. As a contrast in the opposite direction to that of 
gas (i.e., of a service in which practically the whole of the 
expense is overhead), the figures for the water supply, also 
municipal, are given in the table for the same five towns : — 



Elec- 

tricity. 

Gas. 

Water. 

Total capital outlay (as percentage of annual 




receipts) ...... 

590 

250 

1,330 

Excess of receipts over working expenses (as 
percentage of annual receipts) (available 
for interest, debt redemption, etc.) ;[; 

47 

1 

9-3 

57 


It will be seen that of the total annual receipts from the five 
large electricity undertakings 47 per cent, was absorbed in 

* Tho figures for wages are not, given in, ilio CVnsus, but, t,Ii(^ total lumilxu* of 
cmployoos is givoii, and for t,lin purposi^ of ibis osUinato iliis t,otul is inult<i|)Ii<uL 
by tho average wage iu Soptoinber, 11)00, as giwui in ili() .Hoard of Trnde 
Inquiry on “ .blariungs and .M.ours in Metal .lOngiiKHUung anil Sliij)l>iiildiiig 
Trades, 1000 (Cd,. 

I Manclicstor, Biriningbain, Leeds, lidinburgli, and .Hradfortl. Figures 
ii'om the Municipal Year Booh, 10:20. 

J It will bo noted that this ineludosno profit item, but on tho other liand it 
covers a high doprocaation allowance in tlio form of tho (U)mj)arativtdy ra])i(i 
debt rodc3mption which is statutorily iinpos(Ml. Tho lOloe’t, deity CoinmlH- 
sioncre’ Heturn, discuasod lator, shows no substantial difierenecs between 
Municipal and Company undertaklngH m regards t.Jio pereemtagt^ of ox(U\hh, so 
that tho diagram shown may bo regarded as roprosontative of all types of 
electricity undertaking. 
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capital charges, as compared with 9*3 per cent, in the gas 
nndertaldngs. 

In the diagrams, Eig. 13, the arrowed heights represent 
annual receipts or value created, whilst the base measurements 
represent capital expenditure to one-tenth the scale. In the 
first two diagrams, engineering for the whole country in 1907 
is compared with electricity supply in 1924-25 for the five 
towns mentioned. The latter is drawn to twenty-five times 
the scale, thus maldng the two heights practically the same, 
and it will be seen how differently made up this height is in the 
two cases. (It is interesting to note that since the working 
expense of electricity supply is very largely fuel, i,e,, material, 
the proportion of the year’s product which goes in materials 
is not so very different in the two cases.) 

The capital invested in engineering works is not known, so 
that the base line of Diagram 1 is of uncertain length. The ^ 
full portion of the line is drawn on the assumption that the 
total standing charges represent 10 per cent, on the total capital 
expenditure. This makes the dotted rectangle containing the 
words overhead and capital charges ” into a square. 

Taking the second, third, and fourth diagrams, these repre- 
sent respectively the electricity, gas, and water supply for the 
five towns mentioned, and all drawn to the same scale. It will 
be seen at once that the sale of electricity brings in only about 
three-quarters of the receipts from the sale of gas although the 
capital invested is nearly double. Water supply represents a 
further extreme — still heavier investments and still smaller 
receipts and working expenses. i 

Another point which is brought out in the diagrams is the 
high proportion of the depreciation and obsolescence element in 
the cost of electricity supply. Not only is the plant employed, 
being elaborate, liable to deteriorate, and, being novel, open to 
improvement, but the industry itself is in a sense precarious. 
Mankind has always needed a water supply, and it is humanly 
certain that he always will ; but he managed for a long time 
without electricity, and might do so again, or it might come to 
be manufactured in other ways. Thus the dotted rectangle 
containing the words '' capital charges ” is nearly square in the 
case of electricity supply (i.e., nearly 10 per cent, of the capital 
expenditure), but markedly oblong in the case of gas and 
water. 

The natural result of finding electricity supply (in its 
economic aspect) occupying a mid position between those of 
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gas and water, is to look for a method of charging for electricity 
intermediate between those which have been found suitable for 
gas and water supplies. And since gas is very generally sold 
at a fixed price on the metered quantity and water on a fixed 
rating independent of quantity, it seems reasonable to combine 
both methods of payment in the charge made for electricity. 
The two'part tariff is therefore the logical outcome of an 
economic survey of the supply industry. 

Two-Part Tariff. — ^The suggestion was originally made by the 
late Dr. John Hopkinson in 1882 that the tariff should be made 
up of two parts, one to pay for the standing costs of supply and 
the other to pay for the working costs. The former will then 
take the form of a quarterly or annual charge based usually 
on some measurement or estimate of the maximum demand 
(i.c., biggest rate of consumption), modified possibly by the 
character of the load and probable diversity factor with other 
consumers. The second part of the tariff will consist of a 
comparatively small flat rate per unit, which will usually be 
based on actual measurement by an integrating meter, but this 
in turn may be modified by discounts for quantity, etc. 
Moreover, in either or both portions of the tariff there may bo 
modifications on A.C. circuits on account of power factor. 
But in spite of all those modifications, and of the many di fferent 
methods of measurement and tariff now in use, the basic 
principle of a periodic cliarge per kW or per kVA for being 
ready to supply, plus a price per unit for the energy actually 
supplied, underlies the great majority. 

It will be noticed that this supply problem is an inversion 
of the installation problem dealt with in the second section of 
this book — instead of being given a fixed sot of prices and asked 
to devise the most economical installation, the installation is 
fixed and the problem is to determine the most ocononiica,! 
prices. The two problems are, however, similar in respect of 
tlio piinciplcs used in their solution, since in eacli case the cliicvf 
thing is to divide the expenses concerned into two groups, 
standing and working. 

The first group must include every item wliich is a function 
of time and roughly independent of output — i.c., it must 
include not only interest, depreciation, and upkeep of the 
plant, rents, taxes, and management expenses, but also 
practically the whole of the wages, salaries, and other 
items classed as running expenses, oxcei)t fuel. This group 
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therefore represents the cost of maintaining the equipment 
ready to meet the biggest demand coming on to it, and 
is to be met by that portion of the tariff levied on the kW 
of maximum demand. The second group of costs should 
include only those items which are proportional to the 
actual units generated, and it should be met by the energy 
charge in the tariff. 

The fixing of the dividing line between the two groups must 
be to some extent arbitrary, and in the first case represented 
below, the whole of the fuel is put in the energy section and all 
the other expenses are included in the other group. This 
involves some inaccuracy in both directions — a certain amount 
of fuel, which may be anything from 5 to 20 per cent, of the 
whole, is required to keep the plant '' banked ” ready for 
action, and on the other hand there are other items, such as oil 
and water, which are dependent on output ; moreover, the 
percentage assigned for interest and overhead charges includes 
a certain amount of profit which should perhaps be spread over 
both standing and running groups. A later example (p. 217), 
which aims rather at showing manufacturing costs than 
accounting for selling prices, includes no profit ’’ item, and 
in this case 5 per cent, of the fuel, oil, and water has been 
grouped under the standing charges. 

Some mention should be made here of a point of view 
which differs considerably from tlie above. Whilst not deny- 
ing that a compound charge composed of fixed and energy 
portions must form the basis of any accurate representation 
of costs, some authorities favour the putting of all possible 
items {e.g., management, profit, hire of plant during working 
periods, etc.) into the energy portion of the tariff and leaving 
as little as possible to be inciudccl in the fixed charge. It is 
also suggested that the fixed charge should not lio based 
so exclusively on load factor as measured by maximum 
demand, since many of tlic costs as regards transmission 
and distribution dcpcjid as much upon the space distribu- 
tion (i.e., density) of the load as upon its time (listnl)iiti()n. 
The data and treatment hero employed follow the more 
traditional assumptions, but it is not suggested that these 
are in any way final or sacrosant. Any other alloca.ti()n 
of costs could be illustrated by means of the diagram shown 
below, but for the purpose of explanation it is naturahy 
preferable to start with the most familiar and generally 
accepted hypothesis. 
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Two-Part Diagram. — Electricity sup|)ly is a process in wliicli 
exact measurement is possible at almost every point, and this, 
combined with the high degree of publicity, should make it 
easy to devise an economic tariff acceptable alike to the under- 
taking and to the consumer. But figures and publicity by no 
means ensure a satisfactory grasp of the position, and most 
laymen and even some engineers have a very hazy idea as to 
the proportions of the various items making up the cost of 
electricity supply, so that suggestions are often made which 
a more quantitative conception would show to be absurd. 
Moreover, even when a really scientific tariff has been devised, 
it is by no means easy to explain the position to the consumer, 
or to justify the various charges made at the different points 
or under particular circumstances. 

In order to overcome this difficulty the author has devised 
a diagram representing the two-part tariff and the figures on 
which it is based in a semi-pictorial fashion so that they can 
be at once visualised, and yet in such a manner that quantita- 
tive exactness is not sacrificed. The diagram endeavours not 
only to link uj^ and explain the price charged for energy in 
terms of the various cost items, but also to show what the price 
might have been had the energy been taken at a different load 
factor or in anotlicr form or place. 

The basis of the charge for electricity is taken to bo the 
simple two-part tariff of so much per annum per kVV or kVA 
of maximum demand plus so mucli per unit consumed. These 
two components are diffei’cnt in kind and must be ])lotted quite 
separately. They cannot be added except oji the basis of 
some known load factor, yet they need to be plotted side by 
side since tliey are affected similarly (thougli, not equally) by such 
items as losses in the plant and cables. In the typo of diagram 
hero shown these two components arc ])lottcd vertically below 
and above a horizontal ^^zero ’’ line, so that they progress side l)y 
side and can at any point be added if the load factor is known. 

A glance at the diagrams on pp. 21 (> and 222 will sliow that 
they run parallel to this horizontal zero line, and beloAV this 
line the ordinates (measured downwards) rc'pi’csent annual 
costs i)cr kW of demand and arc sealed in pounds sterling. 
The ordinates above the line represent the cost per kWh and 
are scaled in pence. (In what follows this is referred to as the 
“ energy ” scale.) The left-hand side of the diagram may be 
said to represent the generating station and the right-hand 
side the consumers’ premises. 
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In order to illustrate the use of this diagram, two cases are 
taken, differing as much as possible. The first is a simplified 
generalisation of the whole of electricity supply in Great 
Britain in the year 1922-23, for which purpose generation, 
transmission and distribution are largely grouped together. 
It endeavours to analyse and explain the actual mean energy 
price charged in this country during that year, and to show 
what it might have been had the load factor been different. 
The second case taken is treated in more detail and is a parti- 
cular case representing one typical station and employing 
present-day costs. In this case a hypothetical tariff is built 
up to represent the cost of manufacture. 

Supply in Great Britain (1922-3). — The figures employed 
are taken from the comprehensive statistical return * of the 
Electricity Commission and are briefly summarised below. In 
one or two cases round numbers are given, and there has been 
slight modification of some of the totals in order to avoid 
duplication owing to the inter-sales of energy between different 
authorities. 

Referring to the table, the fuel cost and other working ex- 
penses for the year are given directly in the Return, and can 
without difficulty be expressed respectively as a charge per 
unit and a charge per annum per kW of demand on the 
stations. With regard to the capital expenditure, this must 
also be expressed in terms of its annual value, and in the 
Return it will be found that the excess of the total revenue 
over the total working expenses amounted to just 10 per cent, 
of the total capital invested. If, therefore, a uniform percen- 
tage of this value be assigned to each of the capital items, and 
if all running expenses arc entered at the values shown, the 
total annual expenditure thus obtained will just equal the total 
income, which in turn must equal the number of units sold 
multqflied by mean price per unit. 

It should be realised that this simple method of apportion- 
ment, although convenient as a first approximation, by no 
means represents the annual cost of the diflorent items corj'cctly . 
As regards the strict interest and depreciation charges, those 
should vary according to the life of the items, and in any case 

* Publisl'iod in June, 1925. A later rotui’n lias Hxnco been published, but for 
the ixurposo of a first example the earlier set of figures has boon taken, and 
this has the advantage of increasing the contrast between the two cases. 
On p. 28C, Fig. 27, the later years are illustrated by means of the same sort 
of diagram. 
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should average less than 10 per cent., since with interest 
reckoned at 5 per cent, and a life of twenty years the total 
figure should he only 8 per cent. The difference may be 
regarded as profit, but whereas with company undertaldngs it is 
distributed as such, with municipalities it is largely used for 
debt redemption. Thus it will be found from the Return that 
the municipal undertakings (comprising two -thirds of the whole), 
whilst showing a similar excess of receipts over expenditure, 
only distributed 34 per cent, of this surplus in interest and rate 
contributions, whereas the company undertakings distributed 
55 per cent, of their surplus in interest and dividends. 

Data fob the Yeab endiho Deoembeb 31st, 1922, ob 
May 15th, 1923. 

Aggregate of maximum loads on all stations of autho- 
rised undertakers ..... 1-83 X 10^ kW'^ 

Total units generated ..... 4,500 X 10^ kWK. 

„ „ sold (16 per cent, less) . . .3,780 X lO^kWfv 

Mean selling price per unit . . . . . 2'Qnd. 

Fuel cost per unit (2-8 lb. at 20s. M. a ton for coal) . 0-3hL 

JVimiial Cost 
per kW of 
Demand fjoad 
on SiutiuiiH. 


£ 

Other generating costs (0-23d. j)er unit X 4,500 “ 1-83) 2*32 

(Total working expenses were £19-7 X 10 ^\) 

Working expenses of distribution (12*1 per cent, of 

19-7 -p 1-83) ....... 1-30 

Rents, rates, and taxes (11*1 per cent, ol 19*7 ™ J-83) 1-19 

Management (12*5 per cent, of 19*7 -p 1*83) . . 1*34 

(Total capital exx^enditure at end of j^eriod was £158 x 
lO*’', which is to bo reckoned at 10 x^or cent, per 
annum.) 

Land, buildings, etc., for generation (13*2 per cent, of 

15*8 1-83) M4 

Plant and machinery for generation (33*4 x^cr cent, of 

15*8 1-83) ^ 2*88 

Land, buildings, etc., for transmission (1-8 x^cr cent, of 

15*8 1*83) . . . . ■ . . . 0*15 

Plant and machinery for distribution (11*9 x^cr cent, of 

15*8 1*83) P03 

Transmission lines, mains, services, etc. (39*7 per cent. 

of 15*8 -f- 1-83) 3*43 


Total standing charge .... £14*78 


* Tlio total kW installod was 09 i)or coiit, greater than this. 
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Hence it will be seen that in apportioning a uniform 10 
per cent, on all capital items, this is merely a rough and con- 
venient way of accounting for the money actually made rather 
than a scientific representation of real cost. In the second 
examj)le taken, a little more detail will be employed in this 
connection. 

In the diagram, Pig. 14, the various expenditures on account 
of generation, transmission, and distribution are all grouped 
together on the left of the diagram ; and using the figures 
tabled above, a total standing charge is obtained of £14 155. Icl. 
per annum per kW of demand load, and is plotted downwards 
below the zero line to the scale shown. The fuel cost at the 
same point is 0*31cZ. per unit generated, and is plotted above 
the zero line to the “ energy ’’ scale. 

Of the total units generated, the Return shows that only 
3,780 millions were sold, the difference, namely, IG per cent., 
presumably being lost in conversion, transmission, and dis- 
tribution. Hence the price per unit to the consumer is 
increased in the corresponding ratio and becomes 0*37(i. (top 
right-hand side of diagram). This loss, since it means an 
increase in the cost per unit, can be represented by a cost 
tributary coming into that portion of the diagram above the 
zero line, and since it takes place somewhere on the journey 
between station and consumer, it is shown in an intermediate 
point between left and right. 

Turning now to the portion of the diagram below the zero 
line, it will be found that the transmission losses decrease 
the kW capacity to meet consumers’ demand, just as they 
decrease the available units, but not quite in the same ratio. 
This is due to the fact that with apparatus having iron and 
friction losses these items cause a loss of energy throughout the 
twenty-four hours, whereas the kW capacity is affected only 
by full-load conditions. Thus the capacity to meet demand 
is reduced only in the ratio of the full-load efficiency whereas 
the energy is reduced in the ratio of the all-day efficiency, 
which will be less (except with cables) by an amount depending 
on the low load losses and the smallness of the load factor. 

In the example shown, the reduction in kW capacity is taken 
to be 13 per cent.,*^' and the price per kW of demand is cor- 
respondingly increased to a figure of £17 05. 7ci5. per annum, 
''^his is represented by a tributary coming into the lower portion 

This figure is tentative and is not based on any data in the Koturn. 
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of the diagram at an intermediate point between station and 
consumer. 

The aggregate maximum demand on the stations has been 
given above, and from this and the total units generated, the 
mean load factor for the country is found to be 28 per cent. 
The difference between the loss in units and the loss in kW will 
lower this to 27-2 per cent., and assuming this load factor, the 
two price components can be added together in the manner 
described below, and will then be found to total 2-07d. per unit, 
the mean price actually charged throughout the country. 

But although these two components may be said to represent 
the price of the electricity as it is delivered from the stations, 
they do not correctly represent the price to the individual 
consumer, because the individual load factor is lower than 
27 per cent, owing to the diversity factor. Thus if the sum of 
all the individual consumers’ maximum demands is 26 per cent, 
more than the maximum demand on the stations, giving a 
diversity factor of 1-25,'^' it follows that the average consumers’ 
load factor will be 27-2/b25 ~ 21-7 j)er cent. 

The effect of a diversity factor of this amount will be to 
increase the kW capacity of the station to meet consumers’ 
demands by 25 per cent., and this will lower the annual cost 
per kW to the consumer by a corresponding amount. This is 
shown on the diagram by horizontal shading, and it results in a 
final price to the consumer of £12 I2s. poi* a,nnuin ])er kW of 
demand plus 0*27cZ. per unit of consumption. (Right-hand 
side of diagram.) 

Eor any particular load factor the annual cliai'gc per kW 
of demand can be expressed as a charge per unit and then 
added to the working charge to give a total overall price 
per unit. Tluis for the mean consumer’s load factor of 
21*7 per cent., each £1 per annum demand charge will represent 

240 

- “ == 0*126(Z. per unit, and on the diagram the 

lower scale has been so chosen that, at this load factor, distances 
on it represent prices per unit to the energy ” scale. Thus 
the final demand chaige of £1.3 12, s‘. .represents, at a load factor 
of 21*7 per cent., 13*6 X *125 = hid, per unit, which added to 
0*37d. gives the moan jirico actually chargcicl, namely, 2*07d. 
Hence for this particular load factor the total distauee ON 
represents graphically the total charge per uiiit (to the "‘energy ” 


* Tliia figuro is toiitativo and is not Oasod on any data in tho Return. 
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scale), the total being composed of an energy charge CO plus a 
demand charge ON. 

The diagram therefore represents a two-part tariff which is 
capable of looking after the total costs of supply, as deduced 
from the Commissioners’ Return, whatever the load factor of 
the consumer. It also represents to scale this same cost 
expressed as a single charge per unit for a consumer having a 
particular load factor, the charge thus obtained being the actual 
mean charge per unit for the whole country, and the load 
factor being the mean load factor for the country as deduced 
from the Return.* 

To find the price per unit which should be charged on the 
above assumption to a consumer having a load factor of, say, 
33 per cent., the annual charge per kW of £13 125. becomes 


13'6 X 240 
0-33 X 365 X 24 


lT3d., which when added to gives 


an overall price of l‘5cZ. per unit. Thus if a consumer having 
this load factor and paying this price per unit wishes to obtain 
a clear conception of how his price is made up he can obtain it 
from a diagram such as the above, but in his case the figure and 
scale below the zero line must be reduced to two-thirds of its 
present size in order to bear the right proportion to the upper 
part when the whole is scaled in pence per unit. Similarly, if 
the load factor is 10 per cent, the overall price should be 4dcZ. 
per unit, and for such consumer the lower part of the diagram 
must be more than double its present size in order to add to 
the upper portion on the existing energy ” scale. 

It is difficult, with the data available, to determine precisely 
what should be regarded as the cost of generation, but by 
adding to the total working and capital expenses of generation 
a proportion of the management and taxes calculated on the 
ratio of the corresponding capital expenditures, the point T' 
is arrived at. Then for energy bought at the generating 
station, assuming that the demand of such consumers had a 
diversity factor as compared with the main demand of 1*25, 
the correct price would be given by RT plus GR, namely 
£6 25. 6cZ. per annum per kW plus 0*3 IcZ. per unit. If such a 
consumer had a load factor of 21 *7 per cent., the overall price 


* It may be objected that the figures for the divei’Bity factor and for tlio 
loss in kW are not obtained from the Return ; biit whilst this would make a 
difference to the annual charge per kW, it will not affect the total charge 
expressed per unit, which will still add up to the correct figure. 
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per unit would be represented by the distance GT to the 

energy ” scale and would total l-OTd!. per unit — ^just over half 
the mean selling price. 

It must be clearly understood that the above, although 
representing the total costs of supply for the country on a 
two-part basis, by no means represents the price to be charged. 
Even if a universal two-part tariff could be framed it would 
obviously have to employ a much lower kW charge than the 
high figure shown above, particularly for the low load factor 
consumer owing to his higher diversity factor. The diagram 
represents a simplified allocation of costs and receipts rather 
than a possible tariff ; moreover, it is a generalisation covering 
a wide range of variations, small stations as well as big, and 
domestic consumers paying a high overall figure per unit as 
well as power consumers paying on a two-part basis. Of the 
three main variations concerned, load factor, diversity factor, 
and distribution costs, only the first named is differentiated 
in the diagram, the other two being averaged over the whole 
country. 

As regards the differentiation to cover transmission and 
distribution expenses, and the framing of possible tariffs at 
the various points, a single case is taken below and treated in 
detail. This follows the same lines as the previous one, but 
generation, main transmission, and distribution are here taken 
separately, and the diagram as it develops from left to right 
represents to some extent the spatial arrangement of stations 
and gear. 

Single Modern System. — The data here employed is taken 
from a paper by S. J. Watson, presented to the Manchester 
Association of the Inslitiiiion of Civil Engineers on January 
27th, 1026. A single station of 100,000 kW capacity is postu- 
lated and a complete system of generation, main transmission, 
and distribution is worked out. Using present-day cost figures 
a two-part tariff is indicated for. each point in the system, 
capable of covering all the costs up to that point. 

The figures are taken exactly as they stand in Mr. Watson's 
paper, with the object of showing how they or any similar set 
of figures can be usefully represented in a diagram of this kind. 
They were selected as being one of the clearest and most 
detailed analyses of the cost of electricity supply that has 
recently been made. 

As regards generation (which includes transformation up to 
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33;000 volts), 95 per cent, of the cost of the fuel, oil, etc., rank 
as running expenses proportional to the energy generated, 
and are paid for per unit. The remainder of the fuel and 
all the other generating costs are reckoned as standing or 
preparatory costs to be paid for by an annual charge per kW 
of demand. 

Main transmission takes place at the above-mentioned 
pressure to sub-stations where the supply is transformed down 
to 6,600 volts for secondary transmission. At this point the 
supply is considered to be split up into several portions, only 
one of which is here shown, namely, that to rotary sub- 
stations for conversion to three-wire, D.G., 440 volts between 
outers. 


Maximum Station Load 70,000 xW Station Load pactob 
40 PEB CENT. (The total installed is 100,000 kW.) 


Anmial Cost 
(~ £1,000). 

Standing Item. 

Working Item. 

m 

available 

1,000). 

Annual Coiit 
per ^•TF 
of .Demand. | 

1 

Annual UhUh 
delivered 
(- 10«). 

Cost per 
Unit 
(Uence). 

Euel, etc. — 95 per cent, of 
£134,000... 

5 per cent, of 
£134,000... 7 

Wages, rates, etc. ... 04 

Station first cost {at 10 per 
cent, per annum) 1 50 

22] 

Diversity factor main 
cables of !• 10 ... 

... 

70 

77 

£3 3 0 

2 17 3 

246 

1 

! 

0 125 

Cost of main cables and 
sub-stations (at 9 per 
cent. r>or annum) ... 4 0- 5 

2GLr) 

Losses in main cables and 
sub - stations (kW re- 
duced 2| per cent., 
units 3 J per cent. ) 

Diversity factor (),(>00-v. 
cables of 1-05 

75 

79 

£3 0 2 

2304 

0-129 


* Prom lioi-o onwards tlio figuros of tbo original ])a|)or aro doublod as tliongU 
tlie whole distribution were D.G. With regard to tho D.O. voltage it sliould 
be noted that the ai^proved standard for all future work is 460/2UU. 
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Standing Item. 

Working Item. 

Annual Cost 
(- £1,000). 

available 

C~ 1,000). 

Aiimial Cost 
l)or hW 
of Demand. 

Annual Units 
delivered 
( 10«). 

Cost per 
Unit 

(reiice). 

Cost of cables, etc. (at 8 
per cent, per annum) ... 32 





293*5 

Losses (1 per cent, reduc- 
tion in kW and units) ... 

78 

£3 15 0 

234 

0-1307 

*Cost of rotary subs, (at 
10 per cent, per annum) 80 
Running expenses of ditto 24 





397-5 

Losses (kW reduced 7 per 
cent., units 11 per cent. 
’Diversity factor D.C. 
mains of 1-10 

72*fl 

79*8 

£4 19 5 

208 

0-147 

Cost of D.C. mains £20 X 

79-8 (at 11 per cent, por 
annum) ... 175-fi 





573*1 

Losses (71 per cent, reduc- 
tion in kW. and units) 
Diversi ty factor itkI ividi lal 
consumers of 1*20 

73*8 

88*0 

£<) 9 2 

192-d 

0-151) 


The main figures are summarised in the foregoing table. Tliese 
are necessarily greatly condensed, being inserted merely as a 
check on the diagram (Fig. 15), and any details and explana- 
tions required ‘should bo sought in the paper from which thc\y 
were taken. In the double columns are shown respectively the 
kW and units available at each point and the corresj)onding 
prices per annual kW and per unit. 

Commencing at the left-hand side of tlic diagram, Fig. 15, 
the following points should be noticed. In the fii’st place the 
cost of generation and transformation to 33,000 volts is found 
by adding the total expenses at the power station, tlicse being 
expressed on an annual basis. For this piu'pose the whole of 
the plant and equipment is reckoned at a uniform figin.’e of 
10 per cent, per annum on the capital cost, and it will be soon 
that roughly one-third of the first cost wont in land, buildings, 
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etc., one-third in the steam plant, and one-third in the electrical 
gear. As a figure of 8 per cent, would cover interest at 5 per 
cent, and repayment in twenty years, and since at least the 
first of the three groups of expenditure would not require 
renewing so soon as this, the allowance of 10 per cent, should 
provide a reasonable margin for insurance and reserves against 
any unexpected change in the fortunes of the supply authority 
or the requirements of the public. 

Assuming that the sum of the individual maximum demands 
on the main cables reaching the central station is 10 per cent, 
more than the aggregate demand which they combine to make 
on the station, the generating cost becomes £2 175. 3cZ. per 
annum per kW of demand plus 0’125cZ. per unit ; and this is the 
cost price which could be charged to a consumer buying at the 
power station terminals, assuming that his cable showed the 
above diversity factor to the main body of the demand. In 
the diagram (Eig. 15) the two scales have been so chosen that, 
for a load factor of approximately 25 per cent., ordinates on 
the under side of the diagram represent pence per unit to the 
energy ’’ scale ; so that for this load factor the dotted bracket 
rei3resents to scale the generating cost expressed as an overall 
price per unit, and this equals 0-4:4cZ. per unit. 

Erom here the diagram works to the right and shows the 
ellect in turn of E.H.T. cables, main sub-stations, 6,600-volt 
cables, rotary sub-stations, and D.O. distributing mains. Eor 
each of these items there is a loss both in energy output and in 
kW capacity to meet demand, so that the price per unit and 
the annual price per kW are each correspondingly increased. 
There is also the capital cost of the various distribution gear, 
reckoned at percentages from 8 to 11 per annum, and this 
serves to swell the lower part of the diagram. 

It will be noticed that since the cost per unit or per kW is in 
the form of a quotient — Total Cost/No. of Units or kW — this 
may be increased either by an increase of the numerator 
(greater cost) or a decrease of the denominator (i.e., by losses). 
The former is shown on the diagram by shaded additions to 
the cross-sectional area of flow, the latter by curved tributaries 
flowing into the main stream. (A more exact interpretation 
Id be to regard the total volume of money starting at the 
and flowing leftwards, being spent or dissipated in the 
s ways shown.) 

•ect of a diversity factor is to increase the number of 
to meet demand, owing to that demand not all 



LOAD AND DIVERSITY FACTOR 


221 


taking place simultaneously. This increases the denominator 
of the above quotient, and so reduces the cost per kW. On the 
diagram this is indicated by horizontal shading, and it takes 
place wherever a number of cables meet at one point, i.e., at 
each station or sub-station, and also when a number of 
individual consumers’ lines enter the street mains and dis- 
tribution pillars. 

The composite price at each stage of the process is shown 
on the diagram to the two scales marked, and the final price 
to the D.C. consumer is £6 9<s. 2d. per annum per kW plus 
0‘159d. per unit. In the original paper the power station is 
taken as worldng at a load factor of 40 per cent., but owing to 
the various diversity factors and to the fact that the constant 
losses reduce the units more than the kW capacity, the average 
load factor of the individual consumer is reduced to 24*8 per 
cent. The two scales on the diagram have therefore been 
chosen so as to correspond at a load factor of approximately 
25 per cent., and for a consumer having this load factor the 
overall price per unit is represented by the total distance CON 
to the energy ” scale and equals 0-87d. per unit. For any 
other load factor the lower portion of the diagram must bo 
multiplied by the ratio 0*25/new L.F. before adding it graphi- 
cally to the upper portion, in order to find the total overall 
price per unit. 

Conclusions from Diagram. — Some of the points which the 
diagram particularly illustrates may bo briefly mentioned. 
The cardinal feature is, of course, the high proportion of the 
standing charges, and the influence thereon of the load factor. 
Even when scaled, as in the above cases, for a fairly high 
individual load factor, the enormous preponderance of the lower 
portion of the diagram is very striking. Taking the price to the 
low tension consumer, it will be found that in each of the al)ovo 
cases the demand charge when expressed per unit is four and a 
lialf times the energy charge at the average consumer’s load 
factor (22 to 25 per cent.). Hence for a purely ligliting 
consumer, whose load factor may easily bo only lialf this, the 
demand component will form 90 per cent, of the whole price : 
and for any lower power factors the energy item would bo 
almost negligible, and a charge based purely on maximum 
demand would bo justified. 

Comparing the selling with the generating cost, in each of the 
cases taken above the demand component is rather more than 
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double, the energy component very much less than double. 
The net effect (with the '' average ” load factor) is to give an 
overall price to the low tension consumer almost exactly 
double that of the price at the power station. But the total 
is differently made up and will therefore bo somewhat less 
than double on a higher load factor, and more than double 
on a lower load factor, than 22 to 25 per cent. 

Another point to notice, in the second diagram particularly, 
is the way in which the transmission and the distribution costs 
mount up in a steadily increasing ratio as the supply proceeds. 
The earlier, higher voltage stages not only show much smaller 
energy losses (as would be expected), hut even as regards 
capital charges they appear far less serious than the later 
items, and it is abundantly evident that low tension distribu- 
tion, and particularly of direct current supply, is a most 
expensive luxury. As regards the possibility of cheapening 
by the employment of A.C. throughout, the main saving 
would be in the low tension sub-stations. In the paper from 
which these figures were obtained an alternative is worked out 
for static stations delivering to consumers at 400 v. and 
230 V. A.C. This is lightly sketched on the right-hand portion 
of the diagram (with dotted lines), and it results in a final price 
of £5 135. lid. per annum per kW of demand plus 0*150cZ. 
per unit (C'ON'). 

A further use for the diagram is in showing the effect of 
changes in the price of the different '' ingredients.” The price 
changes which are likely to produce the biggest effects are 
changes in the cost of fuel, in the cost of electrical plant, and 
in the cost of capital. Changes in the smaller items, such as 
materials other than fuel, wages, salaries and management, 
rates and taxes, will have less effect on the total. 

As regards fuel, a change in its iDricc will produce an exactly 
proportional change in the whole of the upper portion of the 
diagram — thus comparing the two examples above, tlie genera- 
tion for the country in 1922, if transferred to the i)rcsout day 
with fuel at 165. instead of 205. 5rZ., would result in a price ])cm: 
unit of 0*29(:Z. (In comparing this with the figure of 0-I59(/. it 
must be remembered that generation for the whole country 
includes many small and inefficient stations, and it also 
includes profits in some cases.) Changes in the cost of electrical 
plant and machinery, if accompanied by similar alterations in 
the smaller items, could be shown by a proportional change 
in the whole of the lower part of the diagram. 



LOAD AND DIVERSITY FACTOR 


223 


The cost of capital, as evidenced by the rate of interest which 
has to be paid, is in a somewhat different category from the 
other items. Thus if the prices of all the items were to alter 
in a certain ratio, and the diagram were altered in this ratio, a 
change in the rate of interest would make a further difference 
over and above all the other changes, but it would affect the 
lower part of the diagram only. The change would not be a 
proportional one, even on the purely capital charges, since 
interest and depreciation would be affected in opposite direc- 
tions. The result of a change in the rate of interest could 
therefore only be found by recalculation throughout. 

It will bo noted in conclusion that no mention has been 
made of power factor, and in fact a D.O. distribution was 
selected in the second diagram partly with a view to avoiding 
this item. The economic effects of a bad power factor are in 
many respects similar to those of a bad load factor, and are 
dealt with in detail in the chapter which follows. 

Typical Power Tariff. — Although the division of costs into 
two components can usefully be applied to any part of a supply 
system, and is much the simplest way of representing the 
economics of the case with some degree of accuracy, it does not 
follow that the tariff will necessarily take this form, since many 
other factors enter besides pure economics. To the domestic 
consumer, who dislikes technicalities even more than the power 
user, and whoso consumption is not sufflcLeut to justify 
elaborate metering, it is more usual to siij^ply electricity at a 
flat rate (or two different J’ates for different purposes) ; tlio 
price being then high enough to cover all the possiblo expenses 
involved, even assuming a purely lighting load factor. To the 
large-scale power user, who is more likely to understand the 
meaning and importance of load factor and who is more likely 
to be able to effect an improvement, a two-part tariff is very 
frequently put forward, although Iicro also a higher Hat rate is 
generally offered as an alternative. 

The following is a typical two-part power tariff : £5 per 
annum per kW of maximum demand plus per unit consumed 
i 0*03c/. per unit for each Ls*. per ton rise or fall in the piico 
of a specified grade of coal, now standing at 14s. a ton. The 
maximum demand to bo measured by a maximum reading 
ammeter or other device taking not less than twenty minutes 
to come to its full reading and over periods not exceeding three 
jnonths. With such a tariff the lowest overall price per unit 
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will naturally be paid by a consumer whose load factor is 

100 per cent., and will be 3 0 ^ ' ^ ' ^ + 2 0’137 4-0-5 = 0-637ciI. 

per unit. Eor a consumer whose load factor is F {F being 

0*137 

fractional) the total cost per unit will be 1- so that 

it will become l’87d. per unit when the load factor is 10 per cent., 



and so on. In Fig. 16 the total cost per unit with, this tarhl: is 
shown for a range of load factors from 8 to 100 per ccuit. TIk', 
curve is made up of two parts, separated in the figures by a. 
dotted line, namely, the flat rate portion of 0*54. plus a 
rectangular hyperbola on account of demand, tlic lattca* j'lsing 
as the load factor falls. 

Cost per Unit on Two-Part Tariff. — ^When the ])rico at variouB 
points in a system is known in the form of a two-part tarill, it 
is useful to be able to show this as a single overall llguro per 
unit for consumers of various load factors. Taking a complete 
supply system such as that illustrated in Fig. 15, the price at 
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any particular point can be represented for all load factors 
by the sum of a straight line and a hyperbola as shown in 
the last figure. On a large system this would mean an elabo- 
rate set of curves, difficult both to draw and to read. Eor 
such purposes it is therefore convenient to use graph paper in 



which the base scale is an inverse or reciprocal one, i.e., on 
which the distances from the riglit-hand side are the rccix:)rocals 
of the figures scaled along the base. Thus in any costing prob- 
hnn, if the x)rico j^er article or per unit is made up of two 
components, one constant working cost) and one inversely 
proi)ortional to the number made (standing cost), the total 
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price per unit when plotted on ordinary graph paper will consist 
of a horizontal straight line plus a rectangular hyperbola, but 
if plotted on paper with a reciprocal base scale it will consist 
of a horizontal straight line plus a falling straight line as in 
the figure described below. 

Graph paper ruled in this way has recently been put on the 
market under the title costing paper, ’’ and in Fig. 17 this is 
used to illustrate the hypothetical supply system whose data is 
given in the table on p. 218 and in Fig. 15. This table shows 
the price on a two-part basis at five different points on the 
system, ranging from the power station terminals at 33,000 
volts A.C. down to the consumers’ premises at 220 volts D.C. 
The five straight lines on Fig. 17 represent these five points. 
At any point the two-part tariff can be resolved into a single 
overall price per unit provided the load factor is known, and 
the graph shows this for all load factors (base) from 10 to 
100 per cent. It will be seen that these curves give similar 
information to that given by the previous figure, but owing to 
the reciprocally scaled base they are straight lines instead of 
hyperbolse. [Note on Construction. — In order to draw one 
of these lines it is, of course, only necessary to know any two 
points on it. Referring to the table on p. 218, the right-hand 
column gives the worldng cost per unit (which constitutes the 
energy portion of the tariff) at the five points, and this is scaled 
on the line marked “ infinity ” on the extreme right of the 
graph. The total cost per unit at any one load factor, e,g., 
10 per cent., must then be found, this being made up of the 
energy cost plus the standing charge (£) multiplied by 

240 

This can then be scaled on the line corre- 

0-1 X 365 X 24 

spending to 10 per cent., and the two points when joined will 
give the line required.] 

* PublisliGcl by A. West and Partners, 30, Broadway, Westminster, S.W, 1, 


CHAPTER XIII 


POWER EACPOR 

Definition* — ^When the pressure applied to and the current 
in a circuit are both steady, the power in it is found from tho 
product of the pressure and current, but when pressure and 
current are varying, the power cannot be calculated in this 
simple manner. Thus, when the pressure and current arc 
alternating they can each be represented by their virtual 
(root mean square) values, but the power will usually not bo 
found from the product of the two R.M.S. values, but will bo 
less than this product. The power in the direct current circuit 
could be likened to a perfectly trained boat crew or a perfectly 
made cord — all the rowers or all the strands are pulling 
together,” so that the efficiency of the arrangement is 100 per 
cent., i.e., the composite I’esult is the maximum that can 
possibly be extracted from all the elements making it up. In 
an alternating current circuit, the current either does not 
follow the exact shape of alternation which the pressure maps 
out, or it does so at a slightly different time, or both ; so that 
the two are not pulling together perfectly, and occasionally one 
is actually pulling against the other. 

The power at any instant is, of course, the product of tho 
pressure and current at that instant, and if all these instan- 
taneous powers are summated, their average value over any 
period gives tlie true or effective power (watts or kilowatts, 
kW). When the effective R.M.S. values of pressure and cur- 
rent are multiplied together this product is called the ap]^arent 
power (volt-amperes or kilovolt-amperes, kVA). Tlio ratio 
true power -f- apparent power is called the power factor. 

The pressure on most modern sii'pply systems follows very 
closely a sine wave in its alternations, and the current follows 
the same shape more or less closely according to tlio character 
of the circuit, but usually lagging behind the pressure. When 
pressure and current both follow sine waves they can bo repre- 
sented by the projections, upon a straight lino, of vectors of 
constant length, rotating at tho same constant sx)co(l but witli 
a definite angle between them. This is called tho angle of lag, 

227 q li 
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when the current is behind, or lead when it is in fron 
usually denoted by the symbol cf>. In such cases U 
factor is equal to the cosine of the angle of lag 1 
true power (kW) = apparent power (kVA) X cos ^ ==== 

When the wave shapes are irregular, or when LI 
polyphase circuit in which the different phases are noL 1 
the power factor is not always easy to find or evot: 
define. But it is believed that the above definitioix 
case as well as a simple one can, and will be suflicicn: 
present purpose. Furthermore, it will be assuraocl 
follows that the pressure and current both follow siixo 

/'Causes of Bad Power Factor. — The chief causes o: 
/scale of bad power factors are the following : — 

Induction Motors . — ^Nearly 70 per cent, of Lin 
supplied by public authorities in this country in f 
purposes, and the polyphase induction motor is 
simplest electrical machine developing mechanical 
is relatively cheap, has a good efficiency, and xx’i^q 
minimum of upkeep, and there is no immediate lilcc; 
its becoming any less widely used than it is at proi: 
fulUoad power factor is usually of the order 80 to 
and on lower loads considerably worse. 

Transformers . — ^When on full load the power faoLo] 
efficiency, is very little short of unity, but since tho in i 
current is practically constant at all loads it reprcsoii 
bigger proportion of the total when the transform tu'* 
loaded, so that the power factor is then a poor oiio. 
tension distribution system it is often necessary to 1 
numbers of unattexided transformers permanentljy' 
to tho lino, and during light load periods this resii ILw 
low power factor. 

Mlectric Fiornaces . — ^Wlicn the station serves elcoLrc 
and metallurgical industries the power factor is c>:f t< 
two reasons. In an arc furnace tho arc itself Ira 
conductivity at the commencement of the cyclo^ h<: 
current is delayed with respect to the voltage 
addition it is often necessary to employ reactaia<5ci 
minimise the dangers of short circuits. A plain 
furnace may have quite a good power factor, buL ii 
of the induction type it is usually bad, owing to ixx 
forming the secondary. 
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Current Limiting Reactances . — ^Apart from their use in 
connection with furnaces, choldng coils are frequently employed 
in central stations to minimise the current in the event of 
faults, and these are a further cause of bad power factors. 

Transmission Lines . — ^Although on light loads these act as 
condensers and take a leading current, this may be more than 
neutralised on load by the inductive drop caused by the load 
current. The effect is small on multicore cables, but relatively 
large with an air line. 

It will be noted that in all the above cases the power factor 
is bad owing to the current lagging behind the pressure. A 
leading current is just as bad, but far less likely. It may arise 
owing to long sections of electrified but unloaded cable, or 
where static condensers are left connected during light load 
periods ; but in the great majority of cases the utmost that 
such leading currents can do is partly to neutralise the much 
more extensive lagging apparatus. In what follows it will in 
all cases be assumed that the correction required is that due 
to a lagging current. 




Methods of Improvement. — Power factor improvement can 
e carried out in any one of the three following ways : — 


(1) By the installation of apparatus taking a leading current, 


the installation being made solely for the purpose of j)ower 


factor improvement. 

(2) By the use of apparatus capable of taking a leading 
current, but which also performs other useful functions. 

(3) By the improvement of apparatus employed for other 
purposes in such a way as to decrease or eliminate its lag. 

Methods (1) and (2) arc capable of effecting very great 
improvement in the power factor of a lagging system, since 
they apply positive correction by injecting a leading current 
capable of neutralising the lagging currents duo to other 
apparatus. Method (3) can in general only reduce the amount 
of the lag ; it cannot neutralise it or cause a lead. In order to be 
effective it must bo very generally practised, since an imj^roved 
machine can only solve its own problem and does little or 
nothing to assist other lagging plant. 

The simplest example of the first method is the static con- 
denser, consisting of Mansbridgo plates, comprising a length of 
paper coated with tin so as to have a considerable electrostatic 
capacity. Usually each iinit has a capacity of approximately 
one microfarad, the units being assembled in frames fixed in 
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boiler plate tanks and completely oil-filled. The kVA capacity is 
proportional to the frequency and to the square of the pressure, 
but with the materials and thicknesses generally employed the 
most suitable working pressure is about 600 volts, so that on 
circuits of moderate pressure it is advisable to step the pressure 
up or down to this figure by means of transformers. For 
higher pressure circuits up to 3,300 volts) condensers 
are made for direct connection, but this involves a discharge 
resistance and more expensive switchgear. 

The losses on such a condenser are extremely small (about 

kW per 100 kVA output unless transformers arc employed), 
so that its current leads the voltage by almost 90 degrees. As 
there are no worldng parts, its maintenance and depreciation 
are extremely slight, and the equipments that are in use have 
given little or no trouble. The first cost of equipments for a 
fifty-period 400 to 440-volt circuit and ranging in size from 
100 to 300 kVA works out at about £3 per idle kVA. 

The best example in Class (2) is an over-excited synchron- 
ous motor. When compared with the induction motor as a 
driving unit it is more expensive, and has a smaller 

pull-out torque, but by over-exciting its field system its 
current can be made to lead to such an extent that it will 
counterbalance the lag due to several other machines. Its 
performance in this respect is so good that it will frequently 
pay to install it for this sole purpose, and to run it light without 
utilising its mechanical output. It then comes into Class (1), 
and is a competitor of the static condenser, being then termed 
a synchronous or rotary condenser. A comparison between 
these two when employed for this purpose will be found on 
pp. 266— -270. 

When used as sources of mechanical power, in which cases 
ease of starting is of importance, these motors are usually 
fitted with windings so that they start uj) as induction motors, 
and then pull into synchronism when the excitor is switched in. 
Such machines are termed auto-synchronous motors or syn- 
chronous induction motors. 

Another machine in this group is the over-excited rotary 
converter, which is somewhat similar in this respect to the 
synchronous motor. Unfortunately, owing to the disposition 
of the currents in the armature of a converter, the effect of 
over-excitation is greatly to increase the losses. Hence this 
method is uneconomical as a means of injecting leading kVA, 
and stands no comparison with the others outlined above. At 
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the same time, rotary converters may be very nseful as a form 
of unity power factor load, thus helping to bring up the general 
average ; and a supply system having a number of rotary 
sub-stations can look for some appreciable degree of power 
factor improvement on this account. 

The best example of Class (3) is an induction motor fitted 
with a phase advancer. This involves the use of a slip-ring 
machine in place of the more usual squirrel-cage type, and the 
slip rings are connected to either a rotary (Leblanc, Scherbins, 
or Walker type) or an oscillatory (Kapp type) phase advancer, 
y The effect of this appliance is to introduce an E.M.F. of slip 
frequency in the correct sequence into the slip rings in such a 
way as to shift the rotor current forward. Owing to the 
inter- action between stator and rotor, this lead is translated 
into the stator circuit, but on a magnified scale. Neglecting 
^ losses, which are quite small, a 6 or 7 kVA phase advancer 
worldng on a large motor will benefit the line to the same 
extent as a static or rotary condenser giving out 250 kVA. At 
the same time, the overload capacity of the motor is increased 
and there is no loss in efficiency. 

Another way of looking at it is to say that by means of the 
phase advancer the magnetising current of the machine (which 
in an induction motor, just as in a lightly loaded transformer, 
is the cause of bad power factor) is supplied through the rotor 
instead of the stator. Since magnetising kV A is proportional 
to frequency, and since the frequency in the rotor is only 2 
or 3 per cent, of the supply frequency, it follows that motors 
excited at this lower frequency require only a fraction of 
the kVA necessary when they are magnetised in the usual 
manner. Moreover, by o-ycr-magnetising them, the stator 
current can actually be made to lead slightly. 

It is possible to fit a phase advancer on any slip-ring induction 
motor, although the best results are obtained by designing the 
motor with this in view. The cost of such a motor, including 
the phase advancer, is still less than that of a synchronous 
motor, whilst the efficiency, overload capacity, and other 
running characteristics are better. On large driving units this 
is undoubtedly the cheapest method of improving the power 
factor, but where a number of small induction motors are 
employed it is preferable to neutralise their lagging currents 
as a whole by means of a separate large unit. 

As regards other examples of this class, most of the machines 
enumerated as causes of bad power factors can be improved to 



232 ELECTEICAL ENGINEERING ECONOMICS 


some extent by careful design. Thus in an induction motor 
the air gap can be reduced by fitting ball or roller bearings, 
and this materially improves the power factor. A similar 
improvement can sometimes be made in transformers by the 
employment of interleaved instead of butt- jointed cores ; and 
in a system employing a number of small transformers of this 
type the power factor when lightly loaded can be considerably 
improved in this way. 

A recent development which can be considered as coming 
into the third of these groups is the compensated induction 
motor, of which the No-lag machine of Messrs. British Thomson- 
Houston is an example. This motor has a small commutator 
by means of which the phase position can be controlled, and 
as usually arranged the power factor is about 0*9 leading at 
no load and unity at full load. Such a machine is cheaper 
than an auto-synchronous motor, and can be built for small 
sizes, but it is naturally dearer than a plain induction motor 
and usually somewhat less efficient. An example illustrating 
the economics of such an installation is given at the end of the 
chapter. 

A final point which must be considered in comparing different 
methods of power factor improvement is the question of where 
the improvement plant should be situated. Naturally the 
prevention of lagging currents is better than their cure, and 
wherever possible the motors or other sources of potential 
trouble in this respect should themselves be fitted with the 
necessary correction plant. But where the consumer does not 
generate his own energy, and where no encouragement is given 
him in the tariff levied he is hardly likely to go to the necessary 
trouble and expense of providing gear which is not essential 
to his particular needs. The supply authority will then have 
to effect whatever improvement may be necessary or desirable, 
and the same thing applies where there are a number of small 
consumers who cannot economically improve their own 
individual power factors. The plant should then bo placed as 
near as possible to the centre of gravity of the lagging load, 
e.y., at the sub-station, thus reducing the losses and voltage 
drops in the transmission lines. 

Magnitude and Effect. — Unless phase-advancing plant is 
installed, the power factor of a station supplying a mixed load 
will usually be less than 80 per cent., and may be as low as 
per cent. Even at the higher of these figures this means 
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that a very appreciable portion of the capacity of the alter- 
nators, cables, etc., is wasted in carrying wattless current — 
current which performs no useful work, but heats up the con- 
ductors. Thus if the power factor could be improved from 
80 per cent, to unity, the capacity of the whole of the electrical 
equipment could be raised by 25 per cent, without the addition 
of a single machine, switch or cable. 

The effect of a bad power factor is very similar to the effect 
of a bad load factor considered in the previous chapter. In 
each case the consumer is demanding apparatus which he is not 
utilising to the full energy output of which it is capable. So 
that if metered and charged only on energy consumption, he 
will be putting the station to an unrecompensed capital expense 
which will be greater the poorer his load factor. There are, 
however, the following differences. With power factor there 
is comparatively little in the nature of diversity factor, since 
a leading power factor on a large scale is practically unknown, 
and such diversity of phase angle as does exist (see p. 236) is 
not very considerable. A bad power factor demands bigger 
cables and electrical plant for a given energy consumption 
just like a bad load factor, but it does not demand bigger steam 
. or prime mover plant. On the other hand a bad power factor 
1 causes heating losses, so that in addition to the standing charge 
\it affects to some extent the running charge also. It also has 
'a serious effect upon the voltage regulation. 

Cost of Low Power Factor.* — In order to obtain a clear idea 
of the supply cost resulting from a bad power factor it will be 
well to start with a purely theoretical situation, namely, a 
station and supply system in which every item can be varied at 
will. If this is considered first as supiffying a load at unity 
power factor, and then as supplying the same power, but at a 
lagging angle, it will be possible to make some estimate of the 
extra cost involved. It may be supposed that the tariff in the 
first case is a two-part one of a fixed annual charge per kW of 
demand plus a uniform price per unit consumed. In what 
follows, the numerical difference between the apparent and the 
true power will be referred to as the “ extra kVA,’’ and the 
numerical difference between the apparent and the true 
consumption as the extra kVA hours.'’ The object of the 
present section is then to discover what each extra kVA of 

* This analysis, togothor with the economic calcnlations which make wp tlio 
next chapter, is extracted from articles by the author in World Power f Novem- 
ber and December, 1927* 
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demand costs as compared with the true kW of demand, and 
what each extra kVA hour of consumption costs as compared 
with the cost per unit of the true energy. 

The cost of giving a supply to a consumer may be divided 
up into four groups : standing cost of generation, standing 
cost of transmission and distribution, working cost of generation, 
and working cost of transmission and distribution. The fi,rst 
two, if they are to be covered by the fixed charge in the tariff, 
should include every expense involved in being ready to supply, 
i.e., practically everything except fuel. The third and fourth 
items, covering expenses proportional to actual consumption, 
will consist of 80 to 90 per cent, of the fuel and a few smaller 
items, such as water, some labour, etc. Dividing on a basis 
of fuel only, and making reasonable assumptions as to diversity 
factors, the average cost on a two-part basis of the supply by 
authorised undertaMngs in Great Britain in the last year for 
which full particulars are available (1924) were as follows : — 

At the generating station, £5 135. per annum per kW plus 
0*28d. per unit. 

To the consumer, £11 125. per kW plus 0-33d. per unit. 

These figures, of course, cover small as well as big stations, 
and since the load is not at unity power factor the standing 
charge would be considerably less if measured per kVA. 
Moreover, as explained on p. 217, these figures are an average 
covering both domestic and power consumers, and so are much 
higher than the average two-part tariff. They are quoted hero 
merely as a guide to the proportions of the costs in question. 

Standing Costs. — ^As regards the first two groups, before 
considering the question of the rate at which extra kVA arc 
to be charged, it is necessary to decide on what basis they are 
to be measured, since the instantaneous kVA will change with, 
every change in the magnitude or character of the load. But 
if the consumer’s power factor is approximately constant, its 
effect upon the standing cost of supply will be chiefly felt at 
the instant he is taking his maximum power. Hence the 
effect of a bad power factor as distinct from a bad load factor 
can be assessed by examining his maximum demand over the 
period in question and seeing how much greater this is than it 
would have been had he demanded the same power at unity 
power factor. 

In other words, the effect of a bad power factor on the 
standing charge can be taken as some function of the maximum 
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apparent power demand as distinct from the true power 
component of this same demand. This neglects the effect of 
various items, such as diversity factor and variations in power 
factor at different times, but it is, nevertheless, a convenient 
and usual assumption that the damage done by a bad factor, 
in so far as this affects standing charges, can be assessed on the 
basis of the maximum kVA demanded. 

Taking the first group of costs only, this will include capital 
expenses, running expenses, rent and rates, management, etc. 
If the cost of generation in the example depicted in Fig. 15 is 
examined, it will be found that the capital charges are in three 
roughly equal parts, of which two, land and steam plant, may 
be considered as proportional to the true power, and the third, 
electrical plant, will be proportional to apparent power (kVA). 
The running expenses can be similarly split up, but a much 
greater proportion will probably be found dependent upon 
apparent power, and as regards some items of attendance and 
management an apparent kVA will cost more than a true kW. 
As a rough approximation it may be supposed that about half 
the total expenses in Group (1) will vary with the kVA of 
demand, the other half being proportional only to true power. 

Taldng the second group, namely, the standing charges of 
transmission and distribution, since these are concerned with 
the electrical end of the system they may be taken as practically 
all proportional to apparent i)ower ; and, again, some of them 
may be even more than directly proportional owing to the 
necessity of maintaining the voltage regulation. It will be 
seen from the figures quoted above that the transmission and 
distribution costs in this country make a total of just about 
the same magnitude as the generating costs, so that combining 
Groups (1) and (2) it may be tentatively suggested that the 
standing cost per extra kVA is of the order of three-quarters 
that of a true kW. Thus if there are two consumers each of 
whose maximum demand is 100 kW, one at unity and the 
other at 71*4 per cent, power factor (140 kVA), their standing 
charges should be in the ratio 100 : 130.*-^ 

* It will be noted that instead of levying tho extra fixocl charge for bad 
X^owor factor on the diheronco botwoen tlie kW and the kVA (here called tho 
extra kVA) it can bo levied on tho full kVA with a corrospondiug reduction in 
tho charge per kW. Thus an annual charge of £S xjor kW phm £6 per extra 
kVA can bo (and would be) more sirnx)ly exx^ressod as a charge of £12 per kW 
plus £6 per total kVA. The other method is hero used in preference to this 
because it is desired to show exactly what addition would bo necessary to a 
simple two-part tariff in order to cover tho extra cost resulting from a bad 
power factor. 
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Phase Diversity of Demand. — There is another point which 
must he considered. In the above argument it has been 
implied that a given addition to a consumer’s maximum 
demand increases the station maximum demand by the same 
amount, but this is only true if the consumer’s maximum 
coincides with the station maximum not only in time, but also 
in phase angle. It is, of course, obvious that even in a D.C. 
system an addition to the maximum demands of consumers 
will produce a smaller increase in the maximum demand on 
the station, in the ratio of the diversity factor, so that the 
charge levied per kW of consumer’s maximum can be less 
(except for the effect of losses) than the cost per kW of station 
plant in this ratio. Diversity factor may thus be regarded as 

the aggregate effect of this non- 
( coincidence in time of the con- 

sumer’s maxima, and its exist- 
ence is fully realised and easily 
allowed for. What is not 
generally recognised is that in 
an A.C. system there is a 
diversity in phase time as well 
as in time of day, so that when a 
charge is made on the consumer’s 
maximum kVA instead of kW, 
such a charge should be less on 
this ground than the correspond- 
ing cost per kVA at the station. 
This item is called by the author 
diverse phase factor,” to distinguish it from the term 
diversity factor ” in its generally accepted meaning, and it 
appears to have received very little attention from writers on 
the subject. 

Referring to Fig. 18, if the maximum demand on the station 
(direction OD) lags 45 degrees behind the voltage (i.e., power 
factor approximately 70 per cent.), and if there are two 
consumers OA and OB, each with a maximum demand of 
100 kVA, but lagging 30 degrees and GO degrees respectively, 
then even if their demands coincide as regards time of day 
with the station demand they would not swell the latter by 
200 kVA, but only by 193 kVA. The diverse phase factor in 
such. a case would be 200/193 = 1*035. 

Diverse phase factor can be measured in the same way as 
diversity factor, but by imagining all demands to coincide in 



Fig. 18. — Phase Diversity. 
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time. The sum of all consumers’ simultaneous kVA demands 
divided by the kVA demand coming on the station would then 
measure the diverse phase factor ; or it could be defined as the 
numerical sum of these simultaneous demands divided by their 
vectorial sum. On a kVA tariff it is the former which is 
measured and charged for, and the latter which represents 
extra costs, so that the consumers are to this extent over- 
charged. The difference is not great in proportion to the whole 
power, but as it only occurs when kVA are charged for instead 
of kW, its incidence is entirely on the extra kVA,” and in 
proportion to this it is quite an appreciable item. (It is for 
this reason that the factor should be considered separately, 
and not merely grouped in with the ordinary diversity factor,) 
In the case cited above, the extra kVA’s of the two consumers 
are 13-4 and 50, making a total of 63*4, whereas the extra kVA 
coming on the station is only 56*6. 

In such a case, and with the figure suggested above for the 
cost of extra kVA on the system, namely, 75 per cent, of the 
cost of a true kW, the correct price to charge a consumer would 
be 67 per cent. Moreover, the factor becomes greater the 
bigger the phase divergence between the consumers. Thus 
had the load represented by OA lagged only 10 degrees, that 
of OB still being 60 degrees and the joint demand then lagging 
35 degrees, it would be found that if extra kVA on the system 
cost 75 per cent, of the cost of a true kW, the correct figure to 
charge consumers on their metered extra kVA would be only 
57 per cent. 

The final conclusion as to the costs of the standing charges 
is that extra kVA should not be charged at more than three- 
quarters of the price of true kW, and in some oases not more 
than about half the price, specially when transmission and 
distribution expenses are small in proportion, and when there 
is likely to be an appreciable phase diversity. 

Working Costs. — Taking the tliird group of costs, namely, 
working expenses of generation, these will be almost indopeu- 
dent of power factor; whilst as regards the fourth group, 
covering the working cost (i.e., losses) of transmission and 
distribution, these will be proportional to the kVA hours. 
Hence the question of the cost of the extra kVA hours will 
turn on the proportions which Groups (3) and (4) boro to each 
other originally. In the case of public supply in 1 924, the losses 
in transmission and distribution amounted to 15*4 per cent, of 
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the units generated. If only these losses were affected by 
power factor the price of one extra kVA hour should be just 
under one-fifth that of a true kW hour.* But it must be 
remembered that there are also the alternator losses which are 
proportional to the kVA hours, and, moreover, owing to bad 
power factors, sets have frequently to be kept running which 
could otherwise bo closed down. When to these factors are 
added various smaller ones, such as the cost of the extra 
excitation, etc., it is probable that a figure of one-fourth is 
more representative.! 

Summary and Modifications. — To sum up the above on a 
two-component basis it will be seen that if the costs of a bad 
power factor are to be strictly provided for there must be the 
following four items : — 

On account of True Power 

(1) Eixed annual charge per kW 
of demand. 

(3) Running charge per kWh of 
consumption. 


Extra due to bad Power 
Factor 

(2) Fixed annual charge (say § 
as much) per extra kVA 
of demand. 

(4) Running charge (say J as 
much) per extra kVAh of 
consumption. 


Turning now to actual situations, there arc several reasons 
why the above theoretical considerations require modifying. 
As regards the standing charge, when the generating station is 
actually in existence and designed for some particular power 
factor, its component parts cannot easily bo varied. A 
common practice is to design a station on the assumption of a 
power factor of about 80 per cent., i.e., the electrical end will bo 
made capable of carrying 25 per cent, more (apparent) power 
than the steam end. When the actual power factor is below 
the designed figure, any improvement will virtually increase 


* If tho station siix)plios one extra kVA lioiir withotit i". ''' 'rue 

energy or its fuel cost, this will incroaso tho kVA hours t . ■ . ■ hy 

1 — 0'154 = 0*846, and will decrease tho kW hours to tho consumer by 0*154. 
Hence on this basis true kVA hours should cost 0*164/0*846 = 0*182 timos as 
much as one kW hour. 

t 111 a paper by E, V. Clark {Journal I.JE.E., Vol. 64, 627), ib is siiggostod 

that on a system working at 70 por cent, powor factor, allkVA hours xniglit 
bo cliargod at onominth the x>rioe of true kW hours. This would corrcsxjond 
to a price for extra kVA hours of just under ono-sixtli that of true kW hours. 
On the other hand, in some of tho Continontal systems omx>loying composifco 
reading motors (such as that of Professor Arno, of Milan) tlio tariff is t|’uo 
kW hours plus ono4}iird of extra kVA hours. 
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the capacity of the whole station in the ratio in which the kVA 
are reduced, hence the cost of a kVA on this point is not 
three-quarters, but fully as much as the cost of a kW. For 
power factor improvements beyond this point there will be 
much less economic justification, and the cost of a kVA 
(i.e., the amount saved by its extinction) will be much less. 

When the authorities putting in the improving plant are not 
the electrical undertakers, the case will only resemble the one 
considered above in so far as actual costs are reflected in the 
tariffs charged. The next step is therefore to review the 
tariffs employed in this country, in so far as they take account 
of power factor, and to see how they affect the economic 
situation. 

Actual Tariffs. — ^A considerable number of supply authorities 
still base their charges only upon true power and energy 
consumption, making no extra charge for bad power factors. 
This may be because their load already approaches the power 
factor for which the station was designed or because they 
prefer to rely only upon verbal encouragement and advice to 
their clients. The weakness of such a practice is that the 
supply authority has no hold whatever over the type of con- 
sumption taken from its mains, although one type will put it 
to a much greater expense than another. 

Where tariffs taking account of power factor arc employed 
in this country these can generally be divided into two groups. 

(A) A two-part tariff consisting of a standing charge either 

per kVA or per kW (the figure then varying with power 
factor) plus a working charge per unit consumed. 

(B) A true power and energy tariff, which may be either of 

the two-part or single-part type, with in each case a 
bonus/ponalty if the power factor is above or below 
some datum figure such as 75 or 80 per cent. 

A third typo of power factor tariff, rather different from 
either of these, is common on the Continent. Usually it is of 
the single rather than the two-part typo, and the charge varies 
with power factor, but not to the full extent of the total 
apparent consumption. Not infrequently it is in the form of 
a fiat rate per complex unit, the latter being perhaps two-thirds 
of the true kW hours plus onc-third of the apparent kVA hours 

* Soo particularly the summary l)y E. W. Doroy, Jownwil I.E.E., Vol. Ci, 
p. G37. 
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jextra kVA hours at one-third the price of true kW hours). 
Special integrating meters have been developed for registering 
such complex units directly on the dial, so that consumers can 
at any time see the readings on which their bill is reckoned. 

, kVA Tariffs. — ^As regards tariffs in Class A outlined above, the 
energy is measured by an ordinary watt-hour or cosine meter, 
and the maximum demand is generally measured by a maxi- 
mum reading ammeter, which when multiplied by the line 
voltage 1,000) gives the maximum kVA demand during the 
metering period. This is usually all charged for at one definite 
figure (extra kVA ranking the same as kW), which may be in 
the neighbourhood of £5 per annum per kVA. When such a 
tariff operates it is easy to show that a good return can be 
obtained on capital invested in phase improvement plant in 
bringing the power factor to a point little short of unity. A 
good example of a straightforward tariff of this description is 
that of the Warrington Electricity Supply Department illus- 
trated in the chart, Fig. 19, which is reproduced through the 
courtesy of Mr. F. V. L. Mathias, M.I.E.E. The purpose of 
the chart is to enable the overall price per unit to be obtained 
directly for any load factor and power factor. 

The chief criticism which can be levied on such a tariff from 
the point of view of representing actual costs is that in it the 
extra kVA are usually charged for at the full rate, whereas 
they do not in fact cost as much as true kW, but only in the 
neighbourhood of one-half to three-quarters as much ; and, on 
the other hand, the extra kVA hours are not charged for at all, 
whereas they do cost something, which has been estimated 
above as about a quarter that of true kW hours. There are 
several justifications for this procedure, the chief of which is 
the convenience of a simple tariff and the comparative ease of 
measurement. It will be noted, moreover, that the two errors 
arc in opposite directions, thus tending to cancel, though the 
extent to which they succeed in doing this will, of course, 
depend on the proportions of the two charges and the load 
factor of the consumer. 

Taking the mean prices for the country quoted above and 
at the mean consumer’s load factor in this year (22 per cent.),* 
one extra kVA of demand will mean 0-22 x 365 x 24 = 
1,928 kW hours of consumption. ’Hence the extra resulting 

* This allows for both losses and diversity factor. The moan load factor 
oil the stations was 30 per cent. 
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Electricity at £4 10s. iior kVA of Maxiimim Demand phw 0-4:id, per unit (coal at 1-ls. per ton), 
To find co.st per unit place a HtraiRlit-edi^o to required l*o\V(‘r Factor on lettdiaml Hcalc, 
and to required Dosid Factor on rij^lit. Where the HtraiKht-edgo lutcrHOCts the middle aealc read 
“ Pence per Unit.” 
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from charging kVA at the full figure of £11 125. per annum 
instead of at three-quarters of this will be £2 185. per annum, 
whilst the reduction in not charging for the kVA hours instead 
of charging for it at a quarter of 0*33c?. will be 0-33/4 X 
1928/240 = £0-66 per annum, i.e., the second error will only 
go a quarter of the way towards balancing the first. There is, 
however, another reason which makes the above tariff less 
unfair to the low power factor consumer than at first appears. 
Usually the demand is measured by a maximum reading 
ammeter, and this means that the charge is virtually based 
on the peak load power factor, which is usually better than the 
1 mean power factor, owing to apparatus being then more fully 
' loaded. 

Another criticism of the Class A tariff is that it gives unequal 
rewards to different consumers for providing equal services to 
the supply authority. This can be seen by comparing two 
adjacent consumers, each of whose maximum demands has a 
true power value of 100 kW, but whose power factors are 
70 per cent, and 89 per cent, respectively. If the former 
installs phase improvement plant injecting 50 kVA leading by 
90 degrees, he will bring his power factor to 88-7 per cent, and 
reduce his kVA of demand from 143 to 113, a saving of 30 kVA, 
but if the second consumer installed the same plant, thus 
bringing his power factor ahnost to unity, his saving would 
only be 11-6 kVA. Yet the gain to the supply company would 
be the same in either case.* 

Of course, if all the consumers did the same thing, the gain 
to the supply authority would be in the same ratio as the 
reduction in the consumers’ demands, i.e., it would be at a 
decreasing rate the nearer the power factor came to unity ; and 
a tariff based on demand kVA would then be equally fair to 
both sides. The difference in the economics of the case to the 
two parties arises from the fact that when the individual 
improves he brings his demand much nearer to unity, and so 
decreases the rate of change of the improvement (see p. 252 
and Eig. 21), whereas he does not change the lag on the station 
materially and so does not affect the degree of profitableness 
to the supply authority. While station power factors remain 
bad it would therefore be worth while for the authorities to 

* It. will be noted that if the consumers are not adjacent, but each is situated 
at the end of a separate transmission line, the gain to the supply company in 
respect of the improvement in regulation would be greater in tho first case than 
in the second, and would in this respect be more in harmony with tho rewards 
given to the consumers. 
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pay at a level rate for all quadrature kVA injected into the 
system, or else to charge for kVA at a slightly lower rate to 
consumers taking it at or nearly at unity power factor. 

Summing up this point, it may be said that for a fixed total 
power factor on the generating station, all wattless leading, 
kVA have the same value, whereas if paid for on the basis of 
consumers’ kVA a bigger saving will accrue to an individual 
who improves his power factor from bad to medium than one 
who improves from medium to good. But as regards the 
gradual improvement of the station power factor as a whole, 
leading kVA installed later, i.e., as the power factor approaches 
unity, are of less value to the supply authority in the same way 
that they show a smaller saving in the consumers’ electricity . 
bills. 

Bonus/Penalty Tariffs. — Turning now to the second group 
of tariffs outlined above (Class B), the bill is first computed 
on a true power and energy basis, and then subject to a series 
of proportionate allowances or additions dependent on the 
power factor. In many cases the bonus/penalty is reckoned 
on the total bill, whereas it was seen above that the baxLpower 
factor mainly affects the st anding charge and should, therefore, 
be levied c hiefly or only on the j^emamd portiom bill. 

When reckoned on the total bill, the consumer with a bad 
power factor but good load factor will pay heavily, whereas 
the consumer who has both a bad power and load factor, and, 
therefore, a small energy bill in comparison with his maximum 
demand will not be charged so much, and will not be encouraged 
to install improving plant. 

When a bonus only is given for improvement beyond a 
certain basic figure, a consumer whose power factor is much 
below this will hardly trouble to install the large amount 
of plant required to bring the power factor above the 
basic figure. A further objection lies in the difficulty of 
metering power factor, and of explaining this to non-technical 
consumer's . 

The tariffs of this type which are in operation differ widely 
both as to the basic power factor employed and the method 
aird amount of the allowances. It is therefore difficult to 
criticise them as a whole, and each one must be examined on 
its merits. It may, however, be said that, as a general rule, 
this type of tariff is less flexible than the other, and does not 
represent actual costs so well. 
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Regulation. — Regulation can be defined as the drop in 
voltage resulting from a load, or the rise when that load is 
removed, expressed as a percentage of the rated voltage. 
Thus if a consumer nominally supplied at 100 volts finds 
that at the time of maximum load the voltage has fallen 
to 90, the regulation is 10 per cent., and naturally it is extremely 
important to keep this voltage drop down to as small a figure 
as possible. The drop may be due to a variety of causes. 
Thus the prime mover may fall in speed very slightly, and the 
dynamo will generate slightly less voltage owing both to the 
speed change and to loss in magnetic field strength. This 
drop will be further increased by the fall in voltage due to 
resistances, first in the machine itself, and then in the cables 
and other gear supplying the consumer. In a large station 
generating A.C., the voltage drop in the machines themselves 
can be made extremely slight by means of suitable regulators, 
and it is chiefly the subsequent losses in the distribution gear 
which effect the total drop. 

In order to illustrate the effect of power factor upon regula- 
tion it will be well to take actual figures. In the case of an 
overhead line whose resistance and reactance drop at full load 
and unity power factor are 10 per cent, and 20 per cent, 
respectively, in order to have 100 volts at the receiving end it 
is necessary to start with the voltage of 112. With the same 
line and the same kW loading, but at 80 per cent, power factor, 
it is necessary to start with 125 volts. When the same load 
is taken at 60 per cent, power factor the starting voltage would 
have to be 137, so that a boost of 37 volts would be necessary 
if no power factor improvement were attempted. Thus a bad 
power factor damages the regulation for two reasons. In the 
first place it necessarily increases the voltage drop in the cable, 
since it means a larger current for the same power. Eurther- 
more when the lino possesses reactance as well as resistance 
the extra kVA will actually produce a bigger drop than if the 
same number of true kW wore added, since the addition is a 
vectorial one. In the above case tho currents are in the ratio 
1: 1*25: l‘G7, whereas the voltage drops are in the ratio 
1:2:3. 

The question of regulation, whilst it is closely connected 
with that of power factor improvement, is distinct in many 
ways. For one thing, regulation is entirely a question for the 
supply authority, and although it is affected by the character 
of the load taken, there is no way in which the responsibility 
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can be passed on to the consumer, except indirectly by such 
power factor tariffs as have already been considered. Hence 
if apparatus is being installed solely with a view to improving 
the regulation, it will naturally be by the supply authority. 

The apparatus installed may aim at adding a direct in-phase 
voltage to that given by the alternator or main transformers, 
thus compensating for the drop in the lines, or it may aim at 
phase improvement by means of a quadrature component, thus 
neutralising the drop due to bad power factors. As regards 
the second method, any of the apparatus already described 
may be employed, but it must be remembered that in this case 
facilities for varying the amount of the phase improvement are 
very important. In some cases a long line may have an 
appreciable capacity at light loads (thus causing a rise in volts 
at the receiving end) and a considerable inductance at full load. 
In such cases a lightly running synchronous machine is very 
useful, since by suitable field variations it can be made to 
run either as a reactor or a condenser. 

The economic side of regulation is difficult to discuss except 
in very general terms. Sometimes the voltage must be kept 
within a certain figure at all costs, and, almost always, tolerably 
good regulation is extremely important, and its value cannot 
easily be assessed in £ s. d. All that can be said is that in 
some cases the necessity for better regulation will compel the 
installation of phase improvement plant, even where it would 
not otherwise be economically justifiable, and in all cases in 
which such plant is a sound proposition on other grounds, 
regulation considerations will j)rovide an additional reason for 
its installation. 
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Worked Examples 

1. On a 480-volt 50-period circuit a correction capacity of 100 
idle kVA is required, and condensers for operation on 600 volts 
can be purchased for £2 IO 5 . per kVA, the output capacity being 
proportional to the square of the voltage. The choice, therefore, 
lies between direct connection at 480 volts and operation at 600 volts 
through an auto-transformer costing with gear £46 125., and having 
a full load loss of 545 watts. Assuming interest at 6 per cent, and 
a twenty-year life (zero salvage value) for all apparatus, at what 
service-price will the two alternatives balance, neglecting any 
diference between the two condenser losses ? 


If condensers are direct connected to 480-volt supply, they 
must be of such a size as to have a capacity (at 600 volts) of 
/600\2 

100 X f = 156i kVA, costing at £2 IO 5 . per kVA £390 125. 

Alternatively, a 100 kVA 600-volt condenser costs . £250 0 

To which must be added transformer, etc., at . £46 12 


£296 12 


This alternative is, therefore, cheaper on capital costs by £94, 
which, at an annual rate of (0*06 + 0:.Q[272) = £8 45. per annum. 
But the annual cost of transformer losses = 0*545 X service-price, 

8*2 

so that the balancing service-price == = 15. 

U‘04:D 

Hence, the transformer equipment is cheaper in capital costs by 
£94, but if the service-price exceeds 15 (corresponding to energy at 
l\d, with 2,400 hours of full load service a year), the direct connec- 
tion equipment will prove cheaper, since the cost of the transformer 
losses will then more than balance the capital difference. 


2. Induction motors are required to give 20 h.p. at 1,000 r.p.m. 
for 3,000 hours a year, and the choice lies between ordinary squirrel- 
cage machines and compensated induction motors employing a 
commutator. The data of the two types is given below, and the 
tariff is £5 per kVA of demand plus b*6cZ. per unit. Determine 
which of the two types will be the more economical, and by how 
much per machine per annum. 


Siimdard S.C. Motor. 


First cost (per motor) . . £46 

Interest, depreciation and upkeep, 
reckoned at (per annum) . . 9 per cent, 

Full-load efficiency . , .87 per cent. 

Full-load power factor . . 0*85 


CoiupoiiHaiod Motor 

£64 


11 per cent. 
84*5 per cent. 
Unity 



POWER EACTOR 


247 


Standard S.C. Motor. 

„ ,, 20X0'746 

True power taken ■ — — = 17T5 kW 
U*o7 

17’15 

Apparent power taken = 20-19 kVA 

£ s. 

Hence demand charge (kVA. x£5) = 100 19 
And energy charge (£) — 

A 3,000 X 0-6 , . 

(kW X '" 24 0 X 7‘5j=128 14 

Capital charge — £46 X 0-09 =4 3 


Compenpafced Motor. 


20x0-746 

0-845 


17-66 kW 


£ 

88 6 


132 8 
£64 X 0-11 =: 7 1 


Total charge = £233 16 


£227 15 


Hence the compensated motor is here the cheaper proposition to 
the extent of £6 Is. per machine per annnm, hut it will be noted 
that the squirrel-cage motor performance cited above is somewhat 
below that which should be obtainable on a good modern machine 
of this speed. 

3. Referring to the previous example, if there were a number of 
such motors to be installed, would it be cheaper to install plain 
squirrel-cage motors and correct to unity power factor by static 
condensers, assuming that those cost £3 per kVA with an annual 
allowance of 14 per cent."^ and have losses of 0-005 kW per kVA ? 

In order to use definite figures, suppose there are ten motors to be 
installed. Quadrature component required in order to correct to 

unity pi. = - IvT-'b = lOG-G. 

This will require a 107 kVA condenser having 0-535 kW loss. 

Capital charge for condenser === £3 X 107 X 0-14 ~ £44 19 

Losses charge for condenser = £7'5 X 0-535 = £4 0 


£48 19 

Saving in demand charge = £5 x (201-9 — 171-5) £152 0 


Net saving “£103 I. 
i.e., £10 6s. per motor. 

Hence the above arrangement is cheaper by £10 6s. per annum per 
motor than the plain motor, or cheaper by £4 5s. than the com- 
pensated motor. It would, of course, be still more economical to 

* It will bo noticed that as tliiB is not a ohoico bcMwoon altornaiivo 
raachiiios, but irivolvo.s an additional pioco of upparatuH, it is noooHBary to 
allow for itonis such as tho oxlra space roquirocl and conscHiuont liousinu 
expenses. 
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correct by condenser, not to unity power factor, but to the angle 
whose sine is ‘ 


£ 3 ,-^ 

cent.). See next chapter. 


- *04'']r95 i.e., 7 degrees (p.f. 99-3 per 

V. 

1 


4. On a certain system it is desired to obtain power factor im- 
provement to the extent of 270 (quadrature) kVA, and at the same 
time a drive of 90 h.p. The following alternatives are available : 
determine which will be the more economical for a service-price of 
5, assuming an annual allowance in each case of 10 per cent, of the 
capital cost — 

280 kVA synchronous motor, costing £650, and having losses of 
15 kW. 

300 kVA' static condenser combined with 90 h.p. induction 
motor, the two together costing £950, and having total 
losses of 6 kW. 


Extra cost of induction motor equipment == £300 at 10 per cent. 
= £30 per annum. 

Extra cost of synchronous motor losses — 9 kW at service-price 
of 5 = £45 per annum. 

Hence the synchronous equipment costs £15 per annum more than 
the other ; and in order to balance, the service-price would have to 
be as low as 3*3 — corresponding to energy at \d. with full-load 
service for only 8 hours X 300 days a year. 

5. A consumer working at 80 per cent, power factor has a true 
power demand of 1,000 kW, and his electricity bill is £10,000 a year. 
He is offered a rebate of J per cent, for every 1 per cent, improve- 
ment in power factor. Determine the saving (if any) which can bo 
made by the improvement of his power factor up to 95 per cent., 
using for this purpose static condensers of first cost £3 105. per kVA, 
annual allowances (to cover all capital and overhead expenses) 
16 per cent., and negligible losses. 

At 80 per cent. p.f. the wattless component 

= - 1.000= = 750 kVA 

At 95 per cent. p.f. the wattless component 

= - 1,000= = 328-0 „ 


Hence corrective capacity required = 4214 „ 
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Annualcostof condenser equipment = £3 10s. X 0-16 X 421'4 == 
£236 

But rebate obtained for 16 per cent, improvement 

. = £10,000 X X 15 == £600 

Hence the rebate is more than twice the cost of obtaining it, 
leaving a total net saving of £264 per annum. 


CHAPTER XIV 

POWEB PACTOB {continued) 

CHOICE OE STATIC AHD SYNCHBOHOUS CONDENSERS 



Improvement Calculations. — In the present chapter it is 
proposed to consider the economics of power factor improve- 
ment when this is carried out by means of special plant installed 

for that sole purpose. It will be 
assumed that the size of such 
plant is measured by its kVA 
capacity, and that this kVA is 
completely at quadrature — the 
current leading the pressure by 
90 degrees. This could only be 
strictly true if the plant had no 
losses whatever, but in practice 
the losses are small enough to 
make the assumption a very 
close one. The most important 
calculation which has to be made 
is to find how much the size of 
the generating plant is reduced for any given addition of 
improvement plant. ^ 

The magnitude of the load probably varies from minute to 
minute, but it may be assumed that the power factor remains 
tolerably constant, and in this case the calculations should 
concern the instant of maximum load. If P is the true power 
taken at this instant and <!> the angle of lag, the maximum 

P 

demand will consist of kVA apparent power (Fig. 20). 

If the power factor be improved slightly, lessening the lag by a 
small angle the reduction in demand will be 

iCOS( 


Fia. 20. — -Power Factor 
Improvement. 


kVA 


cos (^—8^)) 

In order to effect this improvement, the size of plant required 


260 
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(measured in quadrature kVA) will be P [tan ^ — tan — S^)] 
Hence the ratio 

_1 1 

kVA reduction in demand cos<^ cos (cf) — Scf)) 
Quadrature kVA required — tan 

and it can be shown that when is made very small this 
equals sin </). 

The above can be better expressed as follows, using the 
calculus. Suppose that improvement has been carried out 
from an initial lag to the angle and let the demand and 
the quadrature kVA be represented by D and Q respectively 
(Fig. 20). 

P 

Then P = , and Q ~ P (tan Sq — tan A), 

COS0 

When (j) is varied slightly, the rate of change of D with ^ 
dD _ dP _ p sin <!> 
d(f> d^ooscj) cos^^’ 


And the rate of change of Q with ^ 
dQ __ d 
d(j> d(j> 

Hence the rate of change of D with Q, 


P (tan — tan — P sec^ (since constant). 


r dD sm(f> 1 . 

ij dQ ~ cos^<l> ^ - Psec^<f> “ 

i 

In words, D goes down as Q goes up, and always proportional 
to the sine of the particular angle of lag reached at that instant. 
When the lag is 90 degrees (zero power factor) 1 kVA of 
quadrature plant will save 1 kVA of generating plant ; when 
the angle is 30 degrees ( 86*6 per cent, power factor) the same 
quadrature plant will only save half as much. It will be noted 
that the rate of change is independent of the value of the 
initial lag (f>Q and also of the magnitude of the power P. 

In Fig. 21 the values of sin 9 S are plotted to a base of ((>, and 
on the same base are marked the values of the power factor, 
cos(j). The curve therefore shows the rate of change of D 
with Q, i.e., the saving in kVA of generating j)lant effected by 
the addition of 1 (quadrature) kVA of improving plant at 
any particular position of the power factor. Thus at 70 per cent, 
power factor (45-|- degrees lag) 1 quadrature kVA will save 
0*714 kVA of suj)ply plant, at 86 -J^ per cent, power factor the 
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figure is 0*5, at 99 J per cent, it is 0*1, getting less the nearer 
the power factor approaches unity. 

An iraportant point to notice is that this only expresses the 
instantaneous rate of change, assuming some one particular 
value for the angle of lag, so that it is not a reliable guide to 
the total amount of kVA saving unless the change is small 
compared with the total load. Thus to a supply authority 
worMng at 70 per cent, power factor, 1 quadrature kVA will 
actually save the figure mentioned, namely, 0*714 kVA, but 
to an individual small consumer having a true power demand 



of, say, 10 kW and an initial power factor of 70 per cent., the 
introduction of 1 quadrature kVA will only reduce his kVA 
demand by 0*696, because in the latter case the result of the 
installation will be materially to change his angle of lag, and 
so the ratio existing between the two rates of change. This 
difference in viewpoint as between consumer and supply 
authority has already been touched upon (p. 242). 

It will be noticed that the basis of Eig. 21, as of the next 
one in the book, is an even scale of degrees (angle of lag), 
upon which is also shown the percentage power factor. There 
are several advantages in adopting this scale in preference to 
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any other. In the first place, power factors nearer unity are 
spaced further apart, so that the conditions in this region are 
shown on a magnified scale. Another advantage is that for 
small lags tan 0 is approximately proportional to so that 
equal distances along the base represent roughly equal amounts 
of improvement as measured by the kVA of the plant installed. 

Choice of Size (Standing Charge Basis). — In the following 
calculations only one type of situation will be considered — 
that in which plant is installed purely for the purpose of power 
factor improvement. This rules out all oases in which the 
plant serves also as a driving or converting unit. Within this 
situation only two problems will be considered — choice of size 
and choice of type, both being made on a purely economic 
basis. There is no logical order in which to consider the two 
questions, since either may be said to involve the solution 
of the other. Strictly sjDeaking the best size can only be 
determined when the type (and therefore price per kVA) 
is known, and, on the other hand, the most economical type 
depends on the size. In this case the size problem will be 
considered first, since this is the one which is more generally 
met with. 

Since a bad power factor has two effects, loss of kV A capacity 
and loss of energy, the economic size of plant can be determined 
cither on a basis of standing charges, based on maximum 
demand, or on a basis of working charges, based on actual 
consumption, or both. It has been seen, however, that the 
extra kVA of demand cost in the neighbourhood of three- 
quarters as much per unit as the true kW, and when metered 
are usually charged for at the full rate, whereas the extra 
kVA hours of consumption only cost about a quarter as much 
per unit as the true energy, and are usually not metered or 
charged for at all. Hence, whether the problem is looked at 
from the point of view of reducing the electricity bill or of 
reducing the real costs of supply, it is the loss in capacity to 
meet demand which is much the more imj)ortant cdoct, and 
at first only this will be considered. 

The standing costs of supply, i.e., those expenses proportional 
to maximum demand, and usually comprising every cost 
except fuel, will be partly dependent upon true power (e.gr., 
the steam plant) and partly upon apparent power (e.gf,, the 
electrical plant and most of the upkeep). Using the symbols 
P, Q and D as before for the power kW, quadrature kVA and 
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demand kVA respectively at the instant of maximum demand, 
the costs of supply can be represented by XP YD, where 
X and Y are constants, both being reckoned on the same basis 
of annual costs. In the same way the expenses of the improve- 
ment plant can be expressed as ZQ, where Z is the annual cost 
per kVA of the plant employed for this purpose. 

Expressing these in terms of the total cost becomes 
P 

XP -b Y + ZP (tan( 5 &o “ tan 9 fi). When <f> is varied 

the rate of change of the cost with respect to ^ will be given by 

YP ■— ZP secret. (It will be noted that the two rates of 

change are exactly as before, but multiplied by the constants 
Y and Z. The first term, being entirely constant, disappears.) 
The minimum total cost will occur when these two rates of 
change are equal and opposite, i.e., when 

sini Z , 

YP — ^ = ZP sec^cf) = sin<i = Vl — 
cos^(j) ^ Y ^ j ) 

It will be seen that the result is entirely independent of 
P and X. 

The ratio ZjY, which may be denoted by the symbol a, is 
easily calculated from the data of the problem, and hence the 
economic limit of power factor correction can be calculated. 
Thus if the fi.rst cost of the generating plant be £40 per kVA, 
and that of the improving plant £3 per kVA, and if the interest, 
depreciation and all upkeep expenses varying with capacity 
be represented by 15 per cent, per annum in the case of the 
former and 12 per cent, in the latter, the ratio a will be 

3 X 0-12 

40 X 0-15 ~ most profitable point to Avhich to 

carry correction will be that in which siiiiji = 0*06, i.c., 
^ = 3-|- degrees, or cos0 = 99*8 per cent. 

Referring again to Fig. 21, the ordinates of this curve can 
be taken as representing a, so that if the relative costs are 
known, and a is calculated, the curve will at once show the 
angle and power factor to which improvement can profitably 
be carried. Whatever the initial conditions, if a = 0*1 the 
most economical power factor is 99*5 per cent., if oc = 0*5 it 
is 86*6 per cent., and so on. 
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Value oi a. — ^Tlie above formula was first given in the paper 
on Power Factor Improvement/’ by the late Gisbert Kapp 
{Journal I.E.E,, Vol. 61, January, 1923), which may be said 
to have laid the basis of the economic study of the problem. 
It will be seen that the question of the economic choice of size 
turns entirely on the value of a, where a is the ratio : cost per 
kVA of improvement plant divided by cost per kVA of supply 
plant. The figures mentioned by Dr. Kapp for the usual range 
in practice of a were from 0-3 to 0-1, the value of 0-25 being 
suggested as typical for a static condenser installation. There 
are, however, several causes which may lead to a modification 
of these figures in the direction of somewhat lower ones. It 
must be remembered for one thing that power factor improve- 
ment is a much newer thing than generation, and there is 
reason to anticipate that when its practice becomes more 
general the cost of the plant will fall in comparison with that of 
generation and distribution gear. 

A further point to notice in this connection is that the above 
figures were originally put forward as representing the ratio of 
the two capital costs, whereas it is the annual costs which must 
l:>e compared. The standing cost of a private generating 
plant is not merely the cost of the interest and depreciation 
on the capital employed, but it must include every item varying 
with the kVA and independent of the consumption, i.e., the 
annual cost of the buildings and foundations, all rents and 
taxes levied on them, maintenance, upkeep and management. 
The same kVA of improvement plant not only costs less to buy, 
but probably needs less floor space, lighter foundations, smaller 
rates, etc. ; and this will be not only less per kVA, but probably 
less also per £1 of capital expenditure. The same remark 
applies to the upkeep and maintenance, particularly if the 
plant is static ; even the depreciation may be less owing to a 
longer worldng life. 

Taking the figures suggested by Dr. Kapp for first cost of 
generating and improving plant, namely, £12 and £3 per kVA 
respectively, these as they stand give a ratio of ^ for a, and a 
corresponding economical angle of lag (to which the system 
should be improved) of 14J degrees, i.e., a power factor of 
96*8 per cent. But if the annual percentages necessary to 
cover the various items detailed above were 15 per cent, and 

3 X 0-12 

12 per cent, respectively, the value of a would be ][2~x”od^ 
==0*2, and the economical angle of lag would be 11 -I degrees 
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(pi. 98 per cent.). Hence even this small difference between 
the two percentages will make an appreciable change in the 
size of the phase advancing plant which it would be economical 
to install. 

Naturally when some of the items mentioned above, such as 
floor space, attendance, etc., are already available or would be 
used to the same degree by either type of plant, it is quite 
legitimate to leave such items out, and let the annual pe]> 
centage cover only the pure interest and deprcciatioti. Thus 
if the interest were at 6 per cent, throughoxit, and the useful 
lives of the generating and improving plant were assessed at 
twenty and twenty-five years respectively, the total percentages 
would be 8-7 and 7-8, which would only modify the value of 
a from 0*25 to 0-224, with a correspondingly small change in the 
economic degree of improvement. 

The conversion from first costs to annual costs is particularly 
important when the authority installing tho improviug plant 
is not the authority supplying the electricity. In such easels 
every possible extra expenditure entailed by the proposed 
installation, including such things as added rcsponsilulity and 
worry, must be scrupulously assessed and included in the 
percentage before the cost of such plant is compared with that 
of the supply kVA. Hence a higher percentage will frequently 
have to be employed than when comparing tlic installation of 
alternative types of plant, and an allowanco of at least 12 to 
15 per cent, per annum of the capital cost will usxadly be 
necessary to cover all these items, in addition to interest and 
depreciation, the lower figure applying more particularly to 
static condensers. 

As an example of the above, let it bo Hiipposcnl tlmt tlu^ 
consumer is charged £5 per annum per kVA of fhana.nd, jind 
improving plant costs £3 per kVA with an annuarl iillowajicd! 
(to cover all the above items) of 15 [)or cent, '.riu^ of a 

will then be 3 X 0-15/5 = 0-09, giving an (UM)nonu(ial lag of 
5 degrees and power factor 99- G per cent. d\) tala^ a-notluu* 
case, if the supply charge wore £8 per kVA a.nd tli(‘, annual 
allowances were 12 per cent., the value of a would then be just 
half the above figure. 

On the other hand, when tho choice is based on a (‘oiupa-rison 
of capital costs, and when tho supply figure is that for the wlioh^ 
station, not all of this will necessarily be ])r<)i)(udioua.l to kVA. 
Thus if the capital cost is £.12 per kW at imity |)o\vcr facitor' 
hen, employing the figure of threc-quartcrH HiiggcistiHl in the 
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last chapter, this could bo expressed as £3 per kW plus £9 per 
kVA or £12 ])or kW plus £9 per extra kVA. The figure to be 
employed in calculating the most economical lag will then be 
only £1), and this will have the effect of raising a. Moreover, 
tlu^ figure of three-quarters was intended to cover a complete 
supply system, in which the transmission and distribution 
cu)sts were', about the same as the generation costs. In a 
private g(uierating plant this would not be so, and the proper- 
i ion might considerably less than three-quarters. 

In ordtu’ to narrow the question, no mention has boon made 
of (M.s(‘s in which the pow^r factor improvement is combined 
with a driving or converting unit, although the above calcula- 
tions will apply equally well to such a case. The cost of 
improv(‘nunit will then bo considerably less, possibly only 
I0.s\ ]Ku: idle kVA in the case of a phase advancer fitted to a 
larger iudu(;tion motor, and this again will have the effect of 
making a lower still. Summing up, it may be said that as 
r(*ga.rds plant employed for the sole purpose of power factor 
improviammt, a nuiy usually l)c expected to lie between 0*2 
and ()•], with outside limits of, say, 0*3 and 0*05. When the 
supply costs proportional to kVA are very low it may bo 
higher (Jian this, and it would iirobahly l)e lower than this in 
t lu* east^ of pha.st‘ advaiuHU’s on larg('/ driving motors. 

Total Saving. It is a e.ommon prae.tice in power factor 
({iK'stions io work out. irlu^ gross saving (hhud/ial by the installa- 
tion of improv(‘nu‘ut plant, and to (U)mpare, this with the 
<-xj)(‘ndit-ur(' napiirinl, thus showing or attempting to show that 
a. satishudory nd/urii (am ho o])tained on the necessary capital, 
'rids is apt to hc' inishauling as a guide to how far to carry 
improvi'imait, siiua^ (W(’ii it this wtu'o carried too far there 
might still 1)(^ a handsome return on tins total expoudituro. 
fi'lu' (Ma)nomi<‘. limit of powcu* factor iin})rovemcnt will bo 
naudied no(. wlum tlu^ ra-te of profit on the outlay icaches a 
maximum and Is^gins to go down, but when tlu5 gain which 
atauau^s from llio last small incuement of iniprovcunimt exi)endi- 
ttin^ only just pays for iUdf. This is (‘,oiU{)aral)le with tlm 

marginal dos(*- ” in the cuiltivation of land (sch." p. 7<S), and it 
will ociuir, as shown in tli(^ above (aileulatiou, when th(' ra.tes 
id (du*mg<* of (sKfumdituro on supply and on improvement are 
(Mpuil and opposite^ 

if it. is dt‘sin‘d to know the net saving which lum acMinual ni 
any gi^'nn easts t his can (sisily he eHihadalcd if the angU^s of lag 
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are known before and after the improvement was effected. 
If improvement is carried out from an initial lag to a smaller 
lag <j)y then, using the above symbols and omitting any costs 
not proportional to kVA, 


Net saving 


py 


Original cost 


(cos^n 


tan^i) 


P7 


cos (jy^) 


1 

cos (/> 


(cos^o) 


r 


cos^(, (tan (jiy — tan c/j) 


- I 


COS^,) 

cos(j4o 

cos</> 


Y 


(mi^Q — cos^j>^,tan^) 


If improvement is carried out up to the economic limit, then 

a 

a, so that cos (ji ~~ Vi 


sin (j) 

The above ratio then becomes 

cos 94,, 


and tan ^ 


Vi 


a (sin c/»,j — cos </j^, 


1 


COS(/jO 


Vi 


^ (1 — a-) — a sin<r/»y ™ 1 


Vi — a”) 

Vi *~a‘^cos</j>y — asin(/><, 


= 1 — (cos <j> cos f/j0 -h sin (j) sin 9^0) = 1 — cos (c/^^ — - (56) 
Hence, whatever is the expenditure proi)ortional to kVA at 
any instant, an improvement of the angle up to the economic 
point by a definite number of degrees will always prodiicK> a 
definite percentage reduction on this expcnditiu‘o, namely, 
1*5 per cent, reduction for 10 dogi’ccs improvement, 13*4 per 
cent, for 30 degrees, and so on. Thus when a consumer paying 
on a kVA basis installs improving gear, his net proi)o.rti()natc 
saving on his previous expenditure will be given by 1 minus 
the cosine of the angle through which he improves, provided 
ho improves just ujp to the economic limit. As an example, a 
consumer whoso demand bill was originally £100 year and 
power factor 70 per cent. (45-^- degrees lag) finds that for 
quadrature gear suited to his case oc = 0*2, and so he improves 
up to that angle whose sine is 0*2 (11|- degrees) — a total 
improvement of 34 degrees. His saving will then bo £100 
(1 — cos 34 degrees) = £17 2^. per annum. 


Percentage Saving 
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Figure 22 shows the percentage saving for five different 
values of a when improvement is carried out to the economic 
point. The base of the curve is the same as that of the previous 
figure, but extending twice as far, and in this case it represents 
the initial lag and power factor, before improvement was 
effected. The curve then shows the biggest saving which can 
be made in any given case. It will be seen that each curve 



Fig. 22, — Porcontago Saving. 


falls to zero at the angle of lag indicated for that value of a in 
Fig. 21. 

It must be made clear that the percentage shown is not the 
return on the capital invested ; it is the actual net saving on 
the transaction after subtracting the cost of making the 
improvement, and it is expressed as a percentage of the 
original cost, provided the latter was all proportional to 
kVA. If all the costs are expi'essed on a yearly basis, this 
percentage will give the annual saving, whereas if all are 
expressed in caifital costs it will give the lump sum saving. 
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Thus in the case mentioned above, where the original instab 
lation was costing £100 a year in items proi)ortional to kVA, 
and in which improvement could be carried out on terms 
represented by the value a = 0-2, the saving which could bo 
effected is £34 a year if the initial power factor is 50 per cent., 
£17 a year if it is 70 per cent., and so on. It will be seen that 
with low initial power factors the proportionate saving is a 
very considerable one, and however small the initial lag 
(provided it is greater than the angle whose sine is a) tliere is 
always some profit to be made in improving it up to this value. 

Graphical Representation. — The points illustrated in the last 
two figures, namely, the economic angle and the percentage 
net saving, are the most useful figures to have for the purpose 
of power factor calculations, but they cannot bo said to convey 
a very clear picture of what is actually taking place. Eigurc 23, 
which is drawn to represent any set of conditions having a 
particular value of a (in this case 0-2), is an endeavour to supply 
this need. The construction is as follows : OP represents the 
standing or demand cost of the supply if taken at unity power 
factor, all items not varying with kVA having been omitted, 
PQR is at right angles to OP, so that any lino such as OQ or 
OR lagging behind OP will represent to the same scale the cost 
of the supply if taken at such an angle. OQ represents the 
direction of the demand after improvement has been carried 
out up to the economic point, i.c., sin / POQ = a — 0*2 in this 
case. QD is an arc of a circle with 0 as centre, and AEG is a 
line at right angles to OP and situated so that AOjOP=^ a. 

If the chain-dotted line OCDR represents the maximum 
demand before improvement is carried out, on any system in 
which a = 0*2 ( / POP = and OP/OP== initial power factor), 
its length will represent the cost of this demand to tlio scale 
chosen. If improvement be carried out to the most economical 
point, the saving in supply cost will bo represented to the same 
scale by OR — OQ, i,e., by the vector DR, In order to 
achieve this it is necessary to install plant giving a quadrature 
kVA roj)resented by QR, but as this is cheaper per unit tluin 
the supply kVA in the ratio a, its cost will bo repre^sented not 
by QR, but by EC. Thus whatever the direction of the initial 
demand, if a stra’ght-edge is laid across or a line drawn through 
0 ill this dhection, its intersections of the shaded and etched 
portions of this diagram will show at once both the saving and 
cost which would result from power factor improvement. 


POWER FACTOR 
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it will be seen that DR is always greatex’ than J?(7, i.e., there 
is always some net saving, but of course this gets smaller the 
less the amount of improvement there is to be effected. A 
further point to notice is that, unlike the two previous diagrams, 
this one does not depend for its applicability upon improve- 
ment being carried out up to the economic point. Thus if 
improvement is cariied out from an angle of lag represented 
by OCDR to a lesser angle represented, say, by OC'D'R', the 
saving in supply cost will be represented by DR — D'R at a 
cost (to the same scale) of CG'. 



Fio. 23. — Saving and Cost of Power Factor Iniprovoment. 

The scale of the diagram is in £, which may bo either annual 
or capital. Thus if the standing cost of supply (or that portion 
of it proi)ortional to apparent power) is £5 per anmim per kVA 
of demand, and that of power factor imjnwemcnt is £1 per 
annum per quadrature kVA, and if the true power is 100 kW, 
the lino OF will represent £500 per annum, and the money 
scale would be as indicated at the bottom of the diagram, i.e. 
1 inch = £100 per annum. If the standing siij^ply cost (pro- 
portional to kVA) is expressed as a capital value of £15 j)cr 
kVA, and that of the improvement plant as £3 per kVA, and 
if these cajutal costs are directly comparable with no difference 
in their annual percentages, then for 100 kW load OP would 
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I'epresent £1,500, and the scale would be 1 inch = £300. The 
diagram is useful not so much to save detailed calculations as to 
give a graphical impression of the gross saving and the extra 
cost, and of the proportions which these bear to the original 
and final expenditures. 

Working Charge Modification. — So far the decision has been 
made i^iirely on the basis of standing charges rated on maxi- 
mum demand. But the introduction of phase improving plant 
will, in general, lower also the working charges, since it will 
save I^R losses in cables and generating plant to a greater 
extent than it adds losses of its own. This, of course, applies 
more particularly when static condensers are employed, and 
in this country it is chiefly of interest when the supply authori- 
ties are installing the improving plant, since aithoiigh the 
extra kVA hours due to bad power factor cost money, the extra 
is }i,ot usually passed on to the consumer in the form of a tariff. 

There are several ways in which the cost of the losses can be 
brought in, as, for example, when the losses saved by phase 
improving plant are balanced against the cost of the plant 
itself, but this excludes entfiely the increased capacity 
achieved and its effect upon the standing charge. Such a 
calculation will usually indicate an economical angle of lag 
considerably larger than that worked out on a basis of standing 
charges only. What is needed, therefore, is to combine both 
considerations ; this will result, of course, in a smaller econo- 
mical angle than that given by either of them separately. 

By assigning symbols to all the different variables it is easy 
to build up a formula taking account of both sets of costs (see 
footnote, p. 264), but in the author’s ojDinion this is too 
complicated to be of much practical service. In such a case 
it i.s clearer, and, on the whole, more useful to take actual 
figures, and in what follows a single typical example will be 
considered and the results plotted graphically. This enables 
the differentiation to be carried out by inspection, and it also 
shows the positions not only of lowest total cost, hut also of the 
lowest of each of the two components. 

As ill many other cases of economic choice, two of the items 
which vary most, namely the load factor or hours of service 
per annum, and the price of energy, are important only in their 
product, and following, the procedure of Part II., the term 
service-price will be used to denote the product : hours of 
service per annum multiplied by cost of energy (£). In the 
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present case a service-price of 3 will be assumed, so that 
every kW of load will cost £3 a year. (A low value is taken, 
since in this case it corresponds to the energy portion only of 
a two-part tariff.) In order to simplify the problem still 
further it will be assumed that the service is at full load 
during all the hours in question, and that the phase advancing 
is carried out by means of static condensers having a loss of 
I kW per 100 kVA capacity, the condensers being disconnected 
except during the hours of load. 

The standing charge of supply to cover all the capital and 
other expenses proportional to kVA can be taken as three- 
quarters of the cost per kW, or taken directly from the demand 
tariff if this is on a kVA basis ; and it is here assumed to be 
£5 per annum per kVA. The standing charge for the phase 
improving plant is taken as £1 per annum per quadrature kVA 


(i.e., 


a 



The working charge per kVA liour can 


be taken as a quarter of that per kW hour, so that each extra 
kVA of load will cost — scrvice-price/4 = £| per annum, whilst 
each kW of load costs £3 per annum. 

The best way of computing the various costs is to consider 
a load of L kW, and starting at unity ])ower factor, this latter 
being achieved by the employment of phase improving 
machinery. The standing cost of sucli a, load is £5 per annum 
plus the cost of the im})rovemcnt plant. Now let the same 
])ower ])e taken, but lagging by an angle (/>. The extra sui)ply 


cost on account of the increase 


.seel demand = £5 ( . — l\ 

\C0S(p J 


the saving in the capacity of the improvement plant is taiic/^ 
kVA, and as this costs fi i:)cr annum per kVA, the net extra 


cost resulting from the lag of 0 is given by ^ — 1 J — tan cj) £ 

pel' annum. 

Consider now the working costs for the hours of service and 
price of energy represented by a sorvicc-})riGe of 3. At unity 
power factor the working costs for 1 kW of load are £3 |.)lus the 
cost of the losses in the phase improvement plant employed. 
Wlien the same power is taken, lagging by an angle (j), the supply 
cost is increased owing to the extra transmission, etc., losses, 
and decreased owing to the smaller phase improvement plant. 
The former is talcon as a quarter of the kVA iuci’easc, and the 
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latter is found from per cent, of the quadrature kVA reduc- 
tion, both items being multiplied by the service-price of 3 to 
bring them to £ per annum. Hence the increase in working 


costs due to the above lag will be f (si-O £ per annum, 
and the decrease in the cost of the improvement plant losses 
will be 3 X ^ £ per annum. 


The net total costs for 1 kW at an angle ^ will therefore be 
the old total costs (at unity power factor) plus 

- 0 - ' - 0 

3 X 0*005 tan^ £ 

per annum. It is easy to see the origin of each of the above 
figimes and to change them to suit other data, since the 5 and 
the 1 multipliers refer to the costs of supply and improvement 
plant respectively, the 0*005 refers to the phase improvement 
losses, and the 3 and 4 refer respectively to the service -price 
and to the relative cost per extra kVA hour. Thus if the 
losses in the improvement plant can be neglected (as they 
frequently can) the item 0*005 disappears. On the other hand, 
if the authority putting in the plant is charged nothing for 
extra kVA-hours, the figure 4 becomes infinity, i.e., the | 
disappears.* 

In the curve, Eig. 24, the ordinates represent the costs in £s. 
per annum involved in bringing the final power factor and angle 
of lag to the figures shown on the base. The ordinates do not, 
however, all start from the same zero point, and in seme cases 
this zero point cannot be identified. Thus the cost of the 
improvement plant and the saving it effects will depend on 
the initial power factor, whereas it is desirable to have a graph 
which will be equally applicable whatever the initial conditions. 


* If preferred it can be expressed in general terms as follows : — 
Extra cost per kW of load due to angle of lag <p 




where C — sujpply cost per kVA (3 ~ Ilatio 
SP = service-price. Q = ratio 


(ecC ~\~ QSP) tan (p 

cost x:)er extra kVAli. 


ment plant, and a has the same value as before. 


cost per true kW^h. 

losses in kW . . 

— 7 — 7-: — rvFT of improve- 
output m kVA 
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Fortunately the economic position depends only upon the slopes 
of the various lines, not upon their heights, so that this require- 
ment is easily satisfied. It will be seen that there are three 



Fig. 24. — Economical Power Factor. (All costs.) 

zero lines on the curve, representing the cost at unity power 
factor of the working, standing, and total expenses respectively. 
The positions of these zero lines on the curve have been selected 
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quite arbitrarily so as to avoid clashing, and in such a way as to 
show clearly the various slopes. It will be seen that the 
standing costs are a minimum for an angle of lag of 11| degrees 
(sin«/> “ 0*2), whilst the working costs are a minimum at zero 
lag. Adding the two gives a total cost which is a minimum at a 
slightly smaller lag than the standing charge one — ^in this case 
10|- degrees. 

It will be noted that the modification due to considering the 
effect of losses in addition to the demand costs is an extremely 
slight one. Had a lower figure been chosen for the cost of 
condensers than £l per annum (which was selected to give a 
value of a == 0*2 without too low a figure for the supply cost) 
the modification due to considering the losses would have been 
little or no greater. It is, therefore, evident that even when 
static plant is being employed, the effect of losses on the 
economic degree of power factor improvement can usually be 
neglected. When synchronous plant is employed this effect 
is still less important, since such plant will have appreciable 
losses of its own and these will tend to neutralise any saving 
in the supply losses. 

Choice o£ Type. — As in the other examples of this chapter 
the only choice considered below is that of apparatus installed 
solely for power factor improvement, the alternatives in ques- 
tion being the static and the synchronous condenser. Since 
the former is built up of small units its price per kVA is 
approximately constant, whereas the synchronous condenser 
resembles most other electrical apparatus in costing less per 
kVA the larger the size. In general terms, then, it may be 
said that the static alternative will have the advantage on 
smaller sizes and the synchronous one on larger, the question 
being to determine at which point the balance can be struck. 
Eor corrective capacities below 100 to 200 kVA the static 
condenser is both cheaper and more efficient, and will 
necessarily be chosen unless there are other considerations : 
such cases will therefore not be discussed here. On larger 
sizes the synchronous machine has a lower first cost, but 
greater losses and upkeep ; in any given situation the one 
can be balanced against the other, and an economic choice 
made. 

There are necessarily many points of qualitative difference 
which cannot easily be expressed in economic terms and so 
brought within the scheme of comparison. Eor some purposes, 
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exj,, in situations where there is at present little or no super- 
vision, the static plant would have definite advantages. On 
the other hand, where a considerable variation in the corrective 
capacity is needed {e.g., for regulation purposes) the synchro- 
nous plant would be preferred. In so far as the differences lie 
in cost of maintenance and supervision, shortness of life or 
poorness of scrap value in the event of changes being needed 
before the end of life, they appear to be chiefly in favour of the 
static condenser ; and in the general example worked out below 
an attempt is made to express these differences economically 
in the form of different annual percentages (12 per cent, and 
15 per cent.).* At the same time it must be remembered that 
a decision on economic grounds cannot be considered exhaustive 
unless all the differences have been quantitatively expressed ; 
and in other cases the economic determination can only 
supplement, it cannot supplant, that made on technical 
grounds. 

In the following calculation it is assumed that the service is 
fixed and known beforehand ; namely, the magnitude of the 
correction required, the hours of service per annum and the 
cost of energy. Since there is to be no difference between tlie 
two alternatives as regards quadrature component, the only 
supply cost to be considered is the energy cost duo to the losses 
in the plant installed, which will be assumed to be charged at a 
fiat rate per unit. The difference in the two energy cu)st.s 
(which will depend not only upon tlie two effici(meic‘-s, but also 
upon the conditions of service) must then bo com])ared with 
the difference in first cost and maintenance of the two tyjies of 
plant. 

Indicating the service-price by the initials the following 
symbols will also be employed : — 

C = first cost (£) per quadrature kVA of the iffant employed. 

r = annual rate necessary to cover interest, de])rccia.tion, 
maintenance, rates, and all otJier expenses incurred 
or increased as a result of the installatio]i. 

Q = loss ratio = losses in kW divided by output in kVA. 

(The suffixes t and y indicate the static and synclironous 
installations respectively.) 

* In an interesting comparison between the two typ(!H in Tiie Elcolrlc-Um, oi 
August 28th, 1926, S.Q.Haycs states tliat below .‘foo kVA {on 2,300 V.) or 
150 kVA (when transformers are used), tlie statics eoiidonser is ligliier, whiist 
below 100 kVA it takes less floor space. Above these sizes the syiuOiroTioitM 
machine has the advantage in the directions named. 
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At the critical point, when the two alternative installations 
cost the same, Cft + QtSP must equal CyTy + QySP., both 
being in £ per annum per quadrature kV A ; or CtTi — CyVy = 

{Qy Qt)* given case if the first group of costs (i.e., 

the terms in t) are greater, the static alternative will prove the 
more expensive, and vice versa. 

To take a single example, if the static and synchronous 
plants cost £3 and £1 per kVA, have losses of 0*5 and 3 kW 
per 100 kVA, and have annual percentages of 12 and 15 
respectively, the service-price at which the two will balance 
will be given by 

CtTt - CyTy 3 X 0-12 - 1 X 0-15 _ 0-36 - 0-15 __ 

Q~—Qt 0*03 — 0-005 0”025 ‘ 

Hence for any service-price less than 8*4, synchronous plant 
would prove the cheaper, but if the service-price were above 
this, static plant should be installed. It will be seen that this 
is a fairly high figure for the service-price, since it would be 
represented by energy at 0-84cZ. with operation for eight hours 
a day and 300 days a year, or at 0-23d[. for continuous operation 
throughout the year. 

In order to indicate the general results of such calculations, 
the curve in Fig. 25 has been drawn out to show the conditions 
under which synchronous and static equipments would be of 
equal total cost. The curve plots the capacity of the improve- 
ment plant in quadrature kVA against service-price, so that 
for any cases lying above and to the left of the curve (i.e., for 
capacities above or service-prices below those shown) the 
synchronous plant would be cheaper, whilst for any cases 
occurring below and to the right the static plant would be 
cheaper. 

The data employed for this curve is as follows : As regards 
the static condensers, these have been taken at a uniform first 
cost of £3 2s. per quadrature kVA (for a fifty-period supply) 
with a uniform loss of I kW per 100 kVA. These figures 
assume direct connection of the condensers without the use of 
transformers. The figure covering interest, depreciation and 
. obsolescence, upkeep, rents and all other expenses resulting 
from the installation is 12 per cent, per annum, the corre- 
sponding figure for the synchronous condensers being 15 per 
cent. The difference may be taken as lying chiefly in the 
depreciation and upkeep, with a slight difference (particularly 
in smaller sizes) due to greater floor space, heavier foundations, 
etc. 
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As regards the first cost and losses for the synchronous 
machines, data was obtained from four different firms in this 
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Fig. 25, — Choico of Typo. 

country. It was not possible to make a direct average of the 
four for every size, as the data did not absolutely correspond 
as regards voltage, Speed, etc., but the figures irscd are a fair 
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average so far as this could be made, and it is believed that they 
are thoroughly representative of present-day prices and per- 
formances. The figures employed showed that with the annual 
percentages mentioned, the cost of the two types of plant, 
excluding losses, coincided at 193 kVA output. The curve 
therefore starts at this point, and for sizes below this the 
synchronous machine would have no economic advantages 
even if its losses were no greater than those of the static. 
Above this there will always be some service-price at which the 
two alternatives will cost the same, and the curve which has 
been drawn marks the dividing line between the spheres of 
utility which they respectively occupy. 
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Worked Examples 


1. In a private generating station the capital cost of the supply 
plant is represented by the formula £(10 W + 5F), where W is the 
kW capacity and V the kVA capacity only one-third of cost is 
represented by electrical gear). Capital cost of phase improvement 
plant is £1 lO^. per quadrature kVA capacity. If the useful life of 
both types of plant is reckoned at tv/enty years, with zero salvage 
value, and if maintenance, etc., can lu' ci)\ c‘]‘i‘(Tby 5 per cent, per 
annum on the capital cost of supply plant, or 3 per cent, on the 
improvement plant, what is the most economical power factor at 
which to work, reckoning interest at 6 per cent, per annum, and 
neglecting the effect of losses saved or incurred ? ^ 

Annual rate for interest and depreciation — 6 + 2*72 — 8*72 
per cent. 

Hence supj)ly x')lant charge (proportioned to kVA) = 5 (0-0872 
H- 0-05) ” 0*686 (£ per annum per kVA). 

Improvement plant charge — li- (0*0872 + 0-03) — 0*176 (£ 
per annum per kVA). 


Hence a = 

Hence (f) == 
per cent. 


^176 

OdJSO 

: 15 ^ 


= 0*256 ™ sin f/>, where </> — most economical lag. 
(nearly) — representing a power factor of 06*7 




2. A consumer is charged £4 per kVA on bis maximum demand, 
the remainder of the tariff being a flat rate per kW hour, and he can 
install static condensers whose losses can be neglected for £3 i:)cr kVA, 
on which his total expenses for interest, depreciation, housing and 
upkeep can be reckoned at 15 per cent, per annum. Find the most 
economical angle of lag to which he can improve his load. If his 
initial power factor was 70 per cent., and his true jiower demand 
100 kW, what will be the kVA capacity of the condensers he should 
install ? 


Value of a ~ “ 0*1125 = sin 

Hence (/) = 61° and cos cj) = 09*4 per cent. 

Initial p.f. = 70 per cent., hence initial lag = 45 
Quadrature component requii’cd “ 100 (tan (•/►() — tan </>) 
f)0*7 kVA. 

3. Referring to the last example, tabulate the annual costs before 
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and after improvement, and check the percentage saving by 
comparison with that found from the formula. 


Initial demand 

_ m 

^ 0'7 
Einal demand 
__ 

0-994 


= 142-9 kVA, which at £4 


= 100-6 kVA, which at £4 


£ 

= 571 

= 402 


s. 

9 per annum 

8 


To which must be added (quadrature com- 
ponent) 90-7 kVA, which at £0-45 == 40 16 


New Total . . . 443 4 „ 

a saving of £128 6s. 

£128*2 

^ Hence there is a proportionate saving of == 0-224, ie., 

22-1 per cent. 

By formula, 1 — cos — ^) = 1 — cos 39° = 0-223. 


4. Phase improvement plant is to be installed of a total corrective 
capacity of 2,000 kVA, and the choice lies between static plant 
costing £2 15s. per quadrature kVA, and having a loss of 1 kW per 
100 kVA, and synchronous plant costing £1 Ss. per kVA and having 
a loss of 5 kW per 100 kVA. If the service averages ten hours a day 
(at full load) throughout the year, what must be the price of energy 
in order to justify the static plant, if the interest, depreciation and 
upkeep expenses on the two types are represented respectively by 
14 per cent, and 18 per cent, per annum of the capital costs ? 

Capital charge on static plant 

= 14 per cent, of £2 155. X 2,000 = £770 

Capital charge on synchronous plant 

= 18 per cent, of £1 85. X 2,000 = £504 


Difference = £266 

Losses charge on static plant 

== X 2,000 X service-price == SP X 20 

Losses charge on synchronous plant 
5 

= —— X 2,000 X service-price = SP x 100 


Difference = SP X 80 
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For the two alternatives to cost the same, the service-price 

must = = 3-3, which will correspond to a price of energy of 

oQ 

3'3 X 240 


Henoe the energy tariff must be 0*22c?. or over if the extra first 
cost of the static plant is to be justified. 



CHAPTER XV 


OTHEB FACTORS 

Bata Employed. — The main variables in the cost of elec- 
tricity supply — load and diversity factors and power factor — 
have now been reviewed, together with the tariffs which have 
been devised to cover them. It now remains to deal with a 
number of other factors, which, although they may be indi- 
vidually less important, nevertheless exercise a very great 
effect upon the cost. To a large extent these are interwoven 
with the factors already considered, and they must be regarded 
as other aspects of the same question, which have been grouped 
together into a separate chapter for the sake of convenience. 
The points which will here be treated are the effect of size of 
station and of interconnection between stations, the effect of 
energy price upon consumption and of consumption -per head 
upon price. The economic progress of the past few years will 
also be illustrated by means of a diagram like that already 
employed for the two-part tariff, and the relative cost of public 
and private sources of supply will be touched upon. 

The data which will be employed is chiefly that contained in 
the official publications on the subject, to which reference has 
already been made. In order to save frequent repetition it will 
be well to summarise here the main sources of this information, 
all of it relating to j^ublic electricity supply in this country. 
In connection with these figures it must be realised that a very 
considerable number of large firms in this country generate 
their own electricity. Little or no data is available regarding 
these private systems, but it has been estimated that in total 
output they may approach the sum of the public supplies. 
The figures employed in this book, therefore, refer only to the 
undertakings which are authorised to supply electricity to the 
public, whereas the total supply in the country is very con- 
siderably greater than this. 

In 1918 the position of electricity supply in the countiy was 
invcstigated.by the Electric Power Supply Committee under the 
chairmanship of Sir Archibald Williamson, and, following on 
the recommendations of this committee, the Electricity 
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Commissioners were appointed. The latter collected and 
published very valuable statistics, and did their best to improve 
the economic position, but unfortunately they were denied 
sufficient power to compel amalgamation or the closing down 
of inefficient stations, so that their work had to be chiefly of an 
advisory and publicity nature. Early in 1925 a committee 
was appointed under the chairmanship of Lord Weir, and this 
committee in its turn may be said to be the parent of the 1926 
Act and the Electricity Board. There are now, therefore, two 
statutory bodies permanently in being in connection with the 
supply industry — the Electricity Board set up by the 1926 
Act, which constitutes the governing and business authority, 
and the Electricity Commissioners starting a few years 
previously, who form the technical and advisory body. 

Since their appointment the Commissioners have published 
annual reports, and, in addition, they have published two most 
valuable reports of engineering and financial statistics as 
shown below (a portion of the first set has already been 
employed in the Two-part Diagram (Fig. 14), and the other 
set is utilised in Fig. 27 later in this chapter) : — 

Return published June, 1925, and covering three years — 
1920, 1921 and 1922. 

Return published November, 1 926, and covering two years — 
1923 and 1924. 

(In speaking of a particular year, e.g., 1924, what is meant is 
the twelve months ending December 31st, lt)24, in the case of 
the companies, and March 31st or May 15tli, 1925, in the case 
of the municipalities.) The Weir Report, some of whose find- 
ings are summarised later in the ehaj^ter, ))ascs its figures 
chiefly upon the results for the year 1922 given in the earlier 
of these two returns. 

Size of Station. — In considering the cfloct of size upon the 
cost of electricity supply, it is necessary first to distinguish 
between the size of the individual steam raising, prime moving 
and generating units, and the size of the station itself. Most 
of the advantages of size given below refer more particularly 
to large size of units, but, on the other hand, size of unit and 
size of station usually go together. It would clearly be 
inefficient to supply all the load coming on to a station by one 
huge unit, as this would he greatly under-loaded most of tho 
day. Moreover there would be no effective standby plant 
unicss a second equally large unit were iust^illcd, in which case 
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half the plant would be permanently idle. In practice it is 
usually not economical to have less than some five or six turbo- 
alternator sets in a station ; and although these need not 
necessarily be all of the same size, the fact remains that for 
any given load factor there is usually a certain ratio between 
the maximum station load and the size of the largest unit 
which it is economical to employ. Hence in discussing the 
effect of size, it will be assumed that size of station and size of 
generating unit go hand-in-hand. 

Electricity generation resembles most other forms of produc- 
tion in that large-scale operations arc usually more economical 
than small. But the reasons in this case have to do less with 
the usual economy through sub-division of laboxir, etc., than 
with the inherent qualities of the plant employed. The effect 
of size can be considered under two heads : — 

Effect on Standing Charges, 

Large generating units are cheaper per kW than small. 

If more units (as well as larger) arc employed the pro- 
portion of standby plant can be diminiBlicd. 

The load factor (and possibly the power factor) is likely 
to be somewhat bettor owing to the greater number 
and, therefore, diversity of consumers. 

Effect on Working Costs. 

Large units arc more efficient than small. 

There are also the usual labour economics of large-scale 
woiidng, including the possibility of cmj)loying clicmical and 
combustion experts, and elaborate measuring devices. 

With regard to transmission and distribution, there are 
similar economies to be made wherever tlie larger scale opera- 
tions are possible within the same area as before. Jhit when 
the larger-scalo working involves distiibution over a larger 
area (the density of working remaining the same) tlie cost of 
transmission and distribution per luiit is likely to bo as muck 
or more than before. Hence the chief economies of large-scale 
worldiig must be looked for within the gencn'ating station itself. 

Before comparing the above reasoning with tlie ligurcs 
plotted below, it will be well to mention some of the limitations 
to station size. The most obvious limitation is that of the size 
of load. The load can bo increased in cither of two ways— by 
extending the arett served (which means greater transmission 
and distribution costs) or by increasing the consumption of the 
existing area. The latter process takes time, but from com- 
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parisons with other countries it would appear that we are very 
far from having reached the saturation point as regards 
electricity consumption in any particular area. A second 
limit is imposed by the quantity of cooling water required for 
the condensers of a large turbine plant. This not infrequently 
fixes both the positions and sizes of the big stations which are 
to serve a particular area. 

Size and EjBBlciency. — It is interesting to compare the above 
reasons for large-scale economy with the actual figures for 
stations of various sizes in this country. There are several 
difficulties in doing this, the first being the difficulty of finding 
a suitable basis of comparison. The best basis for this purpose 
is either fuel consumption per unit generated, or mean energy 
price charged (both being considered in relation to the kW* 
capacity of the station), but each of these bases of comparison 
is open to objection. Another difficulty is that it is no use 
comparing a few individual stations, since conditions differ 
enormously — coal and water facilities, compactness and diver- 
sity of load, and, above all, station personnel. A small station 
may hapi^en to have a first-class chief who, by giving every 
detail personal attention, achieves results equal to those of a 
far bigger station ; and, conversely, a big uiidertaldng, although 
able to offer a high salary, will not necessarily secure the best 
engineer, since neither electricity committees nor boards of 
directors arc infallible in their judgment. 

The diagram shown below plots coal consumption per unit 
generated, for station groups having the annual outputs shown 
along the base. The great objection to this basis of com- 
parison is, of course, that it takes no account whatever of the 
calorific value, so that a station burning low-grade fuel will 
appear much less oliicicnt than it really is. But many stations 
still appear to have difficulty in declaring the true average 
calorilic value of the fuel they are using, and in most of tiic 
figures issued by the Electricity Commissioners thermal 
cliicicncics have had to bo omitted entirely. Moreover, the 
alternative plan of plotting cost of fuel per unit instead of weight 
is open to the objection tliat it takes no account of diirerenees 
in situation as regards coal suiiplies, and therefore price. 

In the annual summary ot generation issued by the Com- 
missioners, the stations are aivided up as regards size of 
output into thirteen groups, lettered A to M. (iroup A con- 
sists of stations generating over 200 million units per annum, 
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of which there were only three in the year ending March 31st, 
1925, Group B is of stations generating between 100 and 200 
millions (of which there were ten), Group C generating between 
50 and 100 millions, and including twenty-nine stations ; and 
so on down to Group M, which consists of stations generating 
under 50,000 units per annum. Neglecting the first and last 
groups as being of indeterminate size, the other groups may 
for approximate purposes be taken as each having an average 
output midway between the two limits stated, and this gives 
eleven groups having outputs ranging from 150 down to 
0*075 million units per annum. 

Under each group letter, in the summary referred to, is 
given the mean coal consumption per unit generated, for all the 
stations placed in that group. In Eig. 26 these mean con- 
sumptions are plotted to a base of the mid-size jDoints mentioned 
above. The curve is in two parts, seven points being first 
shown to a fairly large base scale. Two points are then re- 
plotted, together with the four remaining points, in the con- 
tinuation portion ; and the base measurements are now shown 
to one-twentieth of their previous scale, the ordinate scale 
being unaltered. 

It will be understood that this plotting of average values in 
a series of groups is in many ways less satisfactory than 
showing actual stations, but it avoids the necessity for dealing 
with a large mass of figures, and gets over the difficulty of 
accidental individual differences. In any case it is sufficiently 
accurate as a guide to the general tendency, and it certainly 
demonstrates in a strildng manner the gain in generation 
efficiency with size of station. A smooth curve can be drawn 
through all but two of the points, and it shows a steady and 
continuous drop in consumption as the station size increases. 
Moreover, the curve shows the results of only one of the gains 
to be anticipated from increased station size, namely, that of 
improved thermal efficiency. The other economic advantages 
which result, such as lower price of plant per kW, smaller 
proportion of standby plant, less labour cost, etc., and which 
would appear in any financial comparison such as cost per unit, 
do not come into the curve shown. 

As an extreme case of the economic advantages which may 
accrue from having a single large system in place of many small 
ones in serving a given area, it is instructive to compare the 

See especially a sot of comparisons in 27ie Mectrical lievieiv of Janiiaiy 
1st and February 5th, 1920. 
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sixteen Metropolitan Companies iia the London area with the 
single Commonwealth Edison Company of Chicago. According 
to figures published some years ago the combined load factor 
of the London companies was 20*4 per cent, as against 45T per 
cent, for the Edison Company. The financial charges of the 



Fxo, 26. — ^ElHcioncy and Station Sizo. 

former were 50 per cent, of the total income, i,e., exactly ono- 
halE of all the money received went in interest, depi'ociaiion, 
and amortisation. TIio corresponding figure for the h]dison 
Company was only 25*4 per cent., and even this included lieavy 
dividend payments (10*4 per cent, of the income). 

Interconnection. — ^When it is impossible or uneconomical to 
concentrate the whole of generation for an area at one big 

World Po'wet\ S(^ptcnlbor, 
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station it is often possible to interconnect two or more stations, 
and thus obtain some of the advantages of size without exces- 
sive transmission expenses. The economic advantages are 
generally similar to those which accompany large-sized stations, 
but lesser in degree, and of course the labour economies do 
not accrue — on the contrary, there are extra expenses involved 
in maintaining efficient interconnection. The chief gain is 
therefore that larger-sized units can be employed than would be 
economic in the same stations if unconnected, and that less 
standby plant is needed. In addition, there may be a some- 
wffiat better load factor and power factor through greater 
diversity of consumers.* 

As regards these latter points, the advantages will be greater 
the greater the difference between the characteristics of the 
loads and stations which are interconnected. Abroad there 
have been some very successful examples of interconnection 
between stations of different types, e.^., water power and coal 
burning, so arranged that each works under its most economical 
conditions, time of day, year, etc. In this country there is 
generally less station diversity, the great majority of stations 
being of the coal-steam-turbine type, so that the gain to be 
obtained from interconnection between stations is not so great, 
although very considerable. 

I he above remarks apply particularly to interconnection 
between a few stations within particular areas, a practice which 
has already been employed with considerable success in certain 
industrial areas in this country. As regards the larger question 
of interconnection between areas, this has hardly been tried 
here yet, but as its establishment is one of the chief aims of the 
1920 Act there will doubtless soon be data by which its success 
in this country can be gauged. Ihe cost of such a scheme will 
of course be very considerable, and it raises serious problems, 
such as the standardisation of frequenej^ But it must not be 
forgotten that the greater part of this country is such a 
compact, densely industrialised area that it reiDresents a very 
favourable field for interconnection — much more so than many 
areas abroad which have already adopted it on a large scale. 

* For a recent example see The Electrical Worlds August 6th, 1927. In 
the first twenty-two months’ operation of the Connecticut V alloy I’owcr 
Exchange the net savings were £45,000. The caxfital inveBtud in inter- 
connecting transmission lines was £160,000, and this released a total generating 
capacity of 30,000 k\V — worth four times as much as the lines cost, liio 
resultant net saving to the three companies involved is estimated at £-1 6,000 
per annum. 
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Moreover, against the cost must be put all the gains enumerated 
above, raised to a high degree, and certain additional ones, such 
as the electrification of the intervening districts. 

The advantages of large-scale interconnection in reducing 
the cost of generation in this country were given as an Appendix 
to the Weir Report,"^' and for convenience may be summarised 
here as follows : — 

Effect on Standing Charges. 

Larger generating units are cheaper per kW than small. 

Smaller proportion of standby plant. 

Better diversity factor (daily, because time of maximum 
demand varies, and annually because trade fluctua- 
tions do not coincide in all districts). 

Erection of small stations avoided, whilst extensions and 
future needs can be met economically without undue 
laying down of plant before required. 

Effect on WorJcing Costs. 

Large generating units are more efficient than small. 

Station sites can be chosen where most economical. 

Other sources of power (e.g., waste heat and water) can 
be utilised wherever they occur. 

Less efficient plant when retained can be employed for 
shoit-hour service, and the more eflicient for the all- 
day load. 

Additional Advantages. 

Interconnecting mains will pick up additional loads 
through electrifying areas now hardly served. This 
country load will bo difierent in character, and 
therefoi’o improve the load factor, and in addition 
to the immediate economic advantages there are 
social and national gains in developiiig ruial areas 
and decentralising inaustry. 

Weir Report Proposals. — The figures already given for the 
efficiencies of difierent station groups, wliilst serving primarily 
to illustrate the close conneetron which exists betweerr ther- 
mal efficiency and size of station, show incidentally what a 
very largo number of small, unconnected statioirs there are 

A moro rccont summary of tho advantages of intorconnociion will bo 
found in Mr. Uago’s Urcsiaontiul Address to tiio Institution of Electrical 
Engineers, October, 1027. Journal 1. In, E,, Vol. 00, p. 10. 
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in the country, and how very inefficient our supply is as a 
consequence. Electricity supply, like most other institutions 
in this country, has grown up in a spasmodic, ad hoc fashion, 
and its present position is the result of historical rather than 
technical factors. As in some other branches of applied 
science, Great Britain started by being a pioneer, and now 
reaps the disadvantage in a multitude of systems, voltages and 
frequencies, whilst countries which started later have been 
able to profit both by our successes and our mistakes ; and by 
installing up-to-date systems from the first have been able to 
enjoy continuous, unchecked development on uniform lines. 
Nor can the present conditions be blamed entirely to our early 
start, since both private profit and parish pump ’’ 
politics have frequently been allowed to stand in the way of 
what was clearly in the public interest. 

Whatever may be the historical reasons and justification, 
the present position is clear enough, and cannot be better 
expressed than in the words of the Weir Report itself : — 

'' The parochial policy of generation, which to-day permits 
“ the existence of 572 authorised undertakings owning 438 
“ generating stations, definitely ignores the technical considera- 

tions essential to cheap generation. Of the 438 generating 
'‘stations owned by authorised undertakings, not more than 
“ about 50 can be regarded as being of really suitable size and 
" efficiency. Twenty-eight stations generate 50 per cent, of the 
" total energy, while 322 stations between them only account for 
"11 jDer cent. The percentage of standby plant is unduly high, 
" and the load factor is unreasonably low. Interconnection is 
" not carried out as a definite policy. These technical considera- 
" tions have been continually subordinated to other interests, 
"and the resultant loss to the country has been heavy, and 
" becomes daily heavier.” To remedy this, the Report pro- 
posed, and the 192G Act embodied, a Central Electricity Board 
having power to bring about the following reforms : — 

The closing down of 432 existing stations and the generation 
of all the electricity in twenty-eight main and thirty 
secondary stations, of which forty-three are existing and 
fifteen are to be new. 

The interconnection of all these selected stations by a '' grid 
iron ” of high tension mains. 

* “ Report of llie Committee appointed to review the National Problem 
of the Supply of Electrical Energy,” 1926 (p. 7, par. 17). 
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The advantages of these two reforms have already been 
discussed in the previous sections. Taking all the reforms 
together, the Weir Report anticipated that the result should be 
a consumption of 500 units per annum per head of population, 
instead of our present figure of 100 to 200 units per head, 
combined with a reduction in the average overall price per 
unit for the country from 2d. to Id. or less, a reduction in the 
proportion of standby plant from 08 per cent, to 25 per cent., 
an appreciable increase in the load factor, and sundry minor 
gains. 

It is, of course, true that if the present chaotic system were 
allowed to continue and expand on its existing lines, it also 
would ultimately achieve an output of 500 units per head 
(though not before 1940 at the present rate of growth), and 
with some degree of price reduction, but the utmost that seems 
likely with the existing methods would be a lowering of the 
mean energy price from 2d. to l^d. Under the reorganisa- 
tion proposed, even if the energy price could not be reduced 
to less than Id. a unit, the saving to the nation (as compared 
with l^d.) would be £44,000,000 per annum. 

Consumption and Price : Saturation. — That the density of 
consumption the consumption per head of populatLoii or 
per square mile of territory served) is comiected with ])rico ])ci’ 
unit is obvious, but it is impossible to state categorically tliat 
one is the cause or consequence of tiie other. If tlio consuinp- 
tion density increases, costs ])er unit go down and tli(^ [)rices 
charged go down also. And on the other hand, if tlic pj'iee 
goes down, more energy will be sold and the consumption will 
increase. Each therefore reacts upon the other, and whilst it 
is important to realise and profit by the connection between 
them, there is little object in discussing which comes first. 

In this connection a very interesting curve w as i)lotted in the 
Weir Report, showing the 3’clationship between the average 
price of supply to consumers and the number of units sold ])er 
head of population. The graph j^lotted was in the luituro of a 
composite diagram, each undertaking being r(^])j‘csontod hy a 
cross showing the average price per unit, and the ninnbcu: of 
units sold per head, in the area served by if. A sinooth curve 
was then drawn through the mean path of these crosses, and 
this curve showed that where the price per unit avei’aged 
8d, to lOd. the number of units sold per head was only 20. At 
id. a unit there were 50 units sold per head, at 2d. 140 units, 
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and at Id. 60Q units. Unquestionatly, in electricity supply, 
price and consumption go hand-in-hand, or at least, if either 
can be persuaded to take the lead, the other will follow hard 
behind. 

As regards the limits to the increase of consumption density, 
on innumerable occasions this country has been compared, 
generally very unfavourably, with other industrial countries 
on the score of our low electricity consumption per head. Too 
much should not be based on these figures, and, in particular, 
it must be remembered that they usually refer only to public 
supply ; and, moreover, that as regards domestic consumption 
the majority of English towns can boast of an excellent gas 
service, having prior establishment, which largely supplements 
or takes the place of electricity. Nevertheless, the figures are 
salutary and certainly cannot be overlooked. 

In the Weir Report the consumption per head from public 
sources is given as 110 units per annum, with the suggestion 
that the total might actually be 200 units per head if all private 
supplies could be included. Even taking the larger figure, this 
compares very unfavourably with countries such as the United 
States of America, Norway and Sweden, Switzerland, Canada, 
and even Tasmania, all of which show a consumption per head 
of population of 500 units or over. Mr. Insull, representing an 
area (Chicago) boasting a consumption of 1,000 units per head, 
anticipated that even this consumption would double in fifteen 
years, and gave it as his opinion that there is no saturation 
point in the demand for electricity. There is no doubt that as 
compared with other commodities the demand for electricity 
is an exceedingly elastic one, and given a sufficient reduction 
in price it is ditUcult to fix any limit to the amount of its use. 
Boch the quantity consumed in any pariicular direction, and 
the number of directions in which it can be used, arc almost 
inexhaustible. To mention one sphere only, at present hardly 
touched, which probably only awaits a sufficiently low price, 
the electrification of main line railways would add seme 20 per 
cent, to the whole national demand for all other purposes, as 
well as most favourably affecting the national load factor. 

It will be seen that whether or not any point of saturation 
does exist, there is no likelihood of our reaching it in this 
country for a very long time ahead. In the same report it 
was estimated that with the existing rate of increase (some 
700 million units per annum, nearly 20 per cent, in the years 
1922 and 1923) the consumption would reach 500 units per 
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head by 1940, and the Report may be said to be dominated 
by the aim of making it possible for this country to supply 
such an output in an economic fashion by that date. Whether 
or no the figure will be reached by then, or even before, there 
can be no doubt whatever that it will be reached, and, in fact, 
surpassed, in the not far distant future ; so that all plans for 
public electricity supply should be laid so as to make possible 
an output of something lilie five times the present one. 

Three Years’ Progress. — As was explained at the beginning 
of the chapter, there are now available, in the two statistical 
returns of the Electricity Commissioners, full engineering and 
financial statistics relating to five years of the public supply of 
this country and teiminating December 31st, 1924, or March 
or May, 1925. The two-part diagram developed in an earlier 
chapter is very well suited for making a rapid graphical 
comparison between these years, and, in the figure below, the 
last three years whose data is available have been illustrated 
by means of a diagram of this sort. 

The diagram itself has been fully explained in Chapter XII., 
and only its application to the present instance requires com- 
ment. The figures employed are summarised in the table below, 
and it will be seen that the first set (the ones for 1922) are the 
same as those on p. 213; and it will be seen also that the 
corresj^onding portion of the diagram (1922, Fig. 27) is tlie 
same as Fig. 14, except that transmission and distribution 
expenses arc separated from generation and shown soincwiiat 
to the right. As regards the two later years, the figures are 
from the second return, published at the end of 1926, and the 
same assumptions have been made as before, except that the 
losses in kW are taken as 12 per cent., 10 per cent, and 10 per 
cent, respectively, the later figures being lower because the 
losses in units are shown in the return to be less. This has the 
effect of keeping the average consumer’s load factor to 22 per 
cent, in all three cases, so that exactly the same scales may bo 
employed as previously.* The figures are treated in just the 
same way as before, and a two-part diagram is constructed 
to correspond to the economic data given. This does not of 
course represent an ‘"average” two-part tariff, since tho data 

* This assumes that tho whole of tho improvement in load factor, from 
28 to 30 i)or cent, in tho throo years, is to tho credit of tli(3 undortakings, 
wlioroas probably tho individual load factors will also have risen, to a lessor 
oxtont. Ilowovor, tho error as compared with tho assumption inatlo above 
would not affoct tho scale sulTiciontly to show on tho diagram. 
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which it averages covers domestic as well as power con- 
sumers (see note on p. 217). 



1922. 

1923. 

1924. 

Units generated (millions) 

4,500 

5,230 

6,020 

Units sold are less by . . . 

16 per 
cent. 

14*8 jper 
cent'. 

154 per 
cent. 

Euel cost per unit generated (pence) . 

0-31 

0*29 

0-28 

Fuel cost per unit sold (pence) . 

0*37 

0*34 

0-33 

Aggregate demand on stations ( 10 ® kW) 

1*83 

2-075 

2-298 

Excess of receipts over expenses as 




per cent, of capital outlay 

10*0 per 
cent. 

9*65 per 
cent, i 

9*01 per 
cent. 

Corresponding total capital charges 
(10« £s) 




15*81 

16*80 

17*50 

Total running costs (exclude fuel) 




(10«£s) . 

11*27 

11*37 

12*51 

Sum of costs exj)ressed per kW of 




demand ..... 

£14*78 

£13*58 

£13-04 

Assumed loss in kW capacity during 




transmission and distribution 

12 per 
cent. 

10 per 
cent. 1 

10 per 
cent. 

Resulting cost to consumer per kW of 
demand (assuming 1*25 diversity 



£11*5 

factor) ..... 

£13-5 

£12*1 


Eigure 27 shows the three years j)lotted together on a single 
diagram, and the progressive improvement at every point is 
clearly indicated. Whilst this improvement is quite general, 
it is slightly more noticeable as regards generation (G R T) 
than as regards transmission and distribution. The improve- 
ment is due primarily to the fact that the output has gone up 
without a corresponding increase in the equipment cost and 

TJiisfiguro and table are re|)rinted from The Electrical llcvicw of Novem- 
ber 18th, li)27. 
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running expenses. It is also due in a slight degree to a smaller 
percentage surplus (here assigned to capital charges). Another 
point which the comparative diagram brings out very clearly 
is that the improvement from 1923 to 1924 was less, not only 
absolutely, but even proportionately, than the improvement 
from 1922 to 1923. 

Public V. Private Supply. — Reference has already l)een made 
to the fact that owing to the high prices which have frequently 
ruled in the past, many large concerns in this countiy generate 
their own electricity for traction, colliery and other industrial 
purposes, thus rendering themselves independent of the public 
supply. Any manufacturer or piivate individual is perfectly 
free to do this, although, of course, he is not free to sell such 
energy to others unless authorised to do so, the latter privilege 
being the monopoly of the legally authorised undertaker for 
that distinct. Yet another plan is for a firm to generate its 
own electricity, but to maintain also a connection to the public 
supply for standby purposes. This, however, represents a 
most undesirable type of consumer to the supply authority, 
and usually the terms for such a connection are made virtually 
prohibitive. 

When a .small isolated firm (or a private individual) generates 
its own electricity this is usually because a public supply is 
unobtainable at that place, or only with very great difficulty. 
Such cases are likely to become much rarer when interconnect- 
ing mains cover ino.st of the country. But where a large firm 
generates for itself this is usually because the pi’ivate supply 
is deemed to be chcaj^er, and it will therefore be well briefly to 
consider the grounds for an economic decision of this type. 

Taldng extreme cases first, it will be obvious that if tlie 
is small and/or works at a poor load factor, the public sup])ly 
is likely to be cheaper for two reasons : (1) the public authoritic.s 
can employ larger and more efficient generating units ; (2) they 
can take advantage of the diversity factoj* existing between 
this firm and other concerns in order to improve the load 
factor. Where the firm in question is very large and w^orks 
at a good load factor both these advantages tend to disajrpcar, 
since the firm can itself utilise large sets, and there is less to be 
gained in the way of diversity factor with other conHiiniers. 
Hence it is difficult for a siqjply authoiaty to give to .such a 
firm so great a reward foj* a good load factor’ as the firm can 
obtain by generating for itself. 
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It will be realised that the whole thing is entirely a matter 
of degree, and varies not only with the size and type of load, 
but also with the district and such things as water and coal 
supply, spare land available, etc. A very good summary of 
this type of choice is to be found in a disci sdon by Dr. Cramp 
and Mr. Julius Frith before the Manchester Association of 
Engineers on October 25th, 1919. The conclusions there 
arrived at, referring to particular types cf hypothetical instal- 
lation at that time, was that public supply could not compete 
in economy with new private plant : — 

If the load factor exceeds 25 per cent, and the maximum 
demand exceeds 1,000 kW. 

If the load factor exceeds 30 per cent, and the maximum 
demand exceeds 600 kW. 

If the load factor exceeds 50 per cent, and the maximum 
demand exceeds 250 kW. 

These figures could be plotted so as to show the respective 
economic spheres of the two types of supply in the manner of 
Fig. 25, but it will be understood that the actual values given 
above are no guide to the present-day position, and are merely 
to illustrate how the choice may have to be made. 

Apart from the purely economic factors m3ntioned above, 
there are a number of other points not easily expressed in 
£ s. d., most of which are in favour of the public supply. Where 
there exists sufficient room in the works for a private generating 
station without additional land or buildings being required, it 
may be thought that nothing need be included for rent, rates, 
heating and other establishment charges, but it must not be 
forgotten that usually the space could be hired out or used for 
some other purpose. The same thing applies to staffing and 
supervision, including the management and general “ worry,’' 
which even if they make no obvious addition to the staff 
pay-roll, inevitably absorb energies which could better be put 
into the main business of the firm. Another point is that the 
necessary capital may not be available, and certainly cannot 
be obtained so cheaply as by, say, a municipality. Other 
advantages of public supply are, in general, greater reliability, 
facilities for extensions (big or small) at any time and at short 
notice, and supply during off hours (nights, week-ends, etc.) 
for repairs or overtime work, without the expense of keeping 
the power house going. 
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APPENDIX I 

SuMMABY OP Equations fob Intebest and Sinking Funds 

(These are numbered as they appear in the text, Chapter I,) 


At simple interest. 

At compound interest. 

Total interest J in D years duel 
to principal P , . . J 

II 

I=P{(l+i)^-ll- (4) 

Amount A of prineix)al plus] 
total interest (or future ! 
worth of present sum P) , J 

■ A^P(,i+a). (2) 

A = P(l-\-i)^ . (3) 

/ i\nL 

;or=f(l+-) .(5) 

Alternatively, substi- 
tute from equation 
(6) in any of these 
formuloe. 

The following are derived 

From equation (2) 

From equation (3) 

Principal or present worth' 
which will amount to A in L 
years .... 

1, .-t . 

) ^ ■ 1 + iL- 

p = — 

(1 + i)’‘ 

Life or length of time in which 
P will amount to A . 

1 ^ = 

log p 

“ iog{i -f- iy 


Equivalent annually compoundod interest i for an] . / i'\n 

actual rate i' comi)oundod n times per annum . j ^ ™ t ^ ^ 


Sinking Funds accumulating at Compound Intebest 
{i per annum or i' compounded 7i times per annum) 


End-of-year deposit to realise A in 
L years 

Present worth of series of ond-oLyoar 
deposits . 


p ~ . . 

(I + i)^ - 1 

• • ( 7 ) 

■i(i + 

. . ( 8 ) 
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Beginning-of-year deposit to realise ^ 
A in L years . . . . J 


Ai 


(1 + ir - 1 


Present worth of beginning- of -year | p _ ^ 


deposits 


■J 


End- of -interval deposit (deposits! 2)=^ 
made Ic tiines per annum) . . 


1(1 + 1 )'^“^ 

/ i'\n 

(l + n)k - 1 


Beginning-of -interval ditto 


D : 


+ 1) 


4,*\uh 
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l/ifo L. 


1 

2 

3 

4 

5 
() 

7 

8 
{) 

10 

I I 
12 
13 

II 
If) 
D) 

17 

18 
D) 
20 

21 

22 

^3 

24 

25 


Percentage Sinking Fund Deposit 
(Used for estimating the cost of depreciation) 

.ICu'.l-tif-ycar puyiuo.iit (£) to rciiliso £100 in L ynars with intcrcHl coiupo'iiulr'd 
aimunlly at : — 


‘1 por cent. 

•U per cont. 

6 por coat. 

100 

100 

100 

49*02 

48*90 

48*78 

32*03 

31*88 

31*72 

23*55 

23*37 

23*20 

18*46 

18*28 

38*10 

15*08 

14*89 

14*70 

12*66 

3 2*47 

12*28 

30*85 

10*66 

10*47 

9*45 

9*26 

9*07 

8*33 

8*14 

7*95 

7*41 

7*22 

7*04 

6-66 

6*47 

()*28 

6-()l 

5*83 

r)*()5 

5-47 

5*28 

5*10 

4*99 

4*81 

4*63 

4*58 

4*40 

4*23 

4*22 

4*04 

3*87 

3*90 

3*72 i 

3*55 

3*61 

3*44 

3*27 

3*36 

3*19 

3*02 

3*13 

^ 2*96 

2*80 

2*92 

2*75 

2*60 

2*73 

2*57 

2*41 

2*56 

2*40 

2*25 

2*4-0 

2*2|. 

2*10 


5i por ennt. (5 per cent. 7 pnr c*ciit. 


100 100 100 
48-00 48-54 48-31 

31-60 31-41 31-11 

23-03 22-80 22-62 

17-91 17-74 17-39 

14-52 14-34 13-98 

12-10 11-91 11-50 

10-29 10-10 9-75 

8-88 8-70 8-35 

7-77 7-59 7-24 

0- 80 O-OH 0-34 

(i-IO 5-93 5-59 

5-17 5-30 4-97 

•1-93 4-70 4-43 

4-40 4-30 3-98 

4-0() 3-90 3-59 

3-70 3-54 3-24 

3-39 3-24 2-94 

3-11 2-90 2-08 

2-87 2-72 2-44 

2-05 2-50 2-23 

2-45 2-30 2-04 

2-27 2-13 1-87 

2-10 1-97 1-72 

1- 95 1-82 1-58 
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Estimated Useful Life of Engineering Assets 

ACCORDING TO VARIOUS AUTHORITIES 

[In a few cases a salvage value is quoted by authorities B and C, 
but this never exceeds 10 per cent, of first cost, and in the present 
table has been omitted.] 



A. 

' 

B. 

c. 

Land (Freehold) . 

60 



Buildings (Brick or Stone) 

30 

60-80 

60-76 

„ (Wood) 

— 

— 

25-50 

Boilers, Stokers and Furnaces 

— 

22-25 

20 

Plant and Machinery . 

20 



Condensers . 

— 


15-25 

Turbines 

— 

— . 

14-20 

Generators . 

20 

30 

10-20 

Motors 

— . 

25 

20-30 

Transformers 

— 

— 

15-20 

Underground Cables — 




H.T. Trunk Lines . 

40 ) 



Mains .... 

25 j 

35 

20 — 25 

Overhead Conductors . 

25 

— 

20 

Instruments and Meters 

10 

- — . 

12-20 

Storage Batteries 

— 

15 

11-20 


D 


Track Bails 

(Tram) 10-15 

(Kailway) 12-18* 

Bolling Stock 

>> 

10 

„ 15-30 

Trolley Wire 



2-3 


A. Electricity Commissioners’ suggestions for I’epayinent periods of 

local authority loans, based on estimated life of the asset. 

B. Engineers' Year Book, quoting Preece. 

C. Standard Handbook, quoted from various American sources, includ- 

ing H. G. Stott, and a number of Valuation Commissions. 

. Various municipal tramway imdertakings. 

* Depending on amount of wear. 
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Efficiency of Electrical Machinery when Under-run * 

In what follows it will be convenient to define the maximum or 
rated output of a frame in terms of fixed current and flux densities, 
on the understanding that this will give approximately fixed tem- 
perature rises. This point was dealt with in Chapter VIII. (p. 138), 
where it was shown that a large machine is characterised by a bigger 
efficiency than a smaller machine of the same type. It was also 
stated that this efficiency could, in general, be maintained above 
that of the smaller machine, even when the larger machine was 
under-run. As this question is somewhat detached from the 
subject-matter of any one chapter, and concerns electrical machinery 
as a whole, it was thought best to treat it in an appendix. 

Unfortunately the simplest type of machine which can be used 
for illustration purposes — the single loss ’’ structure such as the 
electric cable — does not conform to either of the rules mentioned 
above. In this case the larger machine, running at the same current 
density, has just the same efficiency as the smaller one, but, on the 
other hand, under-running increases the efficiency, so that the net 
effect (upon which any possi!)ility of economic choice of size depends) 
is the same as with more complex structures. That is to say, a 
larger machine used on a smaller load will have a higher efficiency 
than a smaller one giving its full capacity. 

One of the most useful classifications of the losses in an electrical 
machine is as follows : — 

Losses dependent upon the current and virtually independent of 
the pressure. 

Losses dependent upon the pressure and virtually independent of 
the current. 

Losses independent of both current and pressure. 

With this grouping the total losses can be expressed as 

where a-y 6, c are constants, 1 and E the lino current and pressure 
rcsi)ectively, and a and b have each very approximately the value 2. 
In a similar way the efficiency can be generally expressed as 

___ Losses __ . CiL' + eJE^' “h C3 
~ “ input Wcoa 4 ^ 

* Bciirintod from the Journal I . E , E.y 1020, Vol. 04, p. JUO, 
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This may be illustrated by considering any rotating machine such 
as a D.C. shunt motor. The first group of losses, namely those 
represented by covers the armature copper losses. These arc 
strictly proportional to the square of the armature current with 
constant resistance, but the difference between armature current 
and line current is not great, and, moreover, this discrepancy will 
probably be balanced by the positive temperature coefficient of the 
windings. 

Tlic second group of losses, represented by includes the 

whole of the shunt field losses and the iron losses, as can be seen by 
considering the effect of a change in pressure. Thus, suppose the 
line pressure to be halved, with the current and speed unaltered. 
The field losses, being equal to will be quartered, and the field 

strength, with constant permeability, will be halved. (If the 
permeability is not constant some field resistance must be intro- 
duced to bring the field strength down to slightly less than half 
what it was.) The back E.M.P. with the same speed can thus be 
made slightly less than half its previous value, so that with half tlie 
line pressure the difference between the applied and the bade E.M..P. 
will l 3 e unaltered, and the same current will flow. 

The flux density B is thus roughly proportional to the line 
pressure E, and, furthermore, it has recently been shown * that the 
iron losses of a D.C. machine can be most accurately assessed by 
coupling hysteresis and eddy losses together, and that they are very 
apj)roximately proportional to that is 5 == 2 in the above 
formula. Finally, if Cg represents the constant friction and windage 
losses, it wall be seen that the whole of the losses have been accounted 
for. 

It will be noticed that the '' pressure ’’ items are not strictly 
independent of current, owing to the difference between applied 
and back E.M.F., and for this reason the formula is most accurate 
when pressure and current are being varied simultaneously. 

In the case of a series motor the field losses come into the cj- 
group, and if the pressure alone is varied tlie field strength must bo 
artificially changed to correspond. In the case of machines in 
which part of the current is induced, this latter will not be exactly 
proportional to the line current, but, in spite of these various 
discrepancies, the above formula, with a = 6 = 2, represents 
most cases with a sufficient degree of accuracy for economic 
calculations. 

On the basis of this formula it will be convenient to group electrical 
machines into three classes according to whether they have one, 
two or all three of the possible kinds of losses. There will then be : — 

Simple or homogeneous machines having only one kind of loss 
(i.e., copper or iron) ; 

* Journal L E, E., 1926, Vol. 63, p. 47. 
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Complex static machines having two kinds of loss (copper and 
iron) ; 

Complex rotary machines having all three kinds (copper^ iron and 
frictional). 

The nearest approximations in practice to machines of the first 
class will bo found in current conductors and in iron-cored re- 
actances. Thus in a cable (neglecting the slight dielectric losses 
dependent on E) the losses are proportional to and in a choking 
coil (neglecting tlie niagnetising-currcnt losses dependent on /) the 
losses arc proportional to E'^^ i.e,, in each case there is substantially 
only one class of loss. 

The first point to note in a simjfie structure such as a cable is that 
the efficiency can always be raised by increasing that item of the 
supply upon which no losses are dependent. For, expressing the 
efficiency of a cable as 1 — PlljEI cos it is clear that this can 
be indefinitely increased by increasing E. As a rule, however, this 
method is inadmissible, since the pressure is fixed by the nature of 
the service. W^'h regard to variations in current, the pressure 
remaining constant, it wall be seen that the efficiency can bo 
expressed as 

1 _ = 1 _ ^ 

/ 4 ' 00.se/. A' Eaos^ 


whore I is tlie length and A the cross-sectional anux. 

Thus, if the length is fixed, a large cable whl have tlio same 
(‘fficiency as a small one working on the same eurrtsit dcuisity, but, 
on the other liand, if tlu* hirge cable is un(l(‘r-nin to giv(^ the smaller 
out[)ut, its elHc/uaicv will h('. iiicnNisiMl. Diis shows t.lu^ possibility 
of cH'onomie advantagt^ to he gaiiHul from ib(‘ (‘inploynuMit of a ea,l>le 
larg(‘r t han that physically neex^ssary, the conditions for which ixi’o 
laid down in Kelvin’s law^ 

Turning to machines of the second class, much the most important 
is the static transformer, the efficiency of which can be exj)ressed as 


7 ? 1 - 


c,P + 

EL cos (/>. 


It is obvious from this formula thai< if the transformer is under-run 
by reducing E and 1 in th(‘. same ratio, tlie fnll-loa-d (dficicaKy will bo 
maintained intact, provided that the ])ower factor is not alTecUal. 
Thus any particular size of transformer can be rega-rdtul, not a.s 
something caj)ablo of giving a ccri4iin output, hut as sonuddiing 
having a certain efficiency. If a higher elficiency is r{Hjuir(‘d, them a 
larger transformer .must ho employed. A furtlicr ])oint is that if at 
full load the two groups of losses arc not e{jual, the enicicviuy ea.ii 
actually be improved by under-running, ])rovi<led this is perfornuMl 
in , suitable proportions. Instead of eonskleiang this in d(d-a.il, 
however, it will be more advantageous to study the juore general 
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case given below, of which the transformer can be regarded as a 
particular instance. 

The third class of machine (having all three varieties of loss) can 
be taken to include every type of rotating apparatus in which copper, 
iron and frictional losses occur. The efficiency can be written 

_ 1 -f- C 3 

^ El cos ^ 

and it will be evident that if the line current and the line pressure 
are each reduced in the same ratio, the efficiency will fall owing to 
the presence of the constant frictional losses C3. On the other hand, 
if either of the variable losses is bigger than the sum of the other 
two it will be possible to under-run in such a way as to reduce this 
larger loss and keep the efficiency as high as or even higher than on 
full load. 

Thus suppose that the current loss is n times the sum of the 
other two, that is c^P = -f- Cg). Furthermore, suppose that 

it is desired to reduce the output, and therefore the input, in the 
ratio 1/m without impairing the efficiency, this reduction being 
accomplished purely by reducing the current. Assuming that the 
power factor is unaltered, the total losses must also be reduced in 
the same ratio ; and calling the two currents and 1 ^ we have : — 

^ cj.\ + Cggg + C3 ^ cj.\ + {ljn)(cji)_ __ 

■/, cji + + c., + (T/»^)(c Jf) 

1 -|- (1/'^) + 1 7 n>^{n + 1) 

^ (1/m^) + (1/^) ~ ^ n n -j- 

or m{n + 1) = 71 + — 1)('W^ — - ~ 0 

whence m == 1 or m = 7^. 

The meaning of the above is that either m = 1 (no reduction at 
all) or m = n, i.e., the output can be reduced in the ratio which the 
current loss bears to the sum of the other two losses. If reduced by 
a greater amount than this the efficiency will be lower, whilst if 
reduced by a less amount the efficiency will be higher than at full 
load. Thxis in a squirrel-cage induction motor the copper losses 
at full load are frequently about one and one-third times the sum 
of the iron and frictional losses, and such a machine can be run at 
1/1*33 == 75 per cent, of full-load current without loss of efficiency. 
The maximum efficiency will then occur at about 87*5 per cent, of 
full load and will be slightly greater than the full-load efficiency. 

Exactly the same formula would apply if the losses proportional 
to E^ were n times the current and frictional losses, and in this case 
the machine would have to be under-run by reducing the pressure 
while keeping the current constant. Unfortunately, in a D.C. 
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machine this would generally he inadmissible on account of com- 
mutation.* 

If neither of the variable losses exceeds the sum of the other two, 
no under-running will be possible without loss of efficiency. In 
such a case it will be well to see what mode of under-running gives 
the least fall in efficiency. Putting the efficiency at full load 

1 T cos where I and E are the 

full-load line current and pressure, let I be reduced in the ratio Ijn 
and E in the ratio 1/m, where n and m are variables but nm = 
constant, Jc, the Itnown degree of under-running. Then the new 
efficiency becomes 


I = 1 


h 


E I 
~ X - cos ^ 
m n ^ 


and putting nm = Ic ov m ~ - we get 


n 

c^PvT^ + {njlcY -f C3 
(Eljlc) cos (j) 


Jc 


f Q p7l~^ 4- 4- c 

El cos ^ 

Assuming that cos cj) is unaffected by the under-running, this can be 
differentiated with respect to giving 

‘ 5 ’’ = 0 - vv -- . { _ 2cJ^n-^ + ^ E^~n + o | 

(In El cos ^ I ^ ^ 

c^P __ 

k^ 


This is zero when 


or n‘ 






, V 


AT /t 1 ^ 

And as and — — a / . — 

m c^P m ^ 

Hence the best ratio of current reduction to pressure reduction is 
the square root of the ratio (full-load current losses)/(full-load 
pressure losses). 


* No mention has been made of the case in which the indices a and h are not 
each ociual to 2. The likelihood of this occurring is hardly sufficient to justify 
a detailed calculation, but in general terms it will be obvious that where the 
index of the variable being reduced is greater than 2, the efficiency on under- 
running will be better maintained than it otherwise would have been, and 
vice versd. 
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Additional Questions 
(No solutions given) 

Pabt I 

When is tlic replacement of a machine justified ? A machine 
costs £1,000 and at the end of fifteen years is worth £150. Assuming 
depreciation is provided for by annually setting aside a constant 
percentage of the depreciated machine’s value, obtain this percentage 
and amount in the fund at the end of ten years. {A3IJ.M.E., 
October, 1925.) 

Distingidsh between maintenance and depreciation. How is the 
cost of the former usually met ? Outline and criticise two methods 
of providing for the depreciation of a machine. 

October, 192G.) 

Pabt II 

State Kelvin’s law for determining the most economical section 
of conductor for a given power transmission. If energy costs 
0*75fZ. per Board of Trade unit and copper costs £70 a ton, find the 
best current density to use on an overhead three-phase transmission 
line. The energy loss on the line per annum is such that it is equal 
to that which would occur if fiilldoad current flowed for 2, 300 hours. 
The weight of co])per per cubic inch is 0*315 lbs., and the specifle 
resistance 0*67 microhms per 1-inch cul)e. The cost of ])oles and 
insulators may be assumccl not to vai*y within the range of ])ossible 
variation in weight of the line. Allow 12 per cent, for interest and 
depreciation . • {B. Sc , , 1921.) 

An average load of 10,000 kW is transmitted over a three-phase 
overhead line to a point at which, the line pressure is 33,000 volts 
and the power factor 0*8. The load factor is 30 per cent., determine 
the most economical area of conductor, taking interest and deprecia- 
tion at 10 per cent, per annum, cost of generation 0*5d, x^^r unit, 
and cost of the complete line £(1050A -h 950) x>cr mile, where A is 
the area of each conductor in square inches. Take the sxuKnflc 
resistances of cox'>per at 0*07 microhms inch cube. {B, Sc.^ 
1920 (Internal).) 

If transformers of a certain size with an .average efficiency of 
98*2 per cent, can be bought for 155. per kVA output, and low 

300 
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voltage induction motors with an efficiency of 90*5 per cent, of 
about the same size at 355. per b.h.p., what price per b.h.p. could be 
paid for a high voltage induction motor for the same duty and having 
an efficiency of 89-5 per cent. ? Assume annual interest and depre- 
ciation of 8 per cent, for the former set and 12*5 per cent, for the 
latter, energy being at Id. per unit and the annual load factor 
30 per cent. {B. 8c,, 1923.) 

Pabt III 

What is meant by the terms load factor and diversity factor in 
central station practice '? Estimate the influence which they 
respectively have upon the cost of generating and distributing 
electrical energy. {B. 8c., 1917.) 

Explain the system of charging for electrical energy which 
depends upon the maximum demand/' and compare its advantage 
with (a) a flat rate system, and (6) a system in which a fixed charge 
per annum is made and a flat rate charge for electrical energy. 
{B. 8c., 1924.) 

Assuming that all tariffs can be expressed in the general form 

== a CjB + bk, where 2> is the price to be charged per kW hour, 
C the fixed price per annum, Ic the cost of energy per kW hour, and 
B the hours of use })er annum, show that 2^ is a minimum when the 
ratio of the charge for energy to the fixed charge is inversely 
■pro])ortional to tlio square of the load factor expressed by B. 
(B. 8c., 1927.) 

When installing a plant for the purpose of improving the power 
factor of the load u[)ou a. (a'-ui^ral station, why is it not economical 
to instal apparatus whieli will lualu^- the ])ower factor unity ? If 
tlu' cost of the plant in ilu'- pow(M‘ station is })er kVA, and the 
cost of the plant fo!- inq)roving the power factor is £y per kVA, 
hud the power factor of the load which will call for the least capital 
expenditure. (/>'. 8c., 1923.) 

An induction motor is run for 3,000 lioiirs in the year, at an average 
load of 250 li.p., at which it has a power factor of 89 per cent, and 
ollicioiicy of 94 ]}er' cent. If a idiaso advancer costing £300 be 
added to raise the power factor to 0*98, find the amount of the net 
saving effected per anmuu if power costs £0 per kVA of maximum 
demand ])er anmuu, together with a charge of ikikl, unit. 
Interest and depreciation to bo reckoned at 15 per cent, per annum. 
Tile sustained maximum (Icinand is 30 per cent, in excess of the 
average demand, and the losses in the phase advancer are 1| per 
cent, of the average demand. [B. 8c., 1920 (Internal).) 
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